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Abstract: Topological Data Analysis (TDA) is an approach to analyzing the shape of data using
techniques from algebraic topology. The staple of TDA is Persistent Homology (PH). Recent years
have seen a trend of combining PH and Graph Neural Networks (GNNs) in an end-to-end manner to
capture topological features from graph data. Though effective, these methods are limited by the
shortcomings of PH: incomplete topological information and irregular output format. Extended
Persistent Homology (EPH), as a variant of PH, addresses these problems elegantly. In this paper, we
propose a plug-in topological layer for GNNs, termed Topological Representation with Extended
Persistent Homology (TREPH). Taking advantage of the uniformity of EPH, a novel aggregation
mechanism is designed to collate topological features of different dimensions to the local positions
determining their living processes. The proposed layer is provably differentiable and more ex-
pressive than PH-based representations, which in turn is strictly stronger than message-passing
GNNs in expressive power. Experiments on real-world graph classification tasks demonstrate the
competitiveness of TREPH compared with the state-of-the-art approaches.

Keywords: graph neural network; graph representation learning; topological data analysis; extended
persistent homology

1. Introduction

Graph-structured data are ubiquitous in various domains, including chemistry [1,2],
physics [3,4], knowledge graphs [5,6], recommendation [7,8], and social science [9,10].
The analysis of graph data typically involves tasks such as graph classification, node classi-
fication, clustering, and link prediction, for which Graph Neural Networks (GNNs) [11]
serve as a powerful tool. GNNs are deep learning-based models that take graph data as
their input. Most GNNs are constructed by using an iterative message-passing frame-
work [2,10,12–16], which updates a node representation by collecting information from
its neighbors. Since messages are exchanged merely in the proximity of each node, these
GNN structures are blind to certain global information of the graph. For example, they are
unable to detect graph substructures such as cycles (loops) [17]. In fact, it can be shown that
the expressive power of message-passing GNNs is bounded above by the one-dimensional
Weisfeiler–Leman test [18]. The introduction of Topological Data Analysis (TDA) to the
study of GNNs aims to enhance the effectiveness of GNNs by empowering them with
global shape-awareness.

TDA is an emerging field that studies the shape of data through the lens of topol-
ogy [19,20]. The most commonly used tool in TDA is Persistent Homology (PH). Intuitively,
the procedure of applying PH can be visualized as scanning an object at multiple scales
with respect to a predefined filtration process, which is essentially a process of “growing”
the object. The homology functor, which is an algebraic topological construct, is applied
to each scale and the inclusions in between, so as to extract the topological information
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therein. The output of PH typically takes the form of Persistence Diagrams (PDs), which
are multisets on the plane. The elements in these PDs encode persistence (i.e., moments
of “birth” and “death”) of topological features (connected components, loops, and their
analogies in higher dimensions) of the data studied. In the past two decades, TDA has
found applications in a growing number of fields, including time series analysis [21], signal
processing [22–24], image analysis [25,26], physics [27], biology [28,29], chemistry [30,31],
material science [32–34], finance [35], and so on.

Recently, TDA has been introduced to the area of machine learning [36,37] to enhance
the performance of both traditional machine learning methods and deep learning models.
In particular, there has been an increased interest in combining TDA with neural networks
for graph representation learning. For example, local topological features can be used as
side information to rewire the graph and/or reweigh the messages passed between graph
nodes during the convolution [38,39]. Although effectiveness is demonstrated well in these
methods, the global topological features are still not fully utilized, which could be of great
discriminative value. In [40,41], a filtration is built using the geometry of the graph, and the
resulting PDs are fed into a neural network for both parameterized vectorization and
task-specific prediction. Although the filtrations in these methods capture global topology,
they are defined a priori and may not be the optimal choice for the specific task.

Another line of thought is constructing a learnable topological feature extraction layer
either serving as a readout operation [42] or being a generic layer in GNNs to endow it with
topology awareness [43]. In this manner, the learning signals can backpropagate through
the calculation of TDA and adjust the filtrations as needed, enabling the models to be
more flexible and adaptable to downstream graph-learning tasks. However, these methods
are designed based on PH, which has certain shortcomings innately. One drawback lies
in that the output PDs does not enjoy a uniform format, due to the presence of infinite
coordinates. As a consequence, necessary compromises, such as tossing away the infinite
parts or truncating the data artificially, must be made to enable subsequent use. Another
drawback of PH is its inability to fully encode the topological features in graphs, the reason
for which will be elaborated in Section 3.1.3.

The aforementioned issues of PH can be solved elegantly by Extended Persistent
Homology (EPH) [44]. As a refined version of PH, EPH has an output always containing
finite values and is able to extract strictly more topological information than PH. Recent
years have seen efforts to integrate EPH with machine learning [38,41,45–47]. However,
these studies do not incorporate EPH into a framework that is end-to-end trainable.

In this work, we propose a plug-in topological layer, called Topological Representation
with Extended Persistent Homology (TREPH). By virtue of EPH, the proposed layer not
only retains all the merits held by the aforementioned PH-based layers, but also enjoys
strictly stronger expressivity. Furthermore, our designed layer contains a novel aggregation
mechanism that takes advantage of the uniformity of EPH for improved efficiency of feature
learning. Our contributions in this work are summarized as follows:

• A plug-in topological layer named TREPH is proposed for GNN, which utilizes EPH
for effective extraction of topological features and can be conveniently inserted into
any GNN architecture;

• TREPH is proved to be differentiable and strictly more expressive than PH-based
representations, which in turn is strictly stronger than message-passing GNNs in
expressive power;

• By making use of the uniformity of EPH, a novel aggregation mechanism is designed
to empower graph nodes with the ability to perform shape detection;

• Experiments on benchmark datasets for graph classification show the competitiveness
of TREPH, achieving state-of-the-art performances.
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2. Related Work
2.1. Graph Neural Networks

The concept of Graph Neural Network [11] is initially outlined in [48] and further
illustrated in [49,50]. Early works typically adopt a recurrent neural architecture to learn
node representations, assuming that a node keeps exchanging messages with its neighbors
until a fixed point is reached. More recently, it has become popular to stack multiple graph
convolutional layers to learn high-level node representations [10,12–16]. Most of these
models are developed on a message-passing framework [2], in which each node updates its
hidden state by collecting messages from its neighbors. Though efficient, a recent study [18]
shows that the expressive power of message-passing GNNs is bounded by the Weisfeiler–
Leman test (i.e., WL[1]) [51]. In light of this, several works [52,53] design higher-order
message-passing schemes to align GNNs with more discriminative WL[k] (k ≥ 2) tests.

2.2. Topological Data Analysis

Topological data analysis is a field that investigates data by means of algebraic topol-
ogy. The core concept of TDA is persistent homology, which can be seen as a multiscale
representation of topological features. Since TDA is capable of extracting global, structural,
and intrinsic properties of data at multiple scales, it is a desirable complement to geometry-
based techniques in feature engineering. The synthesis of TDA and machine learning has
become a rapidly developing research area [36,37,54]. Most works fall into three categories:
vector-based, kernel-based, and neural network-integrated methods.

Vector-based methods focus on the appropriate vectorization of persistence diagrams.
The resulting vectors can be used as the input of machine learning algorithms. Typi-
cal works involve statistical measurements [55], algebraic combinations [56], persistent
entropy [57], Betti curves [58], persistence landscapes [59], and persistence images [60].

Kernel-based methods [61–66] aim at designing a kernel function that implicitly
embeds PDs into a Reproducing Kernel Hilbert Space (RKHS). Since the kernel measures
the inner product of two PDs embedded in the corresponding RKHS, it can be integrated
into certain machine learning algorithms. Note that similarity measurements between PDs
can also be modified into kernels [67].

More recently, it has been realized that neural networks could benefit from applying
TDA to the relevant data. One of the most popular types of data for this application is
graph. For instance, one could harness local topological information to rewire the graph
and/or reweigh the messages passed between nodes [38,39]. To be precise, for each node,
a filtration is defined on a neighborhood using structural information. The similarity
between PDs serves as a measurement of the topological similarity between nodes. These
methods, however, could fail to utilize the global topology of the graph, which may be
critical for downstream tasks. Another approach [40,41,68] is building a filtration with
global geometric information extracted from the graph and processing the resulting PDs
using a neural network.

The above-mentioned methods use fixed filtrations. A natural direction of improve-
ment is to consider learnable ones instead. A learnable filter function is first proposed in
GFL [42] to develop the readout operation. Under their framework, the learning signal
can backpropagate through the computation of persistent homology, making it possible to
learn a proper filter function for improved performance. Following this line, TOGL [43]
proposes a generic topological layer with multiple learnable filter functions. In particular,
the PDs computed from these filter functions are transformed and aggregated to graph
nodes, producing node-level representations. Such design enables TOGL to be inserted into
any GNN architecture for any graph-learning tasks, not limited to graph-level inference.
Further, TOGL also proves the superiority of PH over message-passing GNNs in terms
of expressivity.

The performance of TDA approaches that use PH, such as those appearing
in [39,40,42,43,68], is hindered by two inherent deficiencies (see Section 3.1.3). First,
the topological information extracted by PH is incomplete. Second, the infinite
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coordinates in the PDs turn out to be problematic for certain tasks. For example,
in [43], the infinite coordinates were truncated by a chosen upper bound before
vectorization. The choice of the upper bound is artificial, twisting the information
contained in the PDs. Moreover, each topological feature in PDs is associated only
with the vertex whose addition results in its birth, ignoring the death association.
This is because some (but not all) features do not die, and thus cannot be handled
uniformly with others.

The notion of extended persistent homology arises as a completion of PH [44]. EPH is
strictly more expressive than PH (see Theorem 2). The output of EPH enjoys uniformity,
being composed solely of points with finite coordinates. Although EPH has found a variety
of applications in the study of machine learning [38,41,45–47], an end-to-end trainable
framework utilizing EPH has yet to be considered.

In this work, we fill this gap by proposing an EPH-enhanced topological layer for
GNNs, called TREPH. The performance of TREPH benefits from both the superior expres-
sivity of EPH and an effective aggregation mechanism made possible by the uniformity
of EPH.

3. Methodology

In this section, we first briefly review the relevant notions of EPH. Then, we describe
our TREPH layer in detail. Finally, the differentiability and expressivity of our model are
discussed. For a thorough treatment of EPH, we refer interested readers to [19].

Table 1 lists key symbols used in our paper.

Table 1. A summary of key symbols used in this paper.

Symbol Meaning

G An undirected graph.
V The vertex set of G.
E The edge set of G.
N The cardinality of V.
X ∈ RN×d The input node features of G.
Z The ring of integers.
Ker The kernel of a homomorphism.
Im The image of a homomorphism.
f A function V → R.
Ga = (Va, Ea) The sublevel subgraph of G at a.
R The reversed real line.
ā An element a ∈ R regarded as an element of R.
V, E Copies of V, E.
v, e Elements of V, E.
Gā = (V ā, Eā) The superlevel subgraph of G at ā.
Ord0, Ext0, Ext1, Rel1 The four Persistence Diagrams for EPH.
F The Filtration module.
V The Vectorization module.
A The Aggregation module.
eph The process of computing EPH for all the filter functions.
d f The number of filter functions.
dv The dimension of vectorized representations of PD points.

3.1. Preliminaries
3.1.1. Homology

Homology theory is the study of a class of algebraic invariants called the homology
groups, capable of extracting topological information (shape) of an object. We will briefly
recall the relevant definitions and properties of homology in what follows, and we refer
the readers to [69] for a comprehensive treatment. For our purpose, we consider relative
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simplicial homology over Z2 = Z/2Z, where Z stands for the ring of integers, “/” indicates
taking quotient, and 2Z = {2n|n ∈ Z}.

Let G = (V, E) be a finite graph with vertex set V and edge set E. Denote by
C0(G) (resp. C1(G)) the Z2-vector space with basis V (resp. E). Given a subgraph
G′ = (V′, E′) of G, we call (G, G′) a graph pair. Define C0(G′), C1(G′) analogously and
set Ci(G, G′) = Ci(G)/Ci(G′), i = 0, 1. For n ∈ Z \ {0, 1}, let Cn(G, G′) = 0. Define the
boundary homomorphism ∂1 : C1(G)→ C0(G) by sending each edge e = {v, w} to v + w.
Passing to quotients, we obtain a boundary homomorphism ∂1 : C1(G, G′) → C0(G, G′).
For n 6= 1, we let ∂n : Cn(G, G′) → Cn−1(G, G′) be zero. The n-th (relative) homology
group of (G, G′) is then defined as Hn(G, G′) = Ker∂n/Im∂n+1. When G′ = ∅, we write
Hn(G) for Hn(G, G′).

The homology groups encode topological features of the pair (G, G′): the basis of
H0(G, G′) is in bijection with the components of G not intersecting G′, while the basis of
H1(G, G′) corresponds to the (independent) loops in the quotient graph G/G′, formed by
collapsing the subgraph G′ ⊆ G to a point.

Given graph pairs (G1, G′1) and (G2, G′2) such that G1 ⊆ G2, G′1 ⊆ G′2, the inclusion
(G1, G′1) ↪→ (G2, G′2) induces a canonical homomorphism Hn(G1, G′1) → Hn(G2, G′2) for
each n.

The homology groups encode topological features of G: the basis of H0(G) is in
bijection with the components of G, while the basis of H1(G) corresponds to (independent)
loops. For this reason, we refer to components and loops of a graph as its 0-dimensional
and 1-dimensional topological features, respectively.

3.1.2. Persistent Homology

The discrete nature of homology groups hinders their application in data analysis.
One way to introduce continuity is to consider a filter function f . Let G = (V, E) be a
graph with vertex set V and edge set E, and f : V → R be a function on V. For each
a ∈ R ∪ {∞}, define the sublevel subgraph Ga = (Va, Ea), where Va = f−1(−∞, a] and
Ea denotes the set of edges in E joining vertices in Va. As a increases, this produces the
sublevel filtration, which is a family of nested graphs indexed by R (see Figure 1a for an
illustration). Regarding a ∈ R as a temporal parameter and the filtration as a process of
expanding sublevel subgraphs, the theory of persistent homology reads the shape of this
process using the homology groups of Ga’s.
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<latexit sha1_base64="8ex9TIjWq9BLJ4J5pLy/GmahEvU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqa6k4MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wucn8ziNVmklxb6Yx9SM8EixkBBsrPfSlNbNsige12aBccavuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/nV8/QmVWGKJTKPmHQXP2dSHGk9TQK7GSEzVgve5n4n9dLTHjlp0zEiaGCLBaFCUdGoqwCNGSKEsOnlmCimL0VkTFWmBhbVMmW4C1/eZW0L6pevVq7q1Ua13kdRTiBUzgHDy6hAbfQhBYQUPAMr/DmPDkvzrvzsRgtOHnmGP7A+fwB0TyStw==</latexit>

a4

Sublevel
Filtration

Superlevel
Filtration

Pairing Type
<latexit sha1_base64="gbyOTHnazn6m6wWzVnCadxx6Gak=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BL96MYB6QXcLs7GwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0qh0ba/rdLa+sbmVnm7srO7t39QPTzq6CRTjLdZIhPV86nmUsS8jQIl76WK08iXvOuPb2Z+95ErLZL4AScp9yI6jEUoGEUjuS7yJ8zvVDAd2INqza7bc5BV4hSkBgVag+qXGyQsi3iMTFKt+46dopdThYJJPq24meYpZWM65H1DYxpx7eXzm6fkzCgBCRNlKkYyV39P5DTSehL5pjOiONLL3kz8z+tnGDa8XMRphjxmi0VhJgkmZBYACYTiDOXEEMqUMLcSNqKKMjQxVUwIzvLLq6RzUXeu6pf3l7Vmo4ijDCdwCufgwDU04RZa0AYGKTzDK7xZmfVivVsfi9aSVcwcwx9Ynz8paZG+</latexit>

Ord0

<latexit sha1_base64="Jazwfgkj1cx+qpImmKvXGeZRZH8=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF49V7Ac0oWy203bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuhMyAFAqaKFBCJ9HAolBCOxzfzPz2I2gjYvWAkwSCiA2VGAjO0Eq+j/CE2T3Iac/rlStu1Z2DrhIvJxWSo9Erf/n9mKcRKOSSGdP13ASDjGkUXMK05KcGEsbHbAhdSxWLwATZ/OYpPbNKnw5ibUshnau/JzIWGTOJQtsZMRyZZW8m/ud1UxzUgkyoJEVQfLFokEqKMZ0FQPtCA0c5sYRxLeytlI+YZhxtTCUbgrf88ippXVS9q+rl3WWlXsvjKJITckrOiUeuSZ3ckgZpEk4S8kxeyZuTOi/Ou/OxaC04+cwx+QPn8wcn2JG9</latexit>

Rel1

<latexit sha1_base64="HXkHB4xn6ILPyOzsyg7ZCHAy5oE=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSRStMeCCB4r2A9oQtlsJ+3SzSbsTqQl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgobm1vbO8Xd0t7+weFR+fikreNUMWixWMSqG1ANgktoIUcB3UQBjQIBnWB8O/c7T6A0j+UjThPwIzqUPOSMopE8D2GC2d0EZ32nX644VWcBe524OamQHM1++csbxCyNQCITVOue6yToZ1QhZwJmJS/VkFA2pkPoGSppBNrPFjfP7AujDOwwVqYk2gv190RGI62nUWA6I4ojverNxf+8Xoph3c+4TFIEyZaLwlTYGNvzAOwBV8BQTA2hTHFzq81GVFGGJqaSCcFdfXmdtK+q7nW19lCrNOp5HEVyRs7JJXHJDWmQe9IkLcJIQp7JK3mzUuvFerc+lq0FK585JX9gff4AO6+Ryg==</latexit>

Ext0
<latexit sha1_base64="9TYfhFUSEV45U5SYf2E4JOUQK0M=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSRStMeCCB4r2A9oQtlsJ+3SzSbsTqQl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgobm1vbO8Xd0t7+weFR+fikreNUMWixWMSqG1ANgktoIUcB3UQBjQIBnWB8O/c7T6A0j+UjThPwIzqUPOSMopE8D2GC2d0EZ323X644VWcBe524OamQHM1++csbxCyNQCITVOue6yToZ1QhZwJmJS/VkFA2pkPoGSppBNrPFjfP7AujDOwwVqYk2gv190RGI62nUWA6I4ojverNxf+8Xoph3c+4TFIEyZaLwlTYGNvzAOwBV8BQTA2hTHFzq81GVFGGJqaSCcFdfXmdtK+q7nW19lCrNOp5HEVyRs7JJXHJDWmQe9IkLcJIQp7JK3mzUuvFerc+lq0FK585JX9gff4APTORyw==</latexit>

Ext1

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R

<latexit sha1_base64="Yxawm5KaMSKDRUKYpknDsWnQRl4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7Tv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfqUY2O</latexit>a1
<latexit sha1_base64="NL92yvycWnQznqAeEXjGwvUY7h4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUU9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuqf9Wr9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2repdVOt39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/r1Y2P</latexit>a2

<latexit sha1_base64="+9ZJAXsaLXji7dP/Z2cHk+wmUQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qCcpePFY0X5AG8pku2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TRVmTxiJWnQA1E1yypuFGsE6iGEaBYO1gfDPz249MaR7LBzNJmB/hUPKQUzRWusf+eb9ccavuHOQv8XJSgRyNfvmzN4hpGjFpqECtu56bGD9DZTgVbFrqpZolSMc4ZF1LJUZM+9n81Ck5scqAhLGyJQ2Zqz8nMoy0nkSB7YzQjPSyNxP/87qpCa/8jMskNUzSxaIwFcTEZPY3GXDFqBETS5Aqbm8ldIQKqbHplGwI3vLLf0nrrOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQKQ3iCF3h1hPPsvDnvi9aCk88cwi84H9/tWY2Q</latexit>a3
<latexit sha1_base64="F/WR/jILJ47fObH9gL2baAtQRcs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqD9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/u3Y2R</latexit>a4

<latexit sha1_base64="Yxawm5KaMSKDRUKYpknDsWnQRl4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7Tv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfqUY2O</latexit>a1

<latexit sha1_base64="NL92yvycWnQznqAeEXjGwvUY7h4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUU9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuqf9Wr9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2repdVOt39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/r1Y2P</latexit>a2

<latexit sha1_base64="+9ZJAXsaLXji7dP/Z2cHk+wmUQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qCcpePFY0X5AG8pku2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TRVmTxiJWnQA1E1yypuFGsE6iGEaBYO1gfDPz249MaR7LBzNJmB/hUPKQUzRWusf+eb9ccavuHOQv8XJSgRyNfvmzN4hpGjFpqECtu56bGD9DZTgVbFrqpZolSMc4ZF1LJUZM+9n81Ck5scqAhLGyJQ2Zqz8nMoy0nkSB7YzQjPSyNxP/87qpCa/8jMskNUzSxaIwFcTEZPY3GXDFqBETS5Aqbm8ldIQKqbHplGwI3vLLf0nrrOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQKQ3iCF3h1hPPsvDnvi9aCk88cwi84H9/tWY2Q</latexit>a3

<latexit sha1_base64="F/WR/jILJ47fObH9gL2baAtQRcs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqD9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/u3Y2R</latexit>a4

<latexit sha1_base64="+PQmZUZc3oHzByTZ32k+5SPvoIk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6kkKXrxZwX5AE8pms2mXbjZhdyKW0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBangGh3n2yqtrK6tb5Q3K1vbO7t71f2Dtk4yRVmLJiJR3YBoJrhkLeQoWDdVjMSBYJ1gdDP1O49MaZ7IBxynzI/JQPKIU4JG8jxkT5jfqXDSd/rVmlN3ZrCXiVuQGhRo9qtfXpjQLGYSqSBa91wnRT8nCjkVbFLxMs1SQkdkwHqGShIz7eezmyf2iVFCO0qUKYn2TP09kZNY63EcmM6Y4FAvelPxP6+XYXTl51ymGTJJ54uiTNiY2NMA7JArRlGMDSFUcXOrTYdEEYompooJwV18eZm0z+ruRf38/rzWuC7iKMMRHMMpuHAJDbiFJrSAQgrP8ApvVma9WO/Wx7y1ZBUzh/AH1ucPKzeRxA==</latexit>

Ord0

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R
<latexit sha1_base64="Yxawm5KaMSKDRUKYpknDsWnQRl4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7Tv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfqUY2O</latexit>a1

<latexit sha1_base64="NL92yvycWnQznqAeEXjGwvUY7h4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUU9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuqf9Wr9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2repdVOt39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/r1Y2P</latexit>a2
<latexit sha1_base64="+9ZJAXsaLXji7dP/Z2cHk+wmUQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qCcpePFY0X5AG8pku2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TRVmTxiJWnQA1E1yypuFGsE6iGEaBYO1gfDPz249MaR7LBzNJmB/hUPKQUzRWusf+eb9ccavuHOQv8XJSgRyNfvmzN4hpGjFpqECtu56bGD9DZTgVbFrqpZolSMc4ZF1LJUZM+9n81Ck5scqAhLGyJQ2Zqz8nMoy0nkSB7YzQjPSyNxP/87qpCa/8jMskNUzSxaIwFcTEZPY3GXDFqBETS5Aqbm8ldIQKqbHplGwI3vLLf0nrrOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQKQ3iCF3h1hPPsvDnvi9aCk88cwi84H9/tWY2Q</latexit>a3

<latexit sha1_base64="F/WR/jILJ47fObH9gL2baAtQRcs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqD9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/u3Y2R</latexit>a4

<latexit sha1_base64="4F5vveo14genbieiEO6NkG4B8U0=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIrkoiRV1JwY3LKvYBTSiT6aQdOpmEmYlQQsBfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFjzpS27W+rtLK6tr5R3qxsbe/s7lX3DzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9Sc3ud99pFKxSDzoaUy9EI8ECxjB2kiD6pEbGTvfTt0Q67Hvp/dZNqjW7Lo9A1omTkFqUKA1qH65w4gkIRWacKxU37Fj7aVYakY4zSpuomiMyQSPaN9QgUOqvHQWP0OnRhmiIJLmCY1m6u+NFIdKTUPfTOYR1aKXi/95/UQHV17KRJxoKsj8UJBwpCOUd4GGTFKi+dQQTCQzWREZY4mJNo1VTAnO4peXSee87lzUG3eNWvO6qKMMx3ACZ+DAJTThFlrQBgIpPMMrvFlP1ov1bn3MR0tWsXMIf2B9/gA7TZZO</latexit>

R

<latexit sha1_base64="h23jcuE2qvOwwstlG5f/gXkxQk0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqa6k4MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wucn8ziNVmklxb6Yx9SM8EixkBBsrPfSlNbNsigfebFCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzq2fozCpDFEplnzBorv5OpDjSehoFdjLCZqyXvUz8z+slJrzyUybixFBBFovChCMjUVYBGjJFieFTSzBRzN6KyBgrTIwtqmRL8Ja/vEraF1WvXq3d1SqN67yOIpzAKZyDB5fQgFtoQgsIKHiGV3hznpwX5935WIwWnDxzDH/gfP4AzK2StA==</latexit>

a1

<latexit sha1_base64="yK3R+d2pncgC9JqzatElcRcd+oY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoq6k4MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wucn8ziNVmklxb6Yx9SM8EixkBBsrPfSlNbNsige12aBccavuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/nV8/QmVWGKJTKPmHQXP2dSHGk9TQK7GSEzVgve5n4n9dLTHjlp0zEiaGCLBaFCUdGoqwCNGSKEsOnlmCimL0VkTFWmBhbVMmW4C1/eZW0a1Xvolq/q1ca13kdRTiBUzgHDy6hAbfQhBYQUPAMr/DmPDkvzrvzsRgtOHnmGP7A+fwBzjKStQ==</latexit>

a2

<latexit sha1_base64="lGCfDAEXOyTIGBGFxvlj+Yy8/kM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxoUVdScOOygn1AO5ZMmmlDM8mQZJQy9D/cuFDErf/izr8x085CWw8EDufcw705QcyZNq777RRWVtfWN4qbpa3tnd298v5BS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY32R++5EqzaS4N5OY+hEeChYygo2VHnrSmlk2xf3zab9ccavuDGiZeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtFTii2k9nV0/RiVUGKJTKPmHQTP2dSHGk9SQK7GSEzUgvepn4n9dNTHjlp0zEiaGCzBeFCUdGoqwCNGCKEsMnlmCimL0VkRFWmBhbVMmW4C1+eZm0zqreRbV2V6vUr/M6inAEx3AKHlxCHW6hAU0goOAZXuHNeXJenHfnYz5acPLMIfyB8/kDz7eStg==</latexit>

a3

<latexit sha1_base64="8ex9TIjWq9BLJ4J5pLy/GmahEvU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqa6k4MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wucn8ziNVmklxb6Yx9SM8EixkBBsrPfSlNbNsige12aBccavuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/nV8/QmVWGKJTKPmHQXP2dSHGk9TQK7GSEzVgve5n4n9dLTHjlp0zEiaGCLBaFCUdGoqwCNGSKEsOnlmCimL0VkTFWmBhbVMmW4C1/eZW0L6pevVq7q1Ua13kdRTiBUzgHDy6hAbfQhBYQUPAMr/DmPDkvzrvzsRgtOHnmGP7A+fwB0TyStw==</latexit>

a4

<latexit sha1_base64="D4bRz3NUdZ0NNwJy5JupxfhHFak=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKUE8SEMFjBPOA7BJmJ7PJkNkHM72SsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7/EQKjbb9bRXW1jc2t4rbpZ3dvf2D8uFRS8epYrzJYhmrjk81lyLiTRQoeSdRnIa+5G1/dDvz209caRFHjzhJuBfSQSQCwSgayXWRjzG7G+O0Z/fKFbtqz0FWiZOTCuRo9Mpfbj9macgjZJJq3XXsBL2MKhRM8mnJTTVPKBvRAe8aGtGQay+b3zwlZ0bpkyBWpiIkc/X3REZDrSehbzpDikO97M3E/7xuisG1l4koSZFHbLEoSCXBmMwCIH2hOEM5MYQyJcythA2pogxNTCUTgrP88ippXVSdy2rtoVap3+RxFOEETuEcHLiCOtxDA5rAIIFneIU3K7VerHfrY9FasPKZY/gD6/MHPX2R0A==</latexit>

Ext0

<latexit sha1_base64="4F5vveo14genbieiEO6NkG4B8U0=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIrkoiRV1JwY3LKvYBTSiT6aQdOpmEmYlQQsBfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFjzpS27W+rtLK6tr5R3qxsbe/s7lX3DzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9Sc3ud99pFKxSDzoaUy9EI8ECxjB2kiD6pEbGTvfTt0Q67Hvp/dZNqjW7Lo9A1omTkFqUKA1qH65w4gkIRWacKxU37Fj7aVYakY4zSpuomiMyQSPaN9QgUOqvHQWP0OnRhmiIJLmCY1m6u+NFIdKTUPfTOYR1aKXi/95/UQHV17KRJxoKsj8UJBwpCOUd4GGTFKi+dQQTCQzWREZY4mJNo1VTAnO4peXSee87lzUG3eNWvO6qKMMx3ACZ+DAJTThFlrQBgIpPMMrvFlP1ov1bn3MR0tWsXMIf2B9/gA7TZZO</latexit>

R

<latexit sha1_base64="h23jcuE2qvOwwstlG5f/gXkxQk0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqa6k4MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wucn8ziNVmklxb6Yx9SM8EixkBBsrPfSlNbNsigfebFCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzq2fozCpDFEplnzBorv5OpDjSehoFdjLCZqyXvUz8z+slJrzyUybixFBBFovChCMjUVYBGjJFieFTSzBRzN6KyBgrTIwtqmRL8Ja/vEraF1WvXq3d1SqN67yOIpzAKZyDB5fQgFtoQgsIKHiGV3hznpwX5935WIwWnDxzDH/gfP4AzK2StA==</latexit>

a1

<latexit sha1_base64="yK3R+d2pncgC9JqzatElcRcd+oY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoq6k4MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wucn8ziNVmklxb6Yx9SM8EixkBBsrPfSlNbNsige12aBccavuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/nV8/QmVWGKJTKPmHQXP2dSHGk9TQK7GSEzVgve5n4n9dLTHjlp0zEiaGCLBaFCUdGoqwCNGSKEsOnlmCimL0VkTFWmBhbVMmW4C1/eZW0a1Xvolq/q1ca13kdRTiBUzgHDy6hAbfQhBYQUPAMr/DmPDkvzrvzsRgtOHnmGP7A+fwBzjKStQ==</latexit>

a2

<latexit sha1_base64="lGCfDAEXOyTIGBGFxvlj+Yy8/kM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxoUVdScOOygn1AO5ZMmmlDM8mQZJQy9D/cuFDErf/izr8x085CWw8EDufcw705QcyZNq777RRWVtfWN4qbpa3tnd298v5BS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY32R++5EqzaS4N5OY+hEeChYygo2VHnrSmlk2xf3zab9ccavuDGiZeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtFTii2k9nV0/RiVUGKJTKPmHQTP2dSHGk9SQK7GSEzUgvepn4n9dNTHjlp0zEiaGCzBeFCUdGoqwCNGCKEsMnlmCimL0VkRFWmBhbVMmW4C1+eZm0zqreRbV2V6vUr/M6inAEx3AKHlxCHW6hAU0goOAZXuHNeXJenHfnYz5acPLMIfyB8/kDz7eStg==</latexit>

a3

<latexit sha1_base64="8ex9TIjWq9BLJ4J5pLy/GmahEvU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqa6k4MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wucn8ziNVmklxb6Yx9SM8EixkBBsrPfSlNbNsige12aBccavuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/nV8/QmVWGKJTKPmHQXP2dSHGk9TQK7GSEzVgve5n4n9dLTHjlp0zEiaGCLBaFCUdGoqwCNGSKEsOnlmCimL0VkTFWmBhbVMmW4C1/eZW0L6pevVq7q1Ua13kdRTiBUzgHDy6hAbfQhBYQUPAMr/DmPDkvzrvzsRgtOHnmGP7A+fwB0TyStw==</latexit>

a4

<latexit sha1_base64="4F5vveo14genbieiEO6NkG4B8U0=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIrkoiRV1JwY3LKvYBTSiT6aQdOpmEmYlQQsBfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFjzpS27W+rtLK6tr5R3qxsbe/s7lX3DzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9Sc3ud99pFKxSDzoaUy9EI8ECxjB2kiD6pEbGTvfTt0Q67Hvp/dZNqjW7Lo9A1omTkFqUKA1qH65w4gkIRWacKxU37Fj7aVYakY4zSpuomiMyQSPaN9QgUOqvHQWP0OnRhmiIJLmCY1m6u+NFIdKTUPfTOYR1aKXi/95/UQHV17KRJxoKsj8UJBwpCOUd4GGTFKi+dQQTCQzWREZY4mJNo1VTAnO4peXSee87lzUG3eNWvO6qKMMx3ACZ+DAJTThFlrQBgIpPMMrvFlP1ov1bn3MR0tWsXMIf2B9/gA7TZZO</latexit>

R<latexit sha1_base64="h23jcuE2qvOwwstlG5f/gXkxQk0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqa6k4MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wucn8ziNVmklxb6Yx9SM8EixkBBsrPfSlNbNsigfebFCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzq2fozCpDFEplnzBorv5OpDjSehoFdjLCZqyXvUz8z+slJrzyUybixFBBFovChCMjUVYBGjJFieFTSzBRzN6KyBgrTIwtqmRL8Ja/vEraF1WvXq3d1SqN67yOIpzAKZyDB5fQgFtoQgsIKHiGV3hznpwX5935WIwWnDxzDH/gfP4AzK2StA==</latexit>

a1
<latexit sha1_base64="yK3R+d2pncgC9JqzatElcRcd+oY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoq6k4MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wucn8ziNVmklxb6Yx9SM8EixkBBsrPfSlNbNsige12aBccavuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/nV8/QmVWGKJTKPmHQXP2dSHGk9TQK7GSEzVgve5n4n9dLTHjlp0zEiaGCLBaFCUdGoqwCNGSKEsOnlmCimL0VkTFWmBhbVMmW4C1/eZW0a1Xvolq/q1ca13kdRTiBUzgHDy6hAbfQhBYQUPAMr/DmPDkvzrvzsRgtOHnmGP7A+fwBzjKStQ==</latexit>

a2
<latexit sha1_base64="lGCfDAEXOyTIGBGFxvlj+Yy8/kM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxoUVdScOOygn1AO5ZMmmlDM8mQZJQy9D/cuFDErf/izr8x085CWw8EDufcw705QcyZNq777RRWVtfWN4qbpa3tnd298v5BS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY32R++5EqzaS4N5OY+hEeChYygo2VHnrSmlk2xf3zab9ccavuDGiZeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtFTii2k9nV0/RiVUGKJTKPmHQTP2dSHGk9SQK7GSEzUgvepn4n9dNTHjlp0zEiaGCzBeFCUdGoqwCNGCKEsMnlmCimL0VkRFWmBhbVMmW4C1+eZm0zqreRbV2V6vUr/M6inAEx3AKHlxCHW6hAU0goOAZXuHNeXJenHfnYz5acPLMIfyB8/kDz7eStg==</latexit>

a3
<latexit sha1_base64="8ex9TIjWq9BLJ4J5pLy/GmahEvU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqa6k4MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wucn8ziNVmklxb6Yx9SM8EixkBBsrPfSlNbNsige12aBccavuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/nV8/QmVWGKJTKPmHQXP2dSHGk9TQK7GSEzVgve5n4n9dLTHjlp0zEiaGCLBaFCUdGoqwCNGSKEsOnlmCimL0VkTFWmBhbVMmW4C1/eZW0L6pevVq7q1Ua13kdRTiBUzgHDy6hAbfQhBYQUPAMr/DmPDkvzrvzsRgtOHnmGP7A+fwB0TyStw==</latexit>

a4
<latexit sha1_base64="d01Ezo25Am9G8ISTTJdTeucTwY4=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1JMUvHisYj+gCWWznbZLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2QGpFDQQIES2okGFoUSWuHoZuq3HkEbEasHHCcQRGygRF9whlbyfYQnzO5BTrpet1xxq+4MdJl4OamQHPVu+cvvxTyNQCGXzJiO5yYYZEyj4BImJT81kDA+YgPoWKpYBCbIZjdP6IlVerQfa1sK6Uz9PZGxyJhxFNrOiOHQLHpT8T+vk2L/KsiESlIExeeL+qmkGNNpALQnNHCUY0sY18LeSvmQacbRxlSyIXiLLy+T5lnVu6ie351Xatd5HEVyRI7JKfHIJamRW1InDcJJQp7JK3lzUufFeXc+5q0FJ585JH/gfP4AKaaRww==</latexit>

Rel1

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R
<latexit sha1_base64="Yxawm5KaMSKDRUKYpknDsWnQRl4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7Tv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfqUY2O</latexit>a1

<latexit sha1_base64="NL92yvycWnQznqAeEXjGwvUY7h4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUU9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuqf9Wr9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2repdVOt39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/r1Y2P</latexit>a2
<latexit sha1_base64="+9ZJAXsaLXji7dP/Z2cHk+wmUQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qCcpePFY0X5AG8pku2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TRVmTxiJWnQA1E1yypuFGsE6iGEaBYO1gfDPz249MaR7LBzNJmB/hUPKQUzRWusf+eb9ccavuHOQv8XJSgRyNfvmzN4hpGjFpqECtu56bGD9DZTgVbFrqpZolSMc4ZF1LJUZM+9n81Ck5scqAhLGyJQ2Zqz8nMoy0nkSB7YzQjPSyNxP/87qpCa/8jMskNUzSxaIwFcTEZPY3GXDFqBETS5Aqbm8ldIQKqbHplGwI3vLLf0nrrOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQKQ3iCF3h1hPPsvDnvi9aCk88cwi84H9/tWY2Q</latexit>a3

<latexit sha1_base64="F/WR/jILJ47fObH9gL2baAtQRcs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqD9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/u3Y2R</latexit>a4

<latexit sha1_base64="4F5vveo14genbieiEO6NkG4B8U0=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIrkoiRV1JwY3LKvYBTSiT6aQdOpmEmYlQQsBfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFjzpS27W+rtLK6tr5R3qxsbe/s7lX3DzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9Sc3ud99pFKxSDzoaUy9EI8ECxjB2kiD6pEbGTvfTt0Q67Hvp/dZNqjW7Lo9A1omTkFqUKA1qH65w4gkIRWacKxU37Fj7aVYakY4zSpuomiMyQSPaN9QgUOqvHQWP0OnRhmiIJLmCY1m6u+NFIdKTUPfTOYR1aKXi/95/UQHV17KRJxoKsj8UJBwpCOUd4GGTFKi+dQQTCQzWREZY4mJNo1VTAnO4peXSee87lzUG3eNWvO6qKMMx3ACZ+DAJTThFlrQBgIpPMMrvFlP1ov1bn3MR0tWsXMIf2B9/gA7TZZO</latexit>

R

<latexit sha1_base64="h23jcuE2qvOwwstlG5f/gXkxQk0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqa6k4MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wucn8ziNVmklxb6Yx9SM8EixkBBsrPfSlNbNsigfebFCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzq2fozCpDFEplnzBorv5OpDjSehoFdjLCZqyXvUz8z+slJrzyUybixFBBFovChCMjUVYBGjJFieFTSzBRzN6KyBgrTIwtqmRL8Ja/vEraF1WvXq3d1SqN67yOIpzAKZyDB5fQgFtoQgsIKHiGV3hznpwX5935WIwWnDxzDH/gfP4AzK2StA==</latexit>

a1

<latexit sha1_base64="yK3R+d2pncgC9JqzatElcRcd+oY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoq6k4MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wucn8ziNVmklxb6Yx9SM8EixkBBsrPfSlNbNsige12aBccavuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/nV8/QmVWGKJTKPmHQXP2dSHGk9TQK7GSEzVgve5n4n9dLTHjlp0zEiaGCLBaFCUdGoqwCNGSKEsOnlmCimL0VkTFWmBhbVMmW4C1/eZW0a1Xvolq/q1ca13kdRTiBUzgHDy6hAbfQhBYQUPAMr/DmPDkvzrvzsRgtOHnmGP7A+fwBzjKStQ==</latexit>

a2

<latexit sha1_base64="lGCfDAEXOyTIGBGFxvlj+Yy8/kM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxoUVdScOOygn1AO5ZMmmlDM8mQZJQy9D/cuFDErf/izr8x085CWw8EDufcw705QcyZNq777RRWVtfWN4qbpa3tnd298v5BS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY32R++5EqzaS4N5OY+hEeChYygo2VHnrSmlk2xf3zab9ccavuDGiZeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtFTii2k9nV0/RiVUGKJTKPmHQTP2dSHGk9SQK7GSEzUgvepn4n9dNTHjlp0zEiaGCzBeFCUdGoqwCNGCKEsMnlmCimL0VkRFWmBhbVMmW4C1+eZm0zqreRbV2V6vUr/M6inAEx3AKHlxCHW6hAU0goOAZXuHNeXJenHfnYz5acPLMIfyB8/kDz7eStg==</latexit>

a3

<latexit sha1_base64="8ex9TIjWq9BLJ4J5pLy/GmahEvU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqa6k4MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wucn8ziNVmklxb6Yx9SM8EixkBBsrPfSlNbNsige12aBccavuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/nV8/QmVWGKJTKPmHQXP2dSHGk9TQK7GSEzVgve5n4n9dLTHjlp0zEiaGCLBaFCUdGoqwCNGSKEsOnlmCimL0VkTFWmBhbVMmW4C1/eZW0L6pevVq7q1Ua13kdRTiBUzgHDy6hAbfQhBYQUPAMr/DmPDkvzrvzsRgtOHnmGP7A+fwB0TyStw==</latexit>

a4

<latexit sha1_base64="lJIAVDDBPXQLom2GmqmTZjfq8so=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSRS1JMURPBYwX5AE8pmO2mXbjZhdyItoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxLBNTrOt1VYW9/Y3Cpul3Z29/YPyodHLR2nikGTxSJWnYBqEFxCEzkK6CQKaBQIaAej25nffgKleSwfcZKAH9GB5CFnFI3keQhjzO7GOO25vXLFqTpz2KvEzUmF5Gj0yl9eP2ZpBBKZoFp3XSdBP6MKORMwLXmphoSyER1A11BJI9B+Nr95ap8ZpW+HsTIl0Z6rvycyGmk9iQLTGVEc6mVvJv7ndVMMr/2MyyRFkGyxKEyFjbE9C8DucwUMxcQQyhQ3t9psSBVlaGIqmRDc5ZdXSeui6l5Waw+1Sv0mj6NITsgpOScuuSJ1ck8apEkYScgzeSVvVmq9WO/Wx6K1YOUzx+QPrM8fPwGR0Q==</latexit>

Ext1

<latexit sha1_base64="89RCDT7/IhskmRKfSAVP2O2JGdo=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4sSRS1JMUvHisYD+gCWWz2bRLdzdhdyKW0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhangBlz321lZXVvf2Cxtlbd3dvf2KweHbZNkmrIWTUSiuyExTHDFWsBBsG6qGZGhYJ1wdDv1O49MG56oBxinLJBkoHjMKQEr+Z4P7Any84jLSb9SdWvuDHiZeAWpogLNfuXLjxKaSaaACmJMz3NTCHKigVPBJmU/MywldEQGrGepIpKZIJ/dPMGnVolwnGhbCvBM/T2RE2nMWIa2UxIYmkVvKv7n9TKIr4OcqzQDpuh8UZwJDAmeBoAjrhkFMbaEUM3trZgOiSYUbExlG4K3+PIyaV/UvMta/b5ebdwUcZTQMTpBZ8hDV6iB7lATtRBFKXpGr+jNyZwX5935mLeuOMXMEfoD5/MH/X6RqA==</latexit>

1-dim

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R
<latexit sha1_base64="84GM9+xYa1XMOGr8ZS4G/MXqJaY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1JMUvHisYD+gDWWz3bRrN7thdyKE0v/gxYMiXv0/3vw3btsctPXBwOO9GWbmhYngBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesiRwF6ySakTgUrB2Ob2d++4lpw5V8wCxhQUyGkkecErRSq8dlhFm/XPGq3hzuKvFzUoEcjX75qzdQNI2ZRCqIMV3fSzCYEI2cCjYt9VLDEkLHZMi6lkoSMxNM5tdO3TOrDNxIaVsS3bn6e2JCYmOyOLSdMcGRWfZm4n9eN8XoOphwmaTIJF0silLhonJnr7sDrhlFkVlCqOb2VpeOiCYUbUAlG4K//PIqaV1U/ctq7b5Wqd/kcRThBE7hHHy4gjrcQQOaQOERnuEV3hzlvDjvzseiteDkM8fwB87nD8Ppj0E=</latexit>1

<latexit sha1_base64="Yxawm5KaMSKDRUKYpknDsWnQRl4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7Tv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfqUY2O</latexit>a1
<latexit sha1_base64="NL92yvycWnQznqAeEXjGwvUY7h4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUU9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuqf9Wr9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2repdVOt39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/r1Y2P</latexit>a2

<latexit sha1_base64="+9ZJAXsaLXji7dP/Z2cHk+wmUQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qCcpePFY0X5AG8pku2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TRVmTxiJWnQA1E1yypuFGsE6iGEaBYO1gfDPz249MaR7LBzNJmB/hUPKQUzRWusf+eb9ccavuHOQv8XJSgRyNfvmzN4hpGjFpqECtu56bGD9DZTgVbFrqpZolSMc4ZF1LJUZM+9n81Ck5scqAhLGyJQ2Zqz8nMoy0nkSB7YzQjPSyNxP/87qpCa/8jMskNUzSxaIwFcTEZPY3GXDFqBETS5Aqbm8ldIQKqbHplGwI3vLLf0nrrOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQKQ3iCF3h1hPPsvDnvi9aCk88cwi84H9/tWY2Q</latexit>a3
<latexit sha1_base64="F/WR/jILJ47fObH9gL2baAtQRcs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqD9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/u3Y2R</latexit>a4

<latexit sha1_base64="Yxawm5KaMSKDRUKYpknDsWnQRl4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7Tv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfqUY2O</latexit>a1

<latexit sha1_base64="NL92yvycWnQznqAeEXjGwvUY7h4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUU9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuqf9Wr9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2repdVOt39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/r1Y2P</latexit>a2

<latexit sha1_base64="+9ZJAXsaLXji7dP/Z2cHk+wmUQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qCcpePFY0X5AG8pku2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TRVmTxiJWnQA1E1yypuFGsE6iGEaBYO1gfDPz249MaR7LBzNJmB/hUPKQUzRWusf+eb9ccavuHOQv8XJSgRyNfvmzN4hpGjFpqECtu56bGD9DZTgVbFrqpZolSMc4ZF1LJUZM+9n81Ck5scqAhLGyJQ2Zqz8nMoy0nkSB7YzQjPSyNxP/87qpCa/8jMskNUzSxaIwFcTEZPY3GXDFqBETS5Aqbm8ldIQKqbHplGwI3vLLf0nrrOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQKQ3iCF3h1hPPsvDnvi9aCk88cwi84H9/tWY2Q</latexit>a3

<latexit sha1_base64="F/WR/jILJ47fObH9gL2baAtQRcs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqD9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/u3Y2R</latexit>a4

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R
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Figure 1. (a) Illustration of the sublevel and superlevel filtrations, as well as the pairings of extended
persistent homology. (b,c) The persistence diagrams with respect to extended persistent homology
and persistent homology, respectively.
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The output of PH is specified by pairs of the form (v, e), where v ∈ V and e ∈ E.
Each pair is interpreted as a component born when v is added during the filtration and
dies (merges into an older component) with the addition of e. Such a feature (component)
is called non-essential. Each unpaired vertex corresponds to a component born with the
addition of this vertex and never dies. Similarly, an unpaired edge corresponds to a loop
born when the edge is added and lives forever. We call a feature that never dies essential.

To utilize the output of PH in data analysis, one usually resorts to a representation
called persistence diagrams (PD), which are multisets on the extended plane R× (R∪{∞}).
The 0-dimensional PD consists of two types of elements:

• For each pair (v, e) such that v (resp. e) is added at time a (resp. b), we place a point
on the plane with coordinate (a, b);

• For each unpaired vertex v added at time a, we place a point (a, ∞).

The 1-dimensional PD is constructed by placing for each e added at time a a point
(a, ∞). An example is given in Figure 1c.

3.1.3. Extended Persistent Homology

There are two drawbacks of PH. First, the output data do not enjoy a uniform format.
The essential topological features are specified by one coordinate, while non-essential fea-
tures are determined by two. One could mitigate this by either treating them separately [42]
or truncating the second coordinate using an artificial finite upper bound [43,68]. However,
there does not exist a natural way to handle both types within a uniform framework.

The second issue concerns completeness. The birth time of an essential feature cor-
responds to either the minimum of f in a component for H0 or the maximum of f in a
loop for H1. By symmetry, we should also consider the maximum in a component and the
minimum in a loop. While the PDs of − f contain this information, there is no indication
of how the maxima and minima are matched. We shall see in the following how EPH
remedies this problem.

The above drawbacks can be overcome with extended persistent homology. Denote
by R the set of real numbers with reversed order. For b ∈ R, let b̄ be the corresponding
element in R. Given a filter function f on G = (V, E), for each ā ∈ R, we define the
superlevel subgraph Gā = (V ā, Eā), where V ā = f−1[a, ∞) and Eā denotes the set of edges
joining vertices in V ā. These subgraphs form the superlevel filtration which expands in
the direction of R. Essentially, EPH scans the graph bottom-up using the sublevel filtration
and then top-down using the superlevel filtration (Figure 1a) and studies the topological
features of this process.

The output of EPH is also a pairing [19], which we explain below. Denote V̄, Ē as copies
of V, E. For v ∈ V, e ∈ E, let v̄, ē be the corresponding element in V̄ and Ē. The motivation
behind this is to treat v and v̄ as the same vertex scanned in the sublevel filtration and
superlevel filtration, respectively. The same works for e and ē. Elements of V ∪ E ∪ V̄ ∪ Ē
are called algebraic simplices, since they serve as the basis in the matrix reduction algorithm
for computing EPH. Each algebraic simplex x is assigned a value f (x) ∈ R∪R, indicating
its time of entrance into the corresponding filtration, in other words, sublevel filtration if
x ∈ V ∪ E and superlevel filtration if x ∈ V̄ ∪ Ē.

The output of EPH is a bijection (pairing) between V ∪ E and E ∪V. A pair is of the
form (v, e), (v1, v2), (e1, e2) or (v, e). Each pair (α, β) corresponds to a topological feature
of a certain dimension persisting from f (α) to f (β). For each of the four types of pairs,
the collection of ( f (α), f (β))’s forms a multiset on the respective plane (R×R,R×R or R×
R). The four multisets are called persistence diagrams and are denoted by Ord0, Ext0, Ext1
and Rel1, respectively (Figure 1b). We provide a topological interpretation of each:

• A pair (v, e) is associated with a component (0-dimensional). The points ( f (v), f (e)) ∈
R×R form the diagram Ord0;

• A pair (v1, v2) is of dimension 0. Geometrically, this means v1 and v2 are where f
obtains minimum and maximum in a component of G. The points ( f (v1), f (v2)) ∈
R×R form the diagram Ext0;
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• A pair (e1, e2) is of dimension 1. In this case, there is a loop whose maximum and
minimum are obtained at e1 and e2, respectively. The points ( f (e1), f (e2)) ∈ R×R
form the diagram Ext1;

• A pair (v̄, ē) is of dimension 1. It is not easy to illustrate the geometric meaning of
such a pair directly. Fortunately, it can be interpreted as a 0-dimensional feature of − f
that persists from − f (v) to − f (e) by the symmetry of extended persistence (see [19]
p.162). The points ( f (v̄), f (ē)) ∈ R×R form the diagram Rel1.

The output of EPH is uniform: all algebraic simplices are paired and each point
(feature) has two finite coordinates. EPH completes PH in the following sense. For a
pair (G, f ), PH outputs two persistence diagrams of dimension 0 and 1, respectively.
The 0-dimensional PD consists of Ord0 and a point (a, ∞) for each (a, b) in Ext0. The 1-
dimensional PD consists of a point (a, ∞) for each (a, b) in Ext1. By taking the PDs of (G,± f )
with respect to PH and using the symmetry of EPH, one could recover Ord0, Rel1 and
individual numbers in the coordinates of Ext0, Ext1. Yet the pairing of those numbers is lost.
Thus, EPH extracts strictly more information than PH. A concrete example demonstrating
the distinguishing power of EPH over that of PH is presented in the proof of Theorem 2.

3.2. Treph

The architecture of TREPH is shown in Figure 2. A graph G = (V, E) with node
features X ∈ RN×d is fed as its input. Through a Filtration module F , d f filter functions
are learned. By applying EPH to each of the filter functions, we obtain the pairings
and diagrams from different scanning perspectives. Then, a Vectorization module V is
responsible for transforming each point in the diagrams into a dv-dimensional vector.
These vectors, together with the pairings, are then fed into a novel Aggregation module A
to gather the vectorized topological features to their corresponding nodes on the graph.
After the Aggregation, a residual connection and a fully connected (FC) layer are used to
obtain the final output X′ ∈ RN×d′ .
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Figure 2. The architecture of TREPH.

The Filtration module F is designed as a GIN-ε [18] graph convolutional layer fol-
lowed by a two-layer MLP (multilayer perceptron). Skip connection by concatenation is
used after the convolution. The sigmoid function σ(x) = 1/(1 + e−x) is adopted as the last
activation, thus mapping values into range [0, 1] for efficient learning in Vectorization.

For each filter function generated by F , EPH can be calculated by using the matrix
reduction algorithm described in [19]. Denote by eph the process of mapping all the
filter functions to their diagrams and pairings. The output consists of 4d f PDs {D(k)|1 ≤
k ≤ d f ,D ∈ {Ord0, Rel1, Ext0, Ext1}}, and their corresponding pairings {(αb

p, αd
p)|p ∈

∪D,kD(k)}.
To make better use of the points in the diagrams, a Vectorization module V is designed

to map each point p ∈ ∪D,kD(k) to a high-dimensional vector representation xp ∈ Rdv .
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More concretely, for each type of diagram, a total of dv coordinate functions are learned.
In this work, we choose the rational hat structure element [40] as our coordinate function:

s(p) =
1

1 + ‖p− c‖1
− 1

1 + ||r| − ‖p− c‖1|
, (1)

where p ∈ R2 is a point in the diagrams, and c ∈ R2, r ∈ R are the learnable parameters.
The main idea behind our Aggregation module A is associating each point p in the

diagrams to the geometric locations (nodes) marking its birth and death. The vectorized
topological feature xp is then aggregated to those locations correspondingly. Given the
pairing (αb

p, αd
p) of p, the problem translates into defining a locating function v : V ∪V ∪

E ∪ E→ V. To this end, the sublevel filtration can be regarded as a process of incremental
addition of nodes, one at a time, and edges joining existing nodes and the new one.
Thus, each element x ∈ V ∪ E can be associated with a node v(x) marking its location
of entrance. Similarly, each x ∈ V ∪ E can be assigned an v marking its entrance into
the superlevel filtration, and we define v(x) = v in this case. Hence, we construct A by
aggregating each xp to v(αb

p) and v(αd
p), thus empowering graph nodes with the awareness

of certain “shapes” in the graph. The details are shown in Algorithm 1, where we also
employ the batch normalization [70] and the ReLU activation (ReLU(x) = max(x, 0)) for
efficient learning.

Algorithm 1: Aggregation.

Input: The pairings {(αb
p, αd

p)} and the vector representations {xp} of all the PD
points p ∈ ∪1≤k≤d f ,D∈{Ord0,Rel1,Ext0,Ext1}D(k), where d f is the number of
filter functions and Ord0, Rel1, Ext0, Ext1 are the EPH diagrams.

The locating function v(·).
Output: The aggregated node representations Z ∈ RN×d.

1 Initialization: for v ∈ V, 1 ≤ k ≤ d f and S ∈ {V, V, E, E}, initialize Zk,S
v as a

dv-dimensional vector filled with zeros;
2 for p in ∪D,kD(k) do
3 Denote by D(k) the diagram that contains p;
4 Denote by Sb(Sd) the set that contains αb

p(α
d
p);

5 Zk,Sb
v(αb

p)
+= xp; Zk,Sd

v(αd
p)
+= xp;

6 end
7 Z̃ = stack{concatk,S(Zk,S

v )|v ∈ V} ∈ RN×4d f dv ;
8 Z = ReLU(BatchNorm(Linear(Z̃))) ∈ RN×d;
9 return Z

3.3. Differentiability and Expressive Power

The following theorem ensures the differentiability of the TREPH layer. Thus, TREPH
is end-to-end-trainable with gradient-based optimization.

Theorem 1. If the filter functions involved depend differentiably on a set of parameters Θ, then
the output of the TREPH layer is differentiable with respect to Θ wherever the filter functions are
injective (one-to-one).

Proof. Suppose the filter functions F (G, X) = F (G, X, Θ) depend differentiably on a set
of parameters Θ. For Θ0 such that F (G, X, Θ0) consists of injective filter functions, we
would like the composition A ◦ V ◦ eph(G,F (G, X, Θ)) to be differentiable with respect to
Θ at Θ0.



Entropy 2023, 25, 331 9 of 18

It is not hard to see that F (G, X, ·) and A ◦ V are differentiable (the latter with respect
to the coordinates of points on the PDs). The desired result for PH in place of EPH is proved
in [42] (Lemma 1).

The key idea for their proof is the following observation. Given Θ0 such thatF (G, X, Θ0)
consists of injective functions, for Θ in a small enough neighborhood of Θ0, the order of
vertices with respect to the filter functions is invariant, so are the pairing (between vertices and
edges) and the vertices associated to each pair (i.e., marking the entrance of that vertex/edge).
Since each pair determines a point on the PD whose coordinates are values of filter functions
on the vertex associated with the pair, differentiability follows. The above argument remains
valid for EPH, with pairing now between algebraic simplices. The rest of the proof for [42]
Lemma 1 carries over.

It is shown that PH-enhanced GNNs have strictly stronger expressivity than standard
GNNs in terms of the Weisfeiler–Leman test (WL[1]) ([43] Theorem 2). The same can be
said for EPH since EPH extracts strictly more information than PH.

To compare the expressivity of PH and EPH, we consider the task of distinguishing
pairs of the form (G, f ) where f is a real-valued function defined on the node set of G. By al-
lowing for arbitrary functions (instead of functions generated by the WL algorithm [51]),
we take into account the actual input of PH/EPH layers in GNNs.

Theorem 2. EPH is strictly more expressive than PH. That is, there exist pairs (G1, f1), (G2, f2)
such that both (G1, f1), (G2, f2) and (G1,− f1), (G2,− f2) have identical PDs with respect to PH.
Yet the PDs of (G1, f1) and (G2, f2) with respect to EPH differ.

Proof. Consider two pairs (G1, f1) and (G2, f2) illustrated in Figure 3a. The PDs of (G1, f1)
and (G2, f2) with respect to PH coincide (Figure 3b). The PDs of (G1,− f1) and (G2,− f2)
with respect to PH are also identical (Figure 3c). Yet (G1, f1) and (G2, f2) have distinct
Ext0 and Ext1, as illustrated in Figure 3d,e. Here is a brief explanation of what transpires.
For both (G1, f1) and (G2, f2), the minima of the two components are 1 and 2, while the
maxima are 4 and 5. Thus, the infinite part of the 0-dimensional PDs cannot distinguish
them. However, for (G1, f1), the maximum 5 is matched with the minimum 1, and 4 is
matched with 2. For (G2, f2), the matchings are (5,2) and (4,1). This matching is captured
by Ext0, resulting in different PDs. The case for Ext1 can be explained analogously.
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R

<latexit sha1_base64="89RCDT7/IhskmRKfSAVP2O2JGdo=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4sSRS1JMUvHisYD+gCWWz2bRLdzdhdyKW0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhangBlz321lZXVvf2Cxtlbd3dvf2KweHbZNkmrIWTUSiuyExTHDFWsBBsG6qGZGhYJ1wdDv1O49MG56oBxinLJBkoHjMKQEr+Z4P7Any84jLSb9SdWvuDHiZeAWpogLNfuXLjxKaSaaACmJMz3NTCHKigVPBJmU/MywldEQGrGepIpKZIJ/dPMGnVolwnGhbCvBM/T2RE2nMWIa2UxIYmkVvKv7n9TKIr4OcqzQDpuh8UZwJDAmeBoAjrhkFMbaEUM3trZgOiSYUbExlG4K3+PIyaV/UvMta/b5ebdwUcZTQMTpBZ8hDV6iB7lATtRBFKXpGr+jNyZwX5935mLeuOMXMEfoD5/MH/X6RqA==</latexit>

1-dim

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R
<latexit sha1_base64="84GM9+xYa1XMOGr8ZS4G/MXqJaY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1JMUvHisYD+gDWWz3bRrN7thdyKE0v/gxYMiXv0/3vw3btsctPXBwOO9GWbmhYngBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesiRwF6ySakTgUrB2Ob2d++4lpw5V8wCxhQUyGkkecErRSq8dlhFm/XPGq3hzuKvFzUoEcjX75qzdQNI2ZRCqIMV3fSzCYEI2cCjYt9VLDEkLHZMi6lkoSMxNM5tdO3TOrDNxIaVsS3bn6e2JCYmOyOLSdMcGRWfZm4n9eN8XoOphwmaTIJF0silLhonJnr7sDrhlFkVlCqOb2VpeOiCYUbUAlG4K//PIqaV1U/ctq7b5Wqd/kcRThBE7hHHy4gjrcQQOaQOERnuEV3hzlvDjvzseiteDkM8fwB87nD8Ppj0E=</latexit>1

1 2 3 4 5

5
4
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2
1

1 1

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R

<latexit sha1_base64="iPjl3POAERAaRa+xgoXNqaTIHMA=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4sSRS1JMUvHisYD+gCWWz2bRLdzdhdyKW0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhangBlz321lZXVvf2Cxtlbd3dvf2KweHbZNkmrIWTUSiuyExTHDFWsBBsG6qGZGhYJ1wdDv1O49MG56oBxinLJBkoHjMKQEr+a4P7Any84jLSb9SdWvuDHiZeAWpogLNfuXLjxKaSaaACmJMz3NTCHKigVPBJmU/MywldEQGrGepIpKZIJ/dPMGnVolwnGhbCvBM/T2RE2nMWIa2UxIYmkVvKv7n9TKIr4OcqzQDpuh8UZwJDAmeBoAjrhkFMbaEUM3trZgOiSYUbExlG4K3+PIyaV/UvMta/b5ebdwUcZTQMTpBZ8hDV6iB7lATtRBFKXpGr+jNyZwX5935mLeuOMXMEfoD5/MH+++Rpw==</latexit>

0-dim

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R-1-2-3
-4-5
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1

11

1

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R

<latexit sha1_base64="84GM9+xYa1XMOGr8ZS4G/MXqJaY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1JMUvHisYD+gDWWz3bRrN7thdyKE0v/gxYMiXv0/3vw3btsctPXBwOO9GWbmhYngBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesiRwF6ySakTgUrB2Ob2d++4lpw5V8wCxhQUyGkkecErRSq8dlhFm/XPGq3hzuKvFzUoEcjX75qzdQNI2ZRCqIMV3fSzCYEI2cCjYt9VLDEkLHZMi6lkoSMxNM5tdO3TOrDNxIaVsS3bn6e2JCYmOyOLSdMcGRWfZm4n9eN8XoOphwmaTIJF0silLhonJnr7sDrhlFkVlCqOb2VpeOiCYUbUAlG4K//PIqaV1U/ctq7b5Wqd/kcRThBE7hHHy4gjrcQQOaQOERnuEV3hzlvDjvzseiteDkM8fwB87nD8Ppj0E=</latexit>1

<latexit sha1_base64="89RCDT7/IhskmRKfSAVP2O2JGdo=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4sSRS1JMUvHisYD+gCWWz2bRLdzdhdyKW0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhangBlz321lZXVvf2Cxtlbd3dvf2KweHbZNkmrIWTUSiuyExTHDFWsBBsG6qGZGhYJ1wdDv1O49MG56oBxinLJBkoHjMKQEr+Z4P7Any84jLSb9SdWvuDHiZeAWpogLNfuXLjxKaSaaACmJMz3NTCHKigVPBJmU/MywldEQGrGepIpKZIJ/dPMGnVolwnGhbCvBM/T2RE2nMWIa2UxIYmkVvKv7n9TKIr4OcqzQDpuh8UZwJDAmeBoAjrhkFMbaEUM3trZgOiSYUbExlG4K3+PIyaV/UvMta/b5ebdwUcZTQMTpBZ8hDV6iB7lATtRBFKXpGr+jNyZwX5935mLeuOMXMEfoD5/MH/X6RqA==</latexit>

1-dim

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R

-1-2
-3-4-5
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11

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R

<latexit sha1_base64="84GM9+xYa1XMOGr8ZS4G/MXqJaY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1JMUvHisYD+gDWWz3bRrN7thdyKE0v/gxYMiXv0/3vw3btsctPXBwOO9GWbmhYngBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesiRwF6ySakTgUrB2Ob2d++4lpw5V8wCxhQUyGkkecErRSq8dlhFm/XPGq3hzuKvFzUoEcjX75qzdQNI2ZRCqIMV3fSzCYEI2cCjYt9VLDEkLHZMi6lkoSMxNM5tdO3TOrDNxIaVsS3bn6e2JCYmOyOLSdMcGRWfZm4n9eN8XoOphwmaTIJF0silLhonJnr7sDrhlFkVlCqOb2VpeOiCYUbUAlG4K//PIqaV1U/ctq7b5Wqd/kcRThBE7hHHy4gjrcQQOaQOERnuEV3hzlvDjvzseiteDkM8fwB87nD8Ppj0E=</latexit>1

<latexit sha1_base64="D4bRz3NUdZ0NNwJy5JupxfhHFak=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKUE8SEMFjBPOA7BJmJ7PJkNkHM72SsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7/EQKjbb9bRXW1jc2t4rbpZ3dvf2D8uFRS8epYrzJYhmrjk81lyLiTRQoeSdRnIa+5G1/dDvz209caRFHjzhJuBfSQSQCwSgayXWRjzG7G+O0Z/fKFbtqz0FWiZOTCuRo9Mpfbj9macgjZJJq3XXsBL2MKhRM8mnJTTVPKBvRAe8aGtGQay+b3zwlZ0bpkyBWpiIkc/X3REZDrSehbzpDikO97M3E/7xuisG1l4koSZFHbLEoSCXBmMwCIH2hOEM5MYQyJcythA2pogxNTCUTgrP88ippXVSdy2rtoVap3+RxFOEETuEcHLiCOtxDA5rAIIFneIU3K7VerHfrY9FasPKZY/gD6/MHPX2R0A==</latexit>

Ext0

1 2 3 4 5

1

1

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R

<latexit sha1_base64="4F5vveo14genbieiEO6NkG4B8U0=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIrkoiRV1JwY3LKvYBTSiT6aQdOpmEmYlQQsBfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFjzpS27W+rtLK6tr5R3qxsbe/s7lX3DzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9Sc3ud99pFKxSDzoaUy9EI8ECxjB2kiD6pEbGTvfTt0Q67Hvp/dZNqjW7Lo9A1omTkFqUKA1qH65w4gkIRWacKxU37Fj7aVYakY4zSpuomiMyQSPaN9QgUOqvHQWP0OnRhmiIJLmCY1m6u+NFIdKTUPfTOYR1aKXi/95/UQHV17KRJxoKsj8UJBwpCOUd4GGTFKi+dQQTCQzWREZY4mJNo1VTAnO4peXSee87lzUG3eNWvO6qKMMx3ACZ+DAJTThFlrQBgIpPMMrvFlP1ov1bn3MR0tWsXMIf2B9/gA7TZZO</latexit>

R

<latexit sha1_base64="QsVxtUamV+AGrCBiCC2f6n1/b24=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVPFU8OKxgv2ANpTJdtMu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFWUtGotYdQPUTHDJWoYbwbqJYhgFgnWCyd3c7zwxpXksH800YX6EI8lDTtFYqdMPUGXebFCuuFV3AbJOvJxUIEdzUP7qD2OaRkwaKlDrnucmxs9QGU4Fm5X6qWYJ0gmOWM9SiRHTfrY4d0YurDIkYaxsSUMW6u+JDCOtp1FgOyM0Y73qzcX/vF5qwhs/4zJJDZN0uShMBTExmf9OhlwxasTUEqSK21sJHaNCamxCJRuCt/ryOmlfVb16tfZQqzRu8ziKcAbncAkeXEMD7qEJLaAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wc4m497</latexit>

1̄

<latexit sha1_base64="qRXqd1iWZpJ2cLGzJnIOu0ai6kE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUfFU8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1OkHVGe12aBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKuVb2rav2hXmnc5nEU4QzO4RI8uIYG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w86II98</latexit>

2̄

<latexit sha1_base64="z2Qs4pduVUp2dzAHO2ynE+0/4P0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qHgqePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWavcCqrPLab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5uVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqESjYEb/nlVdK6qHpX1dpDrVK/zeMowgmcwjl4cA11uIcGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx87pY99</latexit>

3̄

<latexit sha1_base64="HmQR3s/2vT2wxSvEZgZOvjTmZqw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVPFU8OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2VOv2Aqqw2G5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny3OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwhs/4zJJDUq2XBSmgpiYzH8nQ66QGTG1hDLF7a2EjamizNiESjYEb/XlddK+qnr1au2hVmnc5nEU4QzO4RI8uIYG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w89Ko9+</latexit>

4̄

<latexit sha1_base64="noz1XG9+DCn9WvrpI2U2F/tGW1g=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfOAp4MVjBPOAZAmzk95kyOzsMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFSSCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXsBVdnltF+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0nroupdVWsPtUr9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8APq+Pfw==</latexit>

5̄

1 2 3 4 5

1
1

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R

<latexit sha1_base64="4F5vveo14genbieiEO6NkG4B8U0=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIrkoiRV1JwY3LKvYBTSiT6aQdOpmEmYlQQsBfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFjzpS27W+rtLK6tr5R3qxsbe/s7lX3DzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9Sc3ud99pFKxSDzoaUy9EI8ECxjB2kiD6pEbGTvfTt0Q67Hvp/dZNqjW7Lo9A1omTkFqUKA1qH65w4gkIRWacKxU37Fj7aVYakY4zSpuomiMyQSPaN9QgUOqvHQWP0OnRhmiIJLmCY1m6u+NFIdKTUPfTOYR1aKXi/95/UQHV17KRJxoKsj8UJBwpCOUd4GGTFKi+dQQTCQzWREZY4mJNo1VTAnO4peXSee87lzUG3eNWvO6qKMMx3ACZ+DAJTThFlrQBgIpPMMrvFlP1ov1bn3MR0tWsXMIf2B9/gA7TZZO</latexit>

R

<latexit sha1_base64="QsVxtUamV+AGrCBiCC2f6n1/b24=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVPFU8OKxgv2ANpTJdtMu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFWUtGotYdQPUTHDJWoYbwbqJYhgFgnWCyd3c7zwxpXksH800YX6EI8lDTtFYqdMPUGXebFCuuFV3AbJOvJxUIEdzUP7qD2OaRkwaKlDrnucmxs9QGU4Fm5X6qWYJ0gmOWM9SiRHTfrY4d0YurDIkYaxsSUMW6u+JDCOtp1FgOyM0Y73qzcX/vF5qwhs/4zJJDZN0uShMBTExmf9OhlwxasTUEqSK21sJHaNCamxCJRuCt/ryOmlfVb16tfZQqzRu8ziKcAbncAkeXEMD7qEJLaAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wc4m497</latexit>

1̄

<latexit sha1_base64="qRXqd1iWZpJ2cLGzJnIOu0ai6kE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUfFU8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1OkHVGe12aBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKuVb2rav2hXmnc5nEU4QzO4RI8uIYG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w86II98</latexit>

2̄

<latexit sha1_base64="z2Qs4pduVUp2dzAHO2ynE+0/4P0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qHgqePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWavcCqrPLab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5uVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqESjYEb/nlVdK6qHpX1dpDrVK/zeMowgmcwjl4cA11uIcGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx87pY99</latexit>

3̄

<latexit sha1_base64="HmQR3s/2vT2wxSvEZgZOvjTmZqw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVPFU8OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2VOv2Aqqw2G5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny3OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwhs/4zJJDUq2XBSmgpiYzH8nQ66QGTG1hDLF7a2EjamizNiESjYEb/XlddK+qnr1au2hVmnc5nEU4QzO4RI8uIYG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w89Ko9+</latexit>

4̄

<latexit sha1_base64="noz1XG9+DCn9WvrpI2U2F/tGW1g=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfOAp4MVjBPOAZAmzk95kyOzsMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFSSCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXsBVdnltF+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0nroupdVWsPtUr9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8APq+Pfw==</latexit>

5̄

<latexit sha1_base64="lJIAVDDBPXQLom2GmqmTZjfq8so=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSRS1JMURPBYwX5AE8pmO2mXbjZhdyItoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxLBNTrOt1VYW9/Y3Cpul3Z29/YPyodHLR2nikGTxSJWnYBqEFxCEzkK6CQKaBQIaAej25nffgKleSwfcZKAH9GB5CFnFI3keQhjzO7GOO25vXLFqTpz2KvEzUmF5Gj0yl9eP2ZpBBKZoFp3XSdBP6MKORMwLXmphoSyER1A11BJI9B+Nr95ap8ZpW+HsTIl0Z6rvycyGmk9iQLTGVEc6mVvJv7ndVMMr/2MyyRFkGyxKEyFjbE9C8DucwUMxcQQyhQ3t9psSBVlaGIqmRDc5ZdXSeui6l5Waw+1Sv0mj6NITsgpOScuuSJ1ck8apEkYScgzeSVvVmq9WO/Wx6K1YOUzx+QPrM8fPwGR0Q==</latexit>

Ext1

<latexit sha1_base64="D4bRz3NUdZ0NNwJy5JupxfhHFak=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKUE8SEMFjBPOA7BJmJ7PJkNkHM72SsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7/EQKjbb9bRXW1jc2t4rbpZ3dvf2D8uFRS8epYrzJYhmrjk81lyLiTRQoeSdRnIa+5G1/dDvz209caRFHjzhJuBfSQSQCwSgayXWRjzG7G+O0Z/fKFbtqz0FWiZOTCuRo9Mpfbj9macgjZJJq3XXsBL2MKhRM8mnJTTVPKBvRAe8aGtGQay+b3zwlZ0bpkyBWpiIkc/X3REZDrSehbzpDikO97M3E/7xuisG1l4koSZFHbLEoSCXBmMwCIH2hOEM5MYQyJcythA2pogxNTCUTgrP88ippXVSdy2rtoVap3+RxFOEETuEcHLiCOtxDA5rAIIFneIU3K7VerHfrY9FasPKZY/gD6/MHPX2R0A==</latexit>

Ext0

1 2 3 4 5

1

1

<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R

<latexit sha1_base64="4F5vveo14genbieiEO6NkG4B8U0=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIrkoiRV1JwY3LKvYBTSiT6aQdOpmEmYlQQsBfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFjzpS27W+rtLK6tr5R3qxsbe/s7lX3DzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9Sc3ud99pFKxSDzoaUy9EI8ECxjB2kiD6pEbGTvfTt0Q67Hvp/dZNqjW7Lo9A1omTkFqUKA1qH65w4gkIRWacKxU37Fj7aVYakY4zSpuomiMyQSPaN9QgUOqvHQWP0OnRhmiIJLmCY1m6u+NFIdKTUPfTOYR1aKXi/95/UQHV17KRJxoKsj8UJBwpCOUd4GGTFKi+dQQTCQzWREZY4mJNo1VTAnO4peXSee87lzUG3eNWvO6qKMMx3ACZ+DAJTThFlrQBgIpPMMrvFlP1ov1bn3MR0tWsXMIf2B9/gA7TZZO</latexit>

R

<latexit sha1_base64="QsVxtUamV+AGrCBiCC2f6n1/b24=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVPFU8OKxgv2ANpTJdtMu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFWUtGotYdQPUTHDJWoYbwbqJYhgFgnWCyd3c7zwxpXksH800YX6EI8lDTtFYqdMPUGXebFCuuFV3AbJOvJxUIEdzUP7qD2OaRkwaKlDrnucmxs9QGU4Fm5X6qWYJ0gmOWM9SiRHTfrY4d0YurDIkYaxsSUMW6u+JDCOtp1FgOyM0Y73qzcX/vF5qwhs/4zJJDZN0uShMBTExmf9OhlwxasTUEqSK21sJHaNCamxCJRuCt/ryOmlfVb16tfZQqzRu8ziKcAbncAkeXEMD7qEJLaAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wc4m497</latexit>

1̄

<latexit sha1_base64="qRXqd1iWZpJ2cLGzJnIOu0ai6kE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUfFU8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1OkHVGe12aBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKuVb2rav2hXmnc5nEU4QzO4RI8uIYG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w86II98</latexit>

2̄

<latexit sha1_base64="z2Qs4pduVUp2dzAHO2ynE+0/4P0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qHgqePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWavcCqrPLab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5uVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqESjYEb/nlVdK6qHpX1dpDrVK/zeMowgmcwjl4cA11uIcGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx87pY99</latexit>

3̄

<latexit sha1_base64="HmQR3s/2vT2wxSvEZgZOvjTmZqw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVPFU8OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2VOv2Aqqw2G5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny3OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwhs/4zJJDUq2XBSmgpiYzH8nQ66QGTG1hDLF7a2EjamizNiESjYEb/XlddK+qnr1au2hVmnc5nEU4QzO4RI8uIYG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w89Ko9+</latexit>

4̄

<latexit sha1_base64="noz1XG9+DCn9WvrpI2U2F/tGW1g=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfOAp4MVjBPOAZAmzk95kyOzsMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFSSCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXsBVdnltF+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0nroupdVWsPtUr9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8APq+Pfw==</latexit>

5̄

1 2 3 4 5

1

1
<latexit sha1_base64="xsErg+s32nXOCMUbByIJ2PWoa9c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCspuHFZxT6wHUomvW1DM5khyQhl6F+4caGIW//GnX9jpp2Fth4IHM65l5x7glhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGN5nfekKleSQfzCRGP6RDyQecUWOlx25IzSgI0vtpr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dJZ4Sk6s0ieDSNknDZmpvzdSGmo9CQM7mSXUi14m/ud1EjO48lMu48SgZPOPBokgJiLZ+aTPFTIjJpZQprjNStiIKsqMLalkS/AWT14mzbOqd1E9vzuv1K7zOopwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxHC06+cwh/4Hz+AL8ZkPc=</latexit>

R

<latexit sha1_base64="4F5vveo14genbieiEO6NkG4B8U0=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIrkoiRV1JwY3LKvYBTSiT6aQdOpmEmYlQQsBfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFjzpS27W+rtLK6tr5R3qxsbe/s7lX3DzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9Sc3ud99pFKxSDzoaUy9EI8ECxjB2kiD6pEbGTvfTt0Q67Hvp/dZNqjW7Lo9A1omTkFqUKA1qH65w4gkIRWacKxU37Fj7aVYakY4zSpuomiMyQSPaN9QgUOqvHQWP0OnRhmiIJLmCY1m6u+NFIdKTUPfTOYR1aKXi/95/UQHV17KRJxoKsj8UJBwpCOUd4GGTFKi+dQQTCQzWREZY4mJNo1VTAnO4peXSee87lzUG3eNWvO6qKMMx3ACZ+DAJTThFlrQBgIpPMMrvFlP1ov1bn3MR0tWsXMIf2B9/gA7TZZO</latexit>

R

<latexit sha1_base64="QsVxtUamV+AGrCBiCC2f6n1/b24=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVPFU8OKxgv2ANpTJdtMu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFWUtGotYdQPUTHDJWoYbwbqJYhgFgnWCyd3c7zwxpXksH800YX6EI8lDTtFYqdMPUGXebFCuuFV3AbJOvJxUIEdzUP7qD2OaRkwaKlDrnucmxs9QGU4Fm5X6qWYJ0gmOWM9SiRHTfrY4d0YurDIkYaxsSUMW6u+JDCOtp1FgOyM0Y73qzcX/vF5qwhs/4zJJDZN0uShMBTExmf9OhlwxasTUEqSK21sJHaNCamxCJRuCt/ryOmlfVb16tfZQqzRu8ziKcAbncAkeXEMD7qEJLaAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wc4m497</latexit>

1̄

<latexit sha1_base64="qRXqd1iWZpJ2cLGzJnIOu0ai6kE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUfFU8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1OkHVGe12aBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKuVb2rav2hXmnc5nEU4QzO4RI8uIYG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w86II98</latexit>

2̄

<latexit sha1_base64="z2Qs4pduVUp2dzAHO2ynE+0/4P0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qHgqePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWavcCqrPLab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5uVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqESjYEb/nlVdK6qHpX1dpDrVK/zeMowgmcwjl4cA11uIcGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx87pY99</latexit>

3̄
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Figure 3. (a) Two graphs G1 and G2 are presented side by side, equipped with filter functions f1

and f2, respectively. (b) PDs of both (G1, f1) and (G2, f2) with respect to PH. The numbers in circles
represent multiplicity. (c) PDs of both (G1,− f1) and (G2,− f2) with respect to PH. (d) Ext0, Ext1 of
(G1, f1). (e) Ext0, Ext1 of (G2, f2).
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4. Experiments
4.1. Datasets

Our model is evaluated on six graph classification benchmark datasets: REDDIT-
BINARY, IMDB-BINARY, IMDB-MULTI, COX2, DHFR, and NCI1 [71]. The first three
datasets are derived from social networks, while the rest are molecules collected from
medical or biological domains. A statistical summary of these datasets is shown in Table 2.

Table 2. A summary of the datasets used in this paper.

Datasets REDDIT-B IMDB-B IMDB-M COX2 DHFR NCI1

Graphs 2000 1000 1500 467 467 4110
Classes 2 2 3 2 2 2
Avg. #Nodes 429.63 19.77 13.00 41.22 42.43 29.87
Avg. #Edges 497.75 96.53 65.94 43.45 44.54 32.30

Ten-fold cross-validation splitting is performed on each dataset. In each fold, 10% of the
training set is reserved for validation. For fair comparisons with baselines, experiments in
Sections 4.2.1 and 4.3 are conducted on ten folds of the datasets, and we report the mean and
standard deviation of the testing accuracies across these folds. In Sections 4.2.2, 4.4 and 4.5,
where we focus on factors that affect the performance of our layer, a fixed fold of each dataset
is used for experiments under the consideration of limited resources.

4.2. Structure-Based Experiments

The experiments in this section are performed in a purely structure-based context,
i.e., the input node features are set as uninformative (vectors of all ones) for all datasets.
The main purpose of such design is to examine the practical capacity of TREPH in struc-
tural capturing compared with classical message-passing GNNs. To be specific, we first
investigate the effects of inserting TREPH into GCNs [10], GATs [16], and GINs [18] and
then study the influences of different positions where TREPH is placed.

4.2.1. TREPH in GNNs

Three groups of comparative experiments are conducted on six datasets. In each
group, a four-layer GNN of a certain type (4-GCN, 4-GAT, or 4-GIN) is used as the baseline,
and the other model is designed by substituting TREPH for the first layer of the baseline
(3-GCN-1-TREPH, 3-GAT-1-TREPH, or 3-GIN-1-TREPH). Table 3 shows that the models
equipped with TREPH generally perform better than the baselines of the same group
(TREPH shows superiority in 14 out of 18 comparisons). Such a phenomenon indicates the
relative advantages of TREPH over message-passing GNNs in terms of structural learning.
Note that in GAT cases, where we experience severe gradient-vanishing problems on some
of the datasets, by applying TREPH for the first layer, these training issues can be fixed to
some extent. The number of parameters for each model on each dataset is listed in Table 4.
Similar to the GNN baselines, the number of parameters of TREPH-equipped models is
independent of the graph sizes. A little increase of the parameters in IMDB-MULTI comes
from the classifier, which is caused by the increase of classes to predict.
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Table 3. Graph classification results in the study of inserting TREPH into GNNs under a purely
structure-based setting. The best results within each group are emphasized in bold font.

Method REDDIT-B IMDB-B IMDB-M COX2 DHFR NCI1

4-GCN 92.9± 1.9 65.1± 5.1 39.9± 3.5 77.1± 8.5 75.7± 4.3 74.7± 1.8
3-GCN-1-TREPH 92.6± 1.4 71.6± 3.9 48.1± 2.6 79.2± 2.6 77.9± 2.6 76.7± 1.6

4-GAT 50.0± 0.0 50.0± 0.0 31.7± 4.4 72.4± 17.1 61.0± 0.5 50.0± 0.1
3-GAT-1-TREPH 90.1± 3.8 70.9± 4.4 48.3± 2.8 75.8± 7.3 77.9± 4.3 76.5± 1.6

4-GIN 91.2± 2.4 71.1± 3.7 45.3± 4.2 82.7± 2.2 80.7± 2.6 77.2± 1.3
3-GIN-1-TREPH 90.1± 1.1 72.0± 3.8 47.4± 3.4 80.1± 2.9 79.6± 4.1 77.6± 1.6

Table 4. Number of parameters for GNN baselines and TREPH-equipped models on six datasets.

Method REDDIT-B IMDB-B IMDB-M COX2 DHFR NCI1

4-GCN 19,298 19,298 19,331 19,298 19,298 19,298
3-GCN-1-TREPH 102,891 102,891 102,924 102,891 102,891 102,891

4-GAT 19,810 19,810 19,843 19,810 19,810 19,810
3-GAT-1-TREPH 103,275 103,275 103,308 103,275 103,275 103,275

4-GIN 36,454 36,454 36,487 36,454 36,454 36,454
3-GIN-1-TREPH 115,758 115,758 115,791 115,758 115,758 115,758

4.2.2. Study of TREPH Positions

TREPH is a plug-in layer, which means that it can be inserted into any position of any
GNN architecture. To investigate the influences of placing TREPH at different positions,
three groups of experiments are implemented. In each group, we consider substituting
TREPH for the first, second, third, or fourth layer in certain four-layer GNNs. The results
are displayed in Table 5. It can be seen that the best position to place TREPH differs from
case to case. For GINs, the second layer seems to be a good choice for TREPH in general.
However, such placement is not appropriate for GATs due to the training issues mentioned
in Section 4.2.1. In these cases, the first layer is a more reliable place for TREPH to avoid
degradation of the model. For GCNs, there seems to be no uniform standard on which
position is preferable. The best position depends on the dataset being processed.

Table 5. Graph classification results in the study of placing TREPH at different positions in GNNs.
The best results within each group are emphasized in bold font.

Method Pos REDDIT-B IMDB-B IMDB-M COX2 DHFR NCI1

3-GCN-1-TREPH

1 94.0 77.0 49.3 78.7 80.0 76.6
2 94.5 79.0 48.0 83.0 82.7 78.4
3 94.5 77.0 49.3 78.7 82.7 77.6
4 96.0 78.0 49.3 63.8 86.7 78.4

3-GAT-1-TREPH

1 91.5 76.0 46.0 78.7 81.3 76.2
2 51.0 57.0 37.3 78.7 61.3 60.6
3 50.0 50.0 33.3 78.7 38.7 50.1
4 50.0 50.0 33.3 78.7 61.3 49.9

3-GIN-1-TREPH

1 90.0 77.0 47.3 80.9 81.3 78.8
2 94.5 79.0 50.0 89.4 88.0 79.8
3 91.0 78.0 48.7 83.0 88.0 79.1
4 94.0 78.0 50.0 85.1 77.3 80.8

4.3. Comparison with State-of-the-Art Methods

There are nine state-of-the-art baseline methods considered in our work for compar-
ison. WL and WL-OA [72] are two kernel methods inspired by the Weisfeiler–Leman
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test. PATCHY-SAN [73], DGCNN [74], and SAT [75] are three end-to-end-trainable neural
networks that operate on graphs. SV [66], PersLay [41] , GFL [42], and TOGL [43] are four
TDA-based approaches. Note that all TDA-based approaches (including ours) did not
utilize the node labels/attributes possibly provided by the datasets, while other methods
did. To align with previous TDA-based methods, we employ a learnable embedding layer
to generate input from node degrees for all datasets except for REDDIT-BINARY, whose
input is set as uninformative.

Table 6 shows the graph classification results of each method on six benchmark
datasets. It can be seen that our model performs comparably with state-of-the-art methods,
and in particular, it outperforms all TDA-based approaches. On social networks, which
do not have node labels/attributes, our model exhibits superiority over other methods.
On molecular datasets, for which node labels/attributes are available, our model still
outperforms others on COX2 and DHFR, despite the fact that we do not utilize that
information during training and inference. The only exception is NCI1. We conjecture that
the node labels of NCI1 might contain critical information for effective prediction, which
is somewhat complementary to the structural information. Nevertheless, our method has
a clear advantage over those TDA-based approaches, proving the power of TREPH in
extracting discriminative topological features.

Table 6. Graph classification comparison results with state-of-the-art methods. The best results
overall are emphasized in bold font. The best results in the group of TDA-based approaches are
underlined. The results of all baseline methods except SAT are quoted from their papers, where “n/a”
means “not available”. The experiments of SAT are implemented by us using the code of its paper,
where “OOM” means “Out Of Memory”.

Method REDDIT-B IMDB-B IMDB-M COX2 DHFR NCI1

Kernel Methods
WL [72] 78.0± 0.6 71.2± 0.5 50.3± 0.7 79.7± 1.3 81.7± 0.8 85.6± 0.4
WL-OA [72] 87.6± 0.3 74.0± 0.7 50.0± 0.5 81.1± 0.9 82.4± 1.0 86.0± 0.2

Neural Networks
PATCHY-SAN [73] 86.3± 1.6 71.0± 2.3 45.2± 2.8 n/a n/a 78.6± 1.9
DGCNN [74] n/a 70.0± 0.9 47.8± 0.9 n/a n/a 74.4± 0.5
SAT [75] OOM 73.8± 4.6 49.9± 3.5 79.2± 5.0 80.2± 4.1 75.3± 1.6

TDA-based Approaches
SV [66] 87.8± 0.3 74.2± 0.9 49.9± 0.3 78.4± 0.4 78.8± 0.7 71.3± 0.4
PersLay [41] n/a 72.6 52.2 81.6 80.9 74.0
GFL [42] 90.2± 2.8 74.5± 4.6 49.7± 2.9 n/a n/a 71.2± 2.1
TOGL [43] 90.1± 0.8 74.3± 3.6 52.0± 4.0 n/a n/a 75.8± 1.8
TREPH 91.5± 2.2 75.7± 3.6 52.3± 1.6 82.2± 3.0 82.9± 3.0 78.4± 1.5

4.4. Ablation Study

Two variant models are designed to study the effect of replacing EPH with PH. In fact,
we go a step further and compare the EPH of (G, f ) to the PH of (G, f ) and (G,− f )
combined. As remarked near the end of Section 3.1.3, this replacement amounts to the
following two operations:

• Each point (a, b) of Ext0 is broken into a point (a, ∞) for the 0-dimensional PD of f
and a point (−b, ∞) for the 0-dimensional PD of − f ;

• Each point (c, d) of Ext1 is broken into a point (c, ∞) for the 1-dimensional PD of f
and a point (−d, ∞) for the 1-dimensional PD of − f .

Note that the information contained in Ord0 and Rel1 is preserved perfectly by the re-
placement.

The first variant model TREPH-noext treats infinite points on the PDs separately from
finite ones. To be precise, it regards a point (on one of the PDs) of the form (a, ∞) as a ∈ R,
vectorizes accordingly, and assigns the vector to the algebraic simplex where the topological
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feature corresponding to the point is born. The finite portion of the 0-dimensional PDs
of f and − f are identical to Ord0 and Rel1 of f , respectively (modulo symmetry for Rel1),
and are treated in the same way as TREPH. Note that there are no finite points in the
1-dimensional PDs.

The second variant model TREPH-noext-trunc truncates infinite coordinates by re-
placing each point (a, ∞) on the PDs of f (respectively, − f ) by (a, max f ) (respectively,
(a, max− f )). Each resulting PD consists solely of finite planar points, which can be vector-
ized uniformly. Each vector obtained is aggregated to the algebraic simplex corresponding
to the birth of that feature, ignoring the simplex of death. This is because truncated points
have no simplex of death.

Experimental results comparing the performance of TREPH with that of its variants on
six datasets are displayed in Figure 4. It can be seen that TREPH compares favorably with
both of its variants on all six datasets. This demonstrates the superiority of the expressivity
of EPH.
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Figure 4. Ablation study of TREPH on six datasets.

4.5. Analysis of Hyperparameters

Two types of hyperparameters are analyzed. One is the number of filter functions
d f , the other is the dimension of vectorized representations dv. Figure 5 shows the experi-
mental results on six datasets under different choices of hyperparameters. On at least four
datasets (REDDIT-BINARY, COX2, DHFR, and NCI1) out of six, there is an evident trend
that larger d f ’s tend to provide better performances, indicating that increasing the number
of topological features extracted could enhance the capability of our model. Similarly, ex-
periments on the same four datasets show that increasing dv results in better performances.
The remaining two datasets (IMDB-B, IMDB-M) are significantly denser (having a larger
edge-to-node ratio) than the others. We speculate that this results in their vulnerability
to overfitting. The speculation is validated by the experiments on these datasets, as the
increase of two independent hyperparameters leads to poorer performance.
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Figure 5. Analysis of the hyperparameters d f and dv in TREPH.

4.6. Implementation Details

The input node dimension, the number of filter functions d f , and the length of vector
representation dv are set as 64, 8, and 32, respectively. The node representations are
average-pooled before being passed to a two-layer MLP with hidden dimension 32 for final
prediction. Cross-entropy loss is used for training. The experiments are implemented in
PyTorch [76] and optimized with the Adam algorithm [77]. The learning rate is set as 0.001
initially and halved if the validation accuracy does not improve after 10 epochs. We stop
training when the learning rate is less than 10−5 or the number of epochs reaches 200.

4.7. Complexity Analysis

The original matrix reduction algorithm for computing EPH [19] runs in O(n3) with
n = |V ∪ E| in the worst case. In our experiments, a CUDA (https://developer.nvidia.
com/cuda-toolkit) programmed variant is designed for speedup. Timing experiments are
conducted on the dataset REDDIT-BINARY (see Figure 6), which shows that our algorithm
scales well in practice.
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Figure 6. Timing experiments on REDDIT-BINARY.

We remark that the computational efficiency of the TREPH layer could be further
improved by optimizations of EPH computation. For example, one could resort to neural
algorithm execution. In fact, a GNN framework for approximating the PDs of EPH is
proposed in [78]. Their method, however, cannot be directly applied to our model, since
the pairings of EPH cannot be obtained from their algorithm. A neural approximation that
outputs the pairings of EPH is left as a subject for future research.

https://developer.nvidia.com/cuda-toolkit
https://developer.nvidia.com/cuda-toolkit
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5. Conclusions

In this paper, we propose TREPH, which is a plug-in topological layer for GNN.
By virtue of the uniformity of EPH, a novel aggregation mechanism is designed to col-
late topological features to their corresponding nodes on the graph, thus empowering
graph nodes with the ability of shape detection. We have proved that the proposed layer
is differentiable and strictly more expressive than PH-based representations, which in
turn is stronger than message-passing GNNs in expressivity. Experiments on real-world
graph classification tasks demonstrate the effectiveness and competitiveness of our model
compared with the state-of-the-art methods.

For future research, we could consider speeding up the computation of our layer
by developing a neural approximation algorithm for computing the pairings of EPH.
In addition, we plan to explore the application of our proposed layer in graph learning
tasks beyond graph classification, such as node classification and link prediction.
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