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Abstract—In this paper, we establish a decentralized control
law to stabilize a class of nonlinear interconnected large-scale
systems using a neural-network-based online model-free integral
policy iteration algorithm. The model-free approach can solve
the decentralized control problem for the interconnected system
which has unknown dynamics. The stabilizing decentralized
control strategy is derived based on the optimal control policies
of the isolated subsystems. The online model-free integral policy
iteration algorithm is developed to solve the optimal control
problems for the isolated subsystems with unknown system
dynamics. The actor-critic technique and the least squares
implementation method are used to obtain the optimal control
policies. A simulation example is given to verify the applicability
of the decentralized control strategy.

Index Terms—Adaptive dynamic programming, decentralized
control, optimal control, policy iteration, neural networks.

I. INTRODUCTION

Decentralized control uses local information of each sub-
system in the controller implementation for large-scale in-
terconnected systems. This overcomes the limitations of
the traditional control that requires sufficiently information
between subsystems. Therefore, the decentralized controllers
have simpler architecture, and are more practical than the
traditional centralized controllers. Various decentralized con-
trollers have been established for large-scale interconnected
systems in the presence of uncertainties and information
structure constraints [1]–[7]. Generally speaking, a decen-
tralized control strategy is comprised of some noninteracting
local controllers corresponding to the isolated subsystems. In
[8], the decentralized control consisted of the optimal control
policies of the isolated subsystems was derived for the large-
scale system. Therefore, the optimal control method can be
applied to facilitate the design process of the decentralized
control law.

The optimal control problem of nonlinear systems has been
widely studied in the past few decades. The optimal control
policy can be obtained by solving Hamilton-Jacobi-Bellman
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(HJB) equation which is a partial differential equation. Be-
cause of the curse of dimensionality, this is a difficult task
even in the case of completely known dynamics. Among
the methods of solving the HJB equation, adaptive dynamic
programming (ADP) has received increasing attention owing
to its learning and optimal capacities [9]–[17]. Reinforcement
learning (RL) is another computational method and it can
interactively find an optimal policy [18]–[21]. Numerous
excellent results have been obtained that greatly promote
the development of relevant disciplines. Abu-Khalaf and
Lewis [22] established an offline optimal control law for
nonlinear systems with saturating actuators. Vamvoudakis
and Lewis [23] derived a synchronous policy iteration (PI)
algorithm to learn the online continuous-time optimal control
with known dynamics. Vrabie and Lewis [24] derived an
integral RL method to obtain direct adaptive optimal control
for nonlinear input-affine continuous systems with partially
unknown dynamics. Jiang and Jiang [25] presented a novel PI
approach for continuous-time linear systems with complete
unknown dynamics. Liu et al. [26] extended the PI algorithm
to nonlinear optimal control problem with unknown dynamics
and discounted cost function. Lee et al. [27], [28] presented
an integral Q-learning algorithm for continuous-time systems
without the exact knowledge of the system dynamics.

It is difficult to obtain the exact knowledge of the system
dynamics for large-scale systems, such as transportation
systems and power systems. The novelty of this paper is that
we relax the assumptions of exact knowledge of the system
dynamics required in the optimal controller design presented
in [8]. In this paper, we use an online model-free integral PI to
solve the decentralized control of a class of continuous-time
nonlinear interconnected systems. We establish the stabilizing
decentralized control law by adding feedback gains to the
local optimal polices of the isolated subsystems. The optimal
control problems for the isolated subsystems with unknown
dynamics are related to develop the decentralized control law.
To implement this algorithm, a critic neural network (NN)
and an action NN are used to approximate the value function
and control policy of the isolated subsystem, respectively.
The effectiveness of the decentralized control law established
in this paper is demonstrated by a simulation example.
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II. PROBLEM FORMULATION

We consider a continuous-time nonlinear large-scale sys-
tem Σ composed of 𝑁 interconnected subsystems described
by

Σ : �̇�𝑖(𝑡) = 𝑓𝑖(𝑥𝑖(𝑡)) + 𝑔𝑖(𝑥𝑖(𝑡))(𝑢𝑖(𝑥𝑖(𝑡)) + 𝑍𝑖(𝑥(𝑡)))

𝑖= 1, 2, . . . , 𝑁 (1)

where 𝑥𝑖(𝑡) ∈ ℝ
𝑛𝑖 is the state, 𝑢𝑖(𝑥𝑖(𝑡)) ∈ ℝ

𝑚𝑖 is
the control input vector of the 𝑖th subsystem. The over-
all state of the large-scale system Σ is denoted by 𝑥 =
[𝑥T

1 𝑥T
2 . . . 𝑥T

𝑁 ]T ∈ ℝ
𝑛, where 𝑛 =

∑𝑁
𝑖=1 𝑛𝑖. The local

states are represented by 𝑥1, 𝑥2, . . . , 𝑥𝑁 , whereas 𝑢1(𝑥1),
𝑢2(𝑥2), . . . , 𝑢𝑁 (𝑥𝑁 ) are local control laws. For the 𝑖th
subsystem, 𝑓𝑖 is a continuous nonlinear internal dynamics
function from ℝ

𝑛𝑖 into ℝ
𝑛𝑖 such that 𝑓𝑖(0) = 0. 𝑔𝑖(𝑥𝑖) is

the input gain function from ℝ
𝑛𝑖 into ℝ

𝑛𝑖×𝑚𝑖 . 𝑍𝑖(𝑥(𝑡)) is
the interconnected term for the 𝑖th subsystem.

The 𝑖th isolated subsystem Σ𝑖 is given by

Σ𝑖 : �̇�𝑖(𝑡) = 𝑓𝑖(𝑥𝑖(𝑡)) + 𝑔𝑖(𝑥𝑖(𝑡))𝑢𝑖(𝑥𝑖(𝑡)). (2)

For the 𝑖th isolated subsystem, we assume that the subsystem
is controllable, 𝑓𝑖 + 𝑔𝑖𝑢𝑖 is Lipschitz continuous on a set
Ω𝑖 in ℝ

𝑛𝑖 , and there exists a continuous control policy that
asymptotically stabilizes the subsystem. Let 𝑥𝑖(0) = 𝑥𝑖0 be
the initial state of the 𝑖th subsystem. Additionally, we let the
following assumptions hold through this paper.
Assumption 1: The state vector 𝑥𝑖 = 0 is the equilibrium of
the 𝑖th subsystem, 𝑖 = 1, 2, . . . , 𝑁 .
Assumption 2: The functions 𝑓𝑖(⋅) and 𝑔𝑖(⋅) are differentiable
in their arguments, where 𝑖 = 1, 2, . . . , 𝑁 .
Assumption 3: The feedback control vector 𝑢𝑖(𝑥𝑖) = 0 when
𝑥𝑖 = 0, where 𝑖 = 1, 2, . . . , 𝑁 .

In this paper, we aim at finding 𝑁 feedback control policies
𝑢1(𝑥1), 𝑢2(𝑥2), . . . , 𝑢𝑁 (𝑥𝑁 ) as the decentralized control law
to stabilize the large-scale system (1). As shown in [8],
the decentralized control of the interconnected system is
related to the optimal control of the isolated subsystems.
We need to find the optimal control policy 𝑢∗

𝑖 (𝑥𝑖) of the 𝑖th
isolated subsystem. The optimal control policy minimizes the
following cost function

𝐽𝑖(𝑥𝑖0) =

∫ ∞

0

{𝑄𝑖(𝑥𝑖(𝜏)) + 𝑢T
𝑖 (𝑥𝑖(𝜏))𝑅𝑖𝑢𝑖(𝑥𝑖(𝜏))}d𝜏

where 𝑄𝑖(𝑥𝑖) is a positive definite function and 𝑅𝑖 is a
positive definite matrix.

III. COMPUTATIONAL DECENTRALIZED CONTROLLER

DESIGN USING ONLINE MODEL-FREE PI ALGORITHM

In this section, we present the decentralized controller
design. By adding some local feedback gains to the isolated
optimal control policies, the decentralized control law is
established. Then we develop a model-free integral PI algo-
rithm to solve the optimal control problem with completely

unknown dynamics. An implementation of the established
model-free integral PI algorithm is discussed at last.

A. Decentralized Control Law

According to [2], we modify the local optimal control laws
𝑢∗
1(𝑥1), 𝑢∗

2(𝑥2), . . ., 𝑢∗
𝑁 (𝑥𝑁 ) by proportionally increasing

some local feedback gains to obtain a stabilizing decentral-
ized control law for the interconnected system (1). We know
that the feedback control laws

𝑢𝑖(𝑥𝑖) = 𝜋𝑖𝑢
∗
𝑖 (𝑥𝑖) (3)

can ensure that the 𝑁 closed-loop isolated subsystems are
asymptotically stable for all 𝜋𝑖 ≥ 1/2. However, only when
𝜋𝑖 = 1, the feedback controls are optimal. In fact, similar
results have been given in [29], showing that the optimal
controls 𝑢∗

𝑖 (𝑥𝑖) are robust in the sense that they have infinite
gain margins.

In [8], the stabilizing decentralized control law for the
large-scale system (1) is provided: there exist 𝑁 positive
numbers 𝜋∗

𝑖 > 0, 𝑖 = 1, 2, . . . , 𝑁 , such that for any 𝜋𝑖 > 𝜋∗
𝑖 ,

the feedback controls developed by (3) ensure that the closed-
loop interconnected system is asymptotically stable. In other
words, the control pair (𝑢1(𝑥1), 𝑢2(𝑥2), . . . , 𝑢𝑁 (𝑥𝑁 )) is the
decentralized control law of interconnected system (1).

To design the decentralized control law, we need to solve
the optimal control problems for the 𝑁 isolated subsystems.
We consider the 𝑖th isolated subsystem Σ𝑖 in (2). For the
feedback control policy 𝜇𝑖(𝑥𝑖), we assume that the associated
cost function

𝑉𝑖(𝑥𝑖0) =

∫ ∞

0

{𝑄𝑖(𝑥𝑖(𝜏)) + 𝜇T
𝑖 (𝑥𝑖(𝜏))𝑅𝑖𝜇𝑖(𝑥𝑖(𝜏))}d𝜏

is continuously differentiable. The infinitesimal version of the
cost function is the nonlinear Lyapunov equation

𝑄𝑖(𝑥𝑖) + 𝜇T
𝑖 (𝑥𝑖)𝑅𝑖𝜇𝑖(𝑥𝑖)

+ (∇𝑉𝑖(𝑥𝑖))
T(𝑓𝑖(𝑥𝑖) + 𝑔𝑖(𝑥𝑖)𝜇𝑖(𝑥𝑖)) = 0 (4)

with 𝑉𝑖(0) = 0. In (4), the term ∇𝑉𝑖(𝑥𝑖) = ∂𝑉𝑖(𝑥𝑖)/∂𝑥𝑖,
denotes the partial derivative of the local cost function 𝑉𝑖(𝑥𝑖)
with respect to local state 𝑥𝑖.

The optimal cost function of the 𝑖th isolated subsystem
can be formulated as

𝐽∗
𝑖 (𝑥𝑖0)=min

𝜇𝑖

∫ ∞

0

{𝑄𝑖(𝑥𝑖(𝜏))+𝜇T
𝑖 (𝑥𝑖(𝜏))𝑅𝑖𝜇𝑖(𝑥𝑖(𝜏))}d𝜏,

and it satisfies the so-called HJB equation

0 = min
𝜇𝑖

𝐻𝑖(𝑥𝑖, 𝜇𝑖,∇𝐽∗
𝑖 (𝑥𝑖))

where ∇𝐽∗
𝑖 (𝑥𝑖) = ∂𝐽∗

𝑖 (𝑥𝑖)/∂𝑥𝑖. The Hamiltonian function
is defined by

𝐻𝑖(𝑥𝑖, 𝜇𝑖,∇𝑉𝑖(𝑥𝑖))= 𝑄𝑖(𝑥𝑖)+𝜇T
𝑖 (𝑥𝑖)𝑅𝑖𝜇𝑖(𝑥𝑖)

+(∇𝑉𝑖(𝑥𝑖))
T(𝑓𝑖(𝑥𝑖)+𝑔𝑖(𝑥𝑖)𝜇𝑖(𝑥𝑖)).

(5)
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In view of optimal control theory, by minimizing the Hamil-
tonian function (5), the optimal control policy for the 𝑖th
isolated subsystem can be obtained as

𝑢∗
𝑖 (𝑥𝑖) = argmin

𝜇𝑖

𝐻𝑖(𝑥𝑖, 𝜇𝑖,∇𝐽∗
𝑖 (𝑥𝑖))

= −1

2
𝑅−1

𝑖 𝑔T𝑖 (𝑥𝑖)∇𝐽∗
𝑖 (𝑥𝑖). (6)

B. Model-free PI Algorithm

In the following, we make effort to obtain the approxima-
tion solutions of the HJB equations related to the optimal
control problems. First, we present the online PI algorithm
with known dynamics to solve the HJB equations. The online
PI algorithm consists of policy evaluation based on (4) and
policy improvement based on (6), as shown in [8]. The
successive procedure can be demonstrated as follows.

Algorithm 1 Online PI
1: Give a small positive real number 𝜖. Let 𝑝 = 0 and start

with an initial stabilizing control policy 𝜇
(0)
𝑖 (𝑥𝑖).

2: Policy Evaluation:
Based on the control policy 𝜇

(𝑝)
𝑖 (𝑥𝑖), solve the following

nonlinear Lyapunov equations for 𝑉
(𝑝)
𝑖 (𝑥𝑖)

0 = 𝑄𝑖(𝑥𝑖) +
(
𝜇
(𝑝)
𝑖 (𝑥𝑖)

)T

𝑅𝑖𝜇
(𝑝)
𝑖 (𝑥𝑖)

+
(
∇𝑉

(𝑝)
𝑖 (𝑥𝑖)

)T (
𝑓𝑖(𝑥𝑖) + 𝑔𝑖(𝑥𝑖)𝜇

(𝑝)
𝑖 (𝑥𝑖)

)
. (7)

3: Policy Improvement:
Update the control policies by

𝜇
(𝑝+1)
𝑖 (𝑥𝑖) = −1

2
𝑅−1

𝑖 𝑔T𝑖 (𝑥𝑖)∇𝑉
(𝑝)
𝑖 (𝑥𝑖). (8)

4: If ∥𝑉 (𝑝)
𝑖 (𝑥𝑖) − 𝑉

(𝑝−1)
𝑖 (𝑥𝑖)∥ ≤ 𝜖, stop and obtain the

approximate optimal control law of the 𝑖th isolated
subsystem; else, set 𝑝 = 𝑝+ 1 and go to Step 2.

Then, we will develop an online model-free integral PI
algorithm for optimal control problems with completely
unknown dynamics. To deal with exploration which relaxes
the assumptions of exact knowledge on 𝑓𝑖(𝑥𝑖) and 𝑔𝑖(𝑥𝑖),
consider the following nonlinear subsystem explored by a
known bounded piecewise continuous signal 𝑒𝑖(𝑡):

�̇�𝑖(𝑡) = 𝑓𝑖(𝑥𝑖(𝑡)) + 𝑔𝑖(𝑥𝑖(𝑡))[𝑢𝑖(𝑥𝑖(𝑡)) + 𝑒𝑖(𝑡)]. (9)

The derivative of the cost function with respect to time is
calculated as

�̇�𝑖(𝑥𝑖) = ∇𝑉 T
𝑖 (𝑥𝑖) (𝑓𝑖(𝑥𝑖) + 𝑔𝑖(𝑥𝑖)[𝜇𝑖(𝑥𝑖) + 𝑒𝑖]) . (10)

Integral (10) from 𝑡 to 𝑡 + 𝑇 with any time interval 𝑇 > 0

and considering (7) and (8), we have

𝑉
(𝑝)
𝑖 (𝑥𝑖(𝑡+ 𝑇 ))− 𝑉

(𝑝)
𝑖 (𝑥𝑖(𝑡)) = −2

∫ 𝑡+𝑇

𝑡

(
𝜇
(𝑝+1)
𝑖 (𝑥𝑖)

)T

×𝑅𝑖𝑒𝑖d𝜏 −
∫ 𝑡+𝑇

𝑡

{
𝑄𝑖(𝑥𝑖) +

(
𝜇
(𝑝)
𝑖 (𝑥𝑖)

)T

𝑅𝑖𝜇
(𝑝)
𝑖 (𝑥𝑖)

}
d𝜏.

(11)

Equation (11) plays an important role in relaxing the
assumption of the knowledge of system dynamics, since
𝑓𝑖(𝑥𝑖) and 𝑔𝑖(𝑥𝑖) do not appear in the equation. It means
that the iteration can be done without knowing the system
dynamics. Thus, we obtain the online model-free integral PI
algorithm.

Algorithm 2 Online Model-free Integral PI
1: Give a small positive real number 𝜖. Let 𝑝 = 0 and start

with an initial stabilizing control policy 𝜇
(0)
𝑖 (𝑥𝑖).

2: Policy Evaluation and Improvement:
Based on the control policy 𝜇

(𝑝)
𝑖 (𝑥𝑖), solve the fol-

lowing nonlinear Lyapunov equations for 𝑉
(𝑝)
𝑖 (𝑥𝑖) and

𝜇
(𝑝+1)
𝑖 (𝑥𝑖)

𝑉
(𝑝)
𝑖 (𝑥𝑖(𝑡))=

∫ 𝑡+𝑇

𝑡

{
𝑄𝑖(𝑥𝑖)+

(
𝜇
(𝑝)
𝑖 (𝑥𝑖)

)T

𝑅𝑖𝜇
(𝑝)
𝑖 (𝑥𝑖)

}
d𝜏

+2

∫ 𝑡+𝑇

𝑡

(
𝜇
(𝑝+1)
𝑖 (𝑥𝑖)

)T

𝑅𝑖𝑒𝑖d𝜏+𝑉
(𝑝)
𝑖 (𝑥𝑖(𝑡+ 𝑇 )).

(12)

3: If ∥𝑉 (𝑝)
𝑖 (𝑥𝑖) − 𝑉

(𝑝−1)
𝑖 (𝑥𝑖)∥ ≤ 𝜖, stop and obtain the

approximate optimal control law of the 𝑖th isolated
subsystem; else, set 𝑝 = 𝑝+ 1 and go to Step 2.

Remark: In Algorithms 1 and 2, we let 𝑉
(𝑝−1)
𝑖 (𝑥𝑖) = 0,

when 𝑝 = 0.

C. Online NN Implementation

In this subsection, an implementation method of the es-
tablished model-free PI algorithm is discussed, which is
based on NN. A critic NN and an action NN are used
to approximate the cost function and control policy of the
subsystem. We assume that for the 𝑖th subsystem, 𝑉 (𝑝)

𝑖 (𝑥𝑖)

and 𝜇
(𝑝+1)
𝑖 (𝑥𝑖) are represented on a compact set Ω𝑖 by single-

layer NNs as

𝑉
(𝑝)
𝑖 (𝑥𝑖) = (𝑤𝑖

𝑐)
T𝜙𝑖

𝑐(𝑥𝑖) + 𝜀𝑖𝑐(𝑥𝑖)

𝜇
(𝑝+1)
𝑖 (𝑥𝑖) = (𝑤𝑖

𝑎)
T𝜙𝑖

𝑎(𝑥𝑖) + 𝜀𝑖𝑎(𝑥𝑖)

where 𝑤𝑖
𝑐 ∈ ℝ

𝑁𝑖
𝑐 and 𝑤𝑖

𝑎 ∈ ℝ
𝑁𝑖

𝑎 are the unknown bounded
ideal weight parameters which will be determined by the
established model-free PI algorithm, 𝜙𝑖

𝑐(𝑥𝑖) ∈ ℝ
𝑁𝑖

𝑐 and
𝜙𝑖
𝑎(𝑥𝑖) ∈ ℝ

𝑁𝑖
𝑎 are the continuously differentiable nonlinear

activation functions, and 𝜀𝑖𝑐(𝑥𝑖) ∈ ℝ and 𝜀𝑖𝑎(𝑥𝑖) ∈ ℝ are the
bounded NN approximation errors. Here, the subscripts ‘c’
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and ‘a’ denotes the critic and the action, respectively. Since
the ideal weights are unknown, the outputs of critic NN and
action NN are

𝑉
(𝑝)
𝑖 (𝑥𝑖) = (�̂�𝑖

𝑐)
T𝜙𝑖

𝑐(𝑥𝑖) (13)

�̂�
(𝑝+1)
𝑖 (𝑥𝑖) = (�̂�𝑖

𝑎)
T𝜙𝑖

𝑎(𝑥𝑖) (14)

where �̂�𝑖
𝑐 and �̂�𝑖

𝑎 are the current estimated weights.
Using the expressions (13) and (14), (12) can be rewritten

to be a general form

[𝜓𝑖
𝑘]

T

[
�̂�𝑖

𝑐

�̂�𝑖
𝑎

]
= 𝜃𝑖𝑘 (15)

with

𝜃𝑖𝑘 =

∫ 𝑡+𝑘𝑇

𝑡+(𝑘−1)𝑇

{
𝑄𝑖(𝑥𝑖) +

(
𝜇
(𝑝)
𝑖 (𝑥𝑖)

)T

𝑅𝑖𝜇
(𝑝)
𝑖 (𝑥𝑖)

}
d𝜏

𝜓𝑖
𝑘 =

[(
𝜙𝑖
𝑐(𝑥𝑖(𝑡+ (𝑘 − 1)𝑇 ))− 𝜙𝑖

𝑐(𝑥𝑖(𝑡+ 𝑘𝑇 ))
)T

,

− 2

∫ 𝑡+𝑘𝑇

𝑡+(𝑘−1)𝑇

𝑅𝑖𝑒𝑖
(
𝜙𝑖
𝑎(𝑥𝑖)

)T
d𝜏

]T

where the measurement time is from 𝑡 + (𝑘 − 1)𝑇 to 𝑡 +
𝑘𝑇 . Since (15) is only a 1-dimensional equation, we cannot
guarantee the uniqueness of the solution. Similar to [27], we
use the least squares sense method to solve the parameter
vector over a compact set Ω𝑖. For any positive integral 𝐾𝑖, we
denote Φ𝑖 = [𝜓𝑖

1, 𝜓
𝑖
2, . . . , 𝜓

𝑖
𝐾𝑖

] and Θ𝑖 = [𝜃𝑖1, 𝜃
𝑖
2, . . . , 𝜃

𝑖
𝐾𝑖

]T.
Then, we have the following 𝐾𝑖-dimensional equation

ΦT
𝑖

[
�̂�𝑖

𝑐

�̂�𝑖
𝑎

]
= Θ𝑖.

If ΦT
𝑖 has full column rank, the parametres can solved by[

�̂�𝑖
𝑐

�̂�𝑖
𝑎

]
= (Φ𝑖Φ

T
𝑖 )

−1Φ𝑖Θ𝑖. (16)

Therefore, we need to guarantee that the number of collected
points 𝐾𝑖 satisfies 𝐾𝑖 ≥ 𝑟𝑎𝑛𝑘(Φ𝑖) = 𝑁 𝑖

𝑐 +𝑁 𝑖
𝑎, which will

make (Φ𝑖Φ
T
𝑖 )

−1 exist. The least squares problem in (16)
can be solved in real time by collecting enough data points
generated from the system (9).

Clearly, the problem of designing the decentralized control
law becomes to derive the optimal controllers for the 𝑁 iso-
lated subsystems. Based on the online model-free integral PI
algorithm and NN techniques, we obtain the approximation
solutions of the HJB equations. We can conclude that the
approximate optimal control policies �̂�𝑖(𝑥𝑖) can be obtained.
As shown in [8], by adding some local feedback gains to the
isolated optimal control policies, we have the decentralized
control law

𝑢𝑖(𝑥𝑖) = 𝜋𝑖�̂�𝑖(𝑥𝑖). (17)

Therefore, the stabilizing decentralized control law of the
interconnected large-scale system is derived.

IV. NUMERICAL SIMULATION

A simulation example is provided in this section to
demonstrate the effectiveness of the decentralized control law
established in this paper.

We consider the following nonlinear interconnected system
consisting of two subsystems

�̇�1 =

[ −𝑥11 + 𝑥12

−0.5𝑥11 − 0.5𝑥12 − 0.5𝑥12(cos(2𝑥11) + 2)2

]

+

[
0

cos(2𝑥11)+2

](
𝑢1(𝑥1)+(𝑥11+𝑥12) sin𝑥2

12 cos(0.5𝑥21)
)

�̇�2 =

[
𝑥22

−𝑥21 − 0.5𝑥22 + 0.5𝑥2
21𝑥22

]

+

[
0
𝑥21

](
𝑢2(𝑥2) + 0.5(𝑥12 + 𝑥22) cos(e

𝑥2
21)

)
(18)

where 𝑥1 = [𝑥11 𝑥12]
T ∈ ℝ

2 and 𝑢1(𝑥1) ∈ ℝ are
the state and control variables of subsystem 1, and 𝑥2 =
[𝑥21 𝑥22]

T ∈ ℝ
2 and 𝑢2(𝑥2) ∈ ℝ are the state and control

variables of subsystem 2. We deal with the optimal control
problem of this two isolated subsystems. According to [8],
the cost functions of the optimal control problem are

𝐽1(𝑥10) =

∫ ∞

0

{𝑥2
11 + 𝑥2

12 + 𝑢T
1𝑢1}d𝜏

𝐽2(𝑥20) =

∫ ∞

0

{𝑥2
22 + 𝑢T

2𝑢2}d𝜏.

Assume that the exact knowledge of the dynamics (18) is
fully unknown. We adopt the online model-free PI algorithm
to tackle the optimal control problem.

For the isolated subsystem 1

�̇�1 =

[ −𝑥11 + 𝑥12

−0.5𝑥11 − 0.5𝑥12 − 0.5𝑥12(cos(2𝑥11) + 2)2

]

+

[
0

cos(2𝑥11) + 2

]
𝑢1(𝑥1),

we denote the weight vectors of the critic and action networks
as

�̂�1
𝑐 = [�̂�1

𝑐1 �̂�1
𝑐2 �̂�1

𝑐3]
T

�̂�1
𝑎 = [�̂�1

𝑎1 �̂�1
𝑎2]

T.

The activation functions are chosen as

𝜙1
𝑐(𝑥1) = [𝑥2

11 𝑥11𝑥12 𝑥2
12]

T

𝜙1
𝑎(𝑥1) = [𝑥11(2 + cos(2𝑥11)) 𝑥12(2 + cos(2𝑥11))]

T.

From these parameters, we know 𝑁1
𝑐 = 3 and 𝑁1

𝑎 = 2,
so we conduct the simulation with 𝐾1 = 10. We set
the initial state and initial weights as 𝑥10 = [1 − 1]T,
�̂�1

𝑐 = [0 0 0]T and �̂�1
𝑎 = [−0.3 −0.9]T. The period time

𝑇 = 0.1𝑠 and exploration 𝑒1(𝑡) = 0.5 sin(2𝜋𝑡) are used in
the learning process. The least squares problem is solved after
10 samples are acquired, and thus the weights of the NNs
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Fig. 1. Evolutions of the weight of the critic network 1.
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Fig. 2. Evolutions of the weight of the action network 1.

are updated every 1𝑠. According to [23], the optimal cost
function and control policy of the isolated subsystem 1 are
𝐽∗
1 (𝑥1) = 0.5𝑥2

11 + 𝑥2
12 and 𝑢∗

1(𝑥1) = −(cos(2𝑥11) + 2)𝑥12.
So the optimal weights 𝑤1∗

𝑐 = [0.5 0 1]T and 𝑤1∗
𝑎 =

[0 − 1]T. Figs. 1 and 2 illustrate the evolutions of the
critic weights and action weights, respectively. It is clear
that the weights approximately converge to the optimal ones.
At time 𝑡 = 7𝑠, �̂�1

𝑐 = [0.5012 0.0003 1.0000]T and
�̂�1

𝑎 = [−0.0002 − 1.0000]T.
Similarly, for the isolated subsystem 2, the activation

functions are chosen as

𝜙2
𝑐(𝑥2) = [𝑥2

21 𝑥21𝑥22 𝑥2
22]

T

𝜙2
𝑎(𝑥2) = [𝑥2

21 𝑥21𝑥22]
T.

As 𝑁2
𝑐 = 3 and 𝑁2

𝑎 = 2, we conduct the simulation with
𝐾2 = 10. We set the initial state and initial weights as
𝑥20 = [1 − 1]T, �̂�2

𝑐 = [0 0 0]T and �̂�2
𝑎 = [0 0]T. The

period time 𝑇 = 0.1𝑠 and exploration 𝑒2(𝑡) = 0.5 sin(2𝜋𝑡)
are used in the learning process. The optimal cost func-
tion and control policy of the isolated subsystem 2 are
𝐽∗
2 (𝑥2) = 𝑥2

21 + 𝑥2
22 and 𝑢∗

2(𝑥2) = −𝑥21𝑥22. So the optimal
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Fig. 3. Evolutions of the weight of the critic network 2.
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Fig. 4. Evolutions of the weight of the action network 2.

weights are 𝑤2∗
𝑐 = [1 0 1]T and 𝑤2∗

𝑎 = [0 − 1]T.
Figs. 3 and 4 illustrate the evolutions of the critic weights
and action weights, respectively. It is clear that the weights
approximately converge to the optimal ones. At time 𝑡 =
9𝑠, �̂�2

𝑐 = [1.0000 − 0.0000 1.0000]T and �̂�2
𝑎 =

[−0.0000 − 1.0000]T.
According to (17), we choose 𝜋1 = 𝜋2 = 2 to obtain

the decentralized control law (𝜋1�̂�1(𝑥1), 𝜋2�̂�2(𝑥2)) of the
interconnected system (18). By applying the decentralized
control law to control the interconnected system for 60𝑠, we
obtain the evolution process of the state trajectories shown
in Figs. 5 and 6. Obviously, these simulation results testify
the applicability of the decentralized control law developed
in this paper.

V. CONCLUSION

In this paper, a stabilizing decentralized control law for
a class of nonlinear large-scale systems is established. The
decentralized control law is derived by the optimal controllers
of the isolated subsystems. We use an online model-free
integral PI algorithm with an exploration to solve the HJB
equations related to the optimal control problem of the
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Fig. 5. State trajectory of subsystem 1 under the action of the decentralized
control law.
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Fig. 6. State trajectory of subsystem 2 under the action of the decentralized
control law.

isolated subsystems. To implement the constructed algorithm,
we use the actor-critic technique and the least squares imple-
mentation method. We demonstrate the effectiveness of the
developed decentralized control law by a simulation example.
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