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Fundamental Trackability Problems for Iterative
Learning Control

Deyuan Meng, Senior Member, IEEE, and Jingyao Zhang

Abstract—Generally, the classic iterative learning control (ILC)
methods focus on finding design conditions for repetitive systems
to achieve the perfect tracking of any specified trajectory,
whereas they ignore a fundamental problem of ILC: whether the
specified trajectory is trackable, or equivalently, whether there
exist some inputs for the repetitive systems under consideration to
generate the specified trajectory? The current paper contributes
to dealing with this problem. Not only is a concept of trackability
introduced formally for any specified trajectory in ILC, but also
some related trackability criteria are established. Further, the
relation between the trackability and the perfect tracking tasks
for ILC is bridged, based on which a new convergence analysis
approach is developed for ILC by leveraging properties of a func-
tional Cauchy sequence (FCS). Simulation examples are given to
verify the effectiveness of the presented trackability criteria and
FCS-induced convergence analysis method for ILC.

Index Terms— Convergence, functional Cauchy sequence (FCS),
iterative learning control (ILC), trackability.

1. INTRODUCTION

TERATIVE learning control (ILC) is proposed for the class
Iof robots executing repetitive tasks, which aims at better-
ing the execution performances of robots for the current oper-
ation (trial or iteration) by taking advantage of the saved infor-
mation from the past operations [1]. Because of its ability of
achieving high-precision tracking tasks, ILC has been well
developed for the past three decades and successfully applied
in many fields, such as flexible structures [2], railway traffic
systems [3], batch processes [4], spacecraft [5], and multi-
agent systems [6]. In addition, ILC combined with other con-
trol methods, e.g., fuzzy control methods [7], [8], may yield
great improvements of the system control performances. For
the exhaustive explanations of ILC, the readers are referred to
the surveys of, e.g., [9]-[11]. It is worth highlighting that due
to the salient two-dimensional (2-D) operating rules with
respect to the independent time and iteration axes, classic ILC
methods require limited information of the controlled system,
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employ simple (mostly, the PID-type) controller structures,
and are easy-to-implement by resorting to distinct conver-
gence analysis strategies from typical feedback-based control
methods (generally, via the contraction mapping and fixed
point theorems instead of the Lyapunov theories).

In the classic ILC framework, ILC is generally imple-
mented for the controlled system to track any specified (or
desired) trajectory perfectly on a finite time interval through
the following typical steps (see also [9]-[11]):

S1) Making necessary assumptions on the controlled system,
especially those on its dynamics repetitiveness, identical initial
alignment condition, and system relative degree;

S2) Choosing which type of ILC wupdating laws is
employed, or mostly, deciding what kind of PID-type ILC
updating laws needs to be adopted;

S3) Finding ILC design conditions to ensure the convergence
of the resulting iterative process, especially by constructing
contraction mapping conditions for the ILC process.

Although many remarkable results have been established
in the ILC framework developed by the steps S1)-S3), a fun-
damental trackability problem of ILC remains beyond this
framework:

P1) Whether the specified trajectory is trackable in ILC, or
in other words, are there any ILC updating laws driving the
controlled system to generate the specified trajectory?

Regarding the fundamental problem P1), seldom ILC results
have been reported to answer it. Instead it is common in clas-
sic ILC to directly assume that the specified trajectory is real-
izable (namely, there exists a unique input for the controlled
system to generate the specified trajectory) [1], [12], [13]. By
contrast, trackability is obviously a more available property
for ILC than realizability by avoiding imposing the uniqueness
requirement. Of particular note is that not only can the realiz-
ability-induced ILC results be not utilized to address the fun-
damental problem P1), but also the need of the realizability
assumption may limit the application range of ILC signifi-
cantly. It has been disclosed recently in [14] that there exists a
large class of ILC problems, where the specified trajectories
are trackable but not realizable. In such ILC problems, those
ILC analysis methods and results established with the realiz-
ability assumption naturally may not work any longer. Con-
versely, the realizability can be addressed as a special case of
the trackability for ILC [14]. Consequently, the solving of the
fundamental problem P1) not only is crucial for ILC but also
may bring novel insights into its development. This observa-
tion has been verified for the case of discrete-time ILC in [14],
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where trackability provides exactly the necessary and suffi-
cient guarantee for the ILC perfect tracking tasks and, more-
over, makes it possible to connect ILC with controllability of
discrete systems. Unfortunately, the results presented in [14]
are thanks to the lifting technique induced by the discrete-time
characteristic of the ILC system, which thus can not be
applied to continuous-time ILC. In fact, the fundamental prob-
lem P1) has not been considered for ILC in the presence of
continuous-time systems to the best of our knowledge.

Another benefit of the realizability assumption is to induce a
class of convergence analysis methods for ILC, which is
called the indirect method, since it does not directly con-
tribute to the accomplishment of the tracking task. Thanks to
the assumption on the existence and uniqueness of the input
for the controlled system to output the specified trajectory, the
indirect method is possible and convenient to first obtain the
convergence analysis of the resulting input sequence along the
iteration axis, through which the primary tracking task can
then be indirectly achieved for ILC by taking full advantage of
the time-domain dynamics of the controlled system (see also
[1], [12], [13]). By contrast with the indirect method, there
exists a class of direct methods for the convergence analysis
of ILC, which is directly devoted to realizing the tracking task
without imposing the realizability assumption (see, e.g.,
[15]-[17]). However, the direct method of ILC generally does
not devote much attention to the iterative evolution process of
the input, where it is unclear how the ILC updating law of
input works in ensuring the controlled system to accomplish
the tracking task. Moreover, even contradictory assumptions
upon the controlled system and conditions for the ILC design
are produced when applying the direct and indirect methods to
the same ILC problem for multi-input multi-output (MIMO)
systems. It is actually because of the limitation of the existing
analysis methods in ILC, where the direct and indirect meth-
ods are implemented from the dual perspectives of output and
input of the controlled systems, respectively. To the best of
our knowledge, the following fundamental problem con-
cerned with the convergence analysis methods of ILC is unad-
dressed:

P2) Whether and how can new convergence analysis methods
for continuous-time ILC be established to avoid resulting in
contradictory assumptions or conditions when dealing with
ILC convergence even from the perspectives of both output
and input of the MIMO controlled systems?

In this paper, we are devoted to coping with the fundamental
ILC problems P1) and P2) with a focus on MIMO, continuous-
time linear systems. Because they are distinct problems of ILC
owing to the 2-D dynamics process of ILC, the well-devel-
oped analysis and design results for feedback-based control
methods do not work directly, which is particularly true when
it comes to ILC for continuous-time systems due to the result-
ing hybrid 2-D discrete and continuous dynamics [18].
Despite this issue, we leverage the properties of polynomial
matrix and functional Cauchy sequence (FCS) to establish a
new framework for ILC, in which we can successfully handle
the fundamental problems P1) and P2). In comparison with
the existing ILC literature, the main contributions for our
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paper are summarized as follows.

1) We formally introduce a definition of trackability for any
specified trajectory in ILC by resorting to the frequency-
domain algebraic equations. Furthermore, we explore the
trackability criteria for ILC systems by taking advantage of
the polynomial matrix properties. It is also shown that both
the system relative degree and the initial alignment condition
have great influences on whether the specified trajectory
is trackable in ILC. In addition, this provides a strong explana-
tion about why the system relative degree and the initial align-
ment condition are the fundamentally required assumptions in
classic ILC from the trackability viewpoint of the specified
trajectory.

2) We propose a general feedback-based design method for
ILC updating laws in the presence of any tracking tasks.
Under the trackability premise of the specified trajectory, our
proposed method closely connects the design of ILC updating
laws with a class of state feedbacks constructed in the itera-
tion domain. This is thanks to generalizing the design idea of
[14] with the frequency-domain methods, which also narrows
the gap between the design of classic continuous-time ILC
and that of feedback-based control methods. In particular, our
design method collapses into providing PID-type ILC updat-
ing laws with appropriate selections of the gain function
matrix.

3) We develop an FCS-induced method for the convergence
analysis of ILC, through which we can leverage a unified
design condition to achieve the ILC convergence for the
MIMO controlled systems from the perspectives of both out-
put and input. Particularly, it is shown that the steady-state
input obtained after an ILC process depends heavily on the
initial input. Moreover, we bridge the relationship between the
trackability of a trajectory specified for ILC and the accom-
plishment of the resulting perfect tracking objective. More
specifically, it is revealed that no matter whether the MIMO
controlled systems are over-actuated or under-actuated, the
perfect tracking objectives for ILC can be accomplished under
certain ILC updating laws if and only if the specified trajecto-
ries are trackable in ILC.

In addition, our developed results can contribute to better-
ing the typical steps S1)-S3) of classic ILC. We verify the
validity of them through two simulation examples considered
for over-actuated and under-actuated systems, respectively.

The rest of this paper is organized as follows. In Section
II, the trackability problem for continuous-time ILC is intro-
duced. The trackability criteria and the FCS-induced tracking
analysis of ILC are established in Sections III and IV, respec-
tively. Two simulation examples are provided in Section V,
and finally, the conclusions are made in Section VI.

Notations: Let R, R", and R represent the sets of the real
numbers, n-dimensional real vectors, and m X n real matrices,
respectively. For any 7 >0, let C,[0,T] (respectively,
C![0,T]) be the space of n-dimensional real-valued vector
functions that are continuous (respectively, continuously dif-
ferentiable) on an interval [0,7]={reR0<r<T}. Given
f(@®eR", ¥te[0,T], let ||f(?)|| be any vector norm of it (see,
e.g., [19, p. 265] for I, norm and /,, p > 1 norm), based on
which its A-norm (1>0) is defined as ||f(®)lla = sup.o 1
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(II f(t)lle‘/”). The Laplace transform of f(f) is denoted as
F(s) = L[f(®)], for which the inverse Laplace transformation
writes as f(1) = £ [F(s)]. In addition, let RP7<"(s) be the set
of g X p polynomial matrices (i.e., those ¢ X p matrices whose
elements are polynomials in s with the real coefficients) [20],
and particularly for ¢ = 1 and p = 1, let it be denoted as RP(s).
With this fact, let RF?*P(s) be the set of ¢ X p rational fraction
matrices, 1.€.,

n;j(s)
dij(s)’
with n;;(s),d;;j(s) € RP(s),d;;(s) 0,

RE?*P(s) {G(s) = [2ij(9)] [sij(s) =

Vi=1,2,...,q,j= 1,2,...,p}.

For any G(s) € RF?*P(s), if lims—o G(s) = D holds for some
constant matrix D € R7%P, then G(s) is said to be proper [20].
In particular, if limy_e G(s)=0, then G(s) is said to be
strictly proper. For convenience, G(s) is alternatively called a
proper (respectively, strictly proper) transfer function matrix
when it is proper (respectively, strictly proper). Let 6(f) denote
the unit impulse function [20], [21], namely, we have
L[6()] = 1.

Denote Z ={1,2,3,...} and Z, ={0,1,2,...} as the sets of the
positive and nonnegative integers, respectively. For je Z,, let
FP(r) be the jth-order derivative of any function f(7), i.c.,
O 2 dif(r)/dr). If fO(r) exists for any j € Z,, then f(¢) is
called a smooth function. For any sequence {§ 2y €Z+}, we

denote Z;zlog ;=0 and define a forward difference operator
suchthat A: & — Aéj =& — &, VjEZ,.

II. PROBLEM STATEMENT

Consider a continuous-time MIMO ILC system running on
a finite-time interval, denoted by 7 € [0, T], and along an itera-
tion axis, denoted by k € Z,. If the output and control input for
this system are, respectively, denoted by yi(#)eR? and
ux(t) € R?, then the objective of ILC is generally realized in
the sense that the input u(¢) with some updating laws can be
designed along the iteration axis k € Z; to make the output
yi(?) able to arrive at the perfect tracking of a desired output
trajectory y4(¢) € R? specified over [0,7] from the beginning
to the end, namely,

,JL“; i@ = yq®), Vtel0,T]. (D

For this perfect tracking task of ILC, the fundamental prob-
lem P1) naturally arises: whether is y,(¢) trackable, or equiva-
lently, does there exist any desired input, denoted as
uy(t) € R?, to correspondingly generate y,(f)? However, it is
subjected to the lack of consideration for the fundamental
trackability problem P1) in ILC [14], where there even do not
exist any trackability-related concepts, properties, methods, or
results that have been introduced formally and clearly in the
presence of continuous-time ILC systems to our knowledge.

To clearly explore the fundamental trackability problem
P1), let Yi(s) = L]yx(?)] and Ui(s) = L[ux(1)], and then we
focus specifically on the linear system given in the frequency-
domain form of
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Yi(s) = G1(s)Uk(s) + G2(s)D(s) 2

where D(s) = L[d(t)] for d(f) e R™ representing the possible
additional inputs, such as the disturbance (noise) and the ini-
tial (output or state) condition, and G(s) € RF?*P(s) and
G,(s) € RF?"(s) are two transfer function matrices. For any
specified trajectory y,(f) of the system (2), we consider the
general case that its Laplace transform exists, and then let
Ya(s) = L[ya(®)]

We now present a formal concept of trackability in ILC
from the perspective of solving algebraic equations by incor-
porating the advantage of the Laplace transformation.

Definition 1: For the system (2), a specified output trajec-
tory yq(t) e R? is called trackable in ILC if there exists some
input uy(t) € R? such that Uy(s) = L[uy(t)] satisfies the fre-
quency-domain algebraic equation

G1()Ua(s) = Ya(s) = G2()D(s). A3)
Particularly, if the algebraic equation (3) has a unique solu-
tion, then y4(¢) is called realizable in ILC.

For Definition 1, the solving of the algebraic equation (3) is
crucial, where the theory of polynomial matrices [20] is use-
ful. In classic ILC, the realizability is a usually adopted
assumption in the accomplishment of the tracking tasks (see,
e.g., [1], [12], [13]). However, Definition 1 suggests that the
realizability may not be required by ILC tracking tasks,
whereas the trackability is necessarily needed. This is owing
to avoiding the uniqueness requirement in the trackability, for
which the realizability can actually be included as a trivial
case of the trackability for ILC. We thus aim at dealing with
the more fundamental trackability-related ILC problems, as
presented below.

Problem Statement: For the system (2), the ILC problem
that we address is to first determine whether the specified tra-
jectory yu(f) is trackable and then design updating laws to
accomplish the tracking task (1) in the presence of any track-
able y,(f). To proceed, we further address how to get all inputs
that generate the trackable y,(f) for the system (2). Of our
additional interest is the robustness problem of our trackabil-
ity-based ILC results with respect to iteration-varying uncer-
tainties.

We also introduce a new FCS-induced analysis approach to
address the aforementioned trackability-related ILC problems.
By directly focusing on the sequence of inputs generated from
the proposed ILC updating law, we aim at exploring proper-
ties of the FCS to implement the ILC convergence analysis.
Thanks to the implementation of FCS-based ILC analyses, we
not only aim to avoid imposing some restrictive assumptions
commonly needed in ILC, such as realizability and repetitive-
ness, but also arrive at unified design conditions to realize the
convergence of ILC from the perspectives of both output and
input, regardless of over-actuated or under-actuated MIMO
controlled systems. This contributes to dealing with the funda-
mental problem P2) of the ILC convergence analysis.

Before proceeding further with exploring the given prob-
lem, we introduce a definition for an FCS, together with pre-
liminary lemmas for (strictly) proper transfer function matri-
ces.

Definition 2: For any function fi(r)eR", Vre[0,T],
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Vk € Z,, the resulting functional sequence {f;(¢):ke€Z;} is
called an FCS if, for any & > 0, there exists some N(¢) €Z
(i.e., N(¢) depends on &) such that “ﬁ(t)—f‘j(t)”/l <eg Vi, j>
N(e).

By Definition 2, an FCS refers to a functional sequence that
satisfies the Cauchy criterion for the uniform convergence
(see also [20, Chapter 1, Theorem 5.3]). In view of this obser-
vation, we propose a lemma to provide a guarantee for how to
make a functional sequence generated by any proper transfer
function matrix be an FCS.

Lemma 1: For any function f;(r) e R", Vt€[0,T], Yk € Z,,
let Fi(s) = L[ fi(t)] be such that, for some Gg(s) € RF™"(s),

Fi2(8) = Fir1(8) = Gp(8) [Fir1(s) — Fi(s)], Vk€Z,.
Then the following three statements are equivalent:
1) The sequence {f;(¢) : k € Z,} is an FCS;
2) The functional sequence {fi(¢):k €Z,} converges uni-
formly to some function f(f) € R"” on [0,T];
3) Gr(s) is proper such that

p(sh_{go GF(S)) <1.
Further, if f(t) € C,,[0,T], Yk € Z, then f(f) € C,[0,T].

In addition to Lemma 1, the following one develops a
closed property for the space of continuous functions under
the action of proper transfer function matrices.

Lemma 2: 1If G(s) € REF™"(s) is proper, then for any f(z) €
Cal0.T], F(5) € Cl0.T1] holds, where f(1)= L7 [G(s)F(s)]
with F(s) £ L[f(#)]. Moreover, if G(s) is strictly proper, then
for any v € R", L7 [G(s)v] € C,[0.T] holds.

For the proofs of Lemmas 1 and 2, see the Appendix.

III. TRACKABILITY CRITERIA

To develop the basic trackability criteria in ILC, we con-
sider two practical and challenging problems for the system
(2) such that it is subject to:

1) Nonzero system relative degree;

2) Nonzero initial output condition.

Toward this end, we note the physical realization of the sys-
tem (2) and present the following conditions:

C1) G1(s) and G,(s) are strictly proper;

C2) D(s) =dy+ B(S) holds for some nonzero vector dy € R™
and some strictly proper vector B(S) e RE™1(y).

In C1), the strictly proper properties of G1(s) and Ga(s) are
to represent the nonzero relative degree of the system (2). In
C2), we may employ dy and 5(5) to denote the initial condi-
tion and the disturbance of the system (2), respectively. Partic-
ularly, the strictly proper property of D(s) is to ensure the
boundedness of the disturbance.

If we denote ®(f) = L '[G1(s)] and ©,(¢) = L7 [Ga(5)],
then we can arrive at that @ (¢) and ®,(¢) are smooth, namely,
CI)(lj)(t) and (I)(Zj)(t) exist for all je€ Z, from the condition C1).
In the condition C2), dy is closely related with the initial out-
put condition, and we can actually gain d(t) = dpd(¢) +d(?),
where cll\(t) £ L1 [5(5)]. Then we can present the following
lemma by resorting to the properties of Laplace transform,
especially the initial-value theorem [21].
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Lemma 3: For the system (2) with y(¢) € R and ux(¢) € RP,
two properties hold under the conditions C1) and C2) below.
1) In the series form, G (s) and G»(s) can be written as

Gi(9) = ) &)U, Ga(s) = D 0P (0)s70D. (4)
j=0 j=0

2) In the time domain, the system (2) can be described as

3(0) = || 1= Tyug(r)dz
+ jO’ Oyt = Dd(T)dr +Dy(Ddy, VkEZs.  (5)

From Lemma 3, it is clear that the system relative degree of
(2) is not less than one, and the initial output satisfies
yx(0) = @,(0)dy, Yk € Z,. Similarly to Lemma 3, we can also
develop a time-domain trackability result for ILC with Defini-
tion 1.

Lemma 4: Consider the system (2) under the conditions C1)
and C2). Then any specified output trajectory y4(¢) is track-
able (respectively, realizable) in ILC if and only if there exists
some (respectively, a unique) input u,(¢) € R? such that

Ji @1t =rua(rydr = ya() - 020y

- jot Os(t-7)d(Ddr, Vie[0,T]. (6)

From Lemma 4, we note that the trackability of the speci-
fied output trajectory in ILC requires the integral equation (6)
to be satisfied not only at some instant but also over the whole
time interval [0, T]. Of particular note is that the trackable tra-
jectory y,(f) should satisfy y;(0) = ®,(0)dy for the system (2).
Thus, we can conclude from Lemmas 3 and 4 that for any
trackable trajectory y,(¢), the following initial condition needs
to hold:

ya(0) = yx(0),

This represents exactly the class of identical initial conditions,
and Lemma 4 also provides explanations on why it is required
in realizing the perfect tracking tasks of ILC. Otherwise, if (7)
does not hold, then y,(¢) is not trackable by Lemma 4. Hence,
it is obvious from (5) and (6) that the perfect tracking task (1)
does not hold for any input sequence {u(f) : k € Z,}, except
for the case that the initial shifts can be fully overcome
through certain additional control mechanisms (see, e.g., [22]
for ILC with impulsive actions).

VkeZ,. )

A. Specific Criteria

As is well known, the system relative degree condition
plays a basically important role in accomplishing tracking
tasks of ILC [10]. In fact, it indicates that the fundamental
trackability of ILC has an essential relation with the system
relative degree condition. To disclose this fact, we focus on
the case of relative degree one for controlled systems, which
is the relative degree condition most considered for ILC.
Specifically, for the system (2), it has a relative degree of one
if and only if (see also [23])

C3) G(s) has a relative degree of one.
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By following the discussions of, e.g., [12], [23], we can see
that the relative degree condition C3) is characterized by some
full rank matrix. This, together with (4), leads to the follow-
ing property by the definition of system relative degree [12],
[23].

Lemma 5: Under the condition C1), the condition C3) holds
if and only if @;(0) has full rank. Namely, ®;(0) has full-row
rank when (2) is over-actuated (that is, ¢ < p); and otherwise,
®1(0) has full-column rank when (2) is under-actuated (that is,
q=p).

For the case ¢ > p, we explore Lemma 5 to develop a fur-
ther property of G(s) with the properties of polynomial matri-
ces.

Lemma 6: Let g > p and the conditions C1) and C3) hold.
Then GlT(s)Gl (s) € RFP*P(55) is nonsingular.

Based on Lemma 6, we establish a trackability result of ILC
for the system (2) in the under-actuated case with g > p.

Theorem 1: For the system (2) with g > p, let the condi-
tions C1)-C3) hold. Then any specified trajectory y,(f) €
C}/ [0,T7] is trackable in ILC if and only if it can satisfy the ini-
tial condition (7) and the following frequency-domain alge-
braic equation:

{1-619)[615619)] " 6T ¥u(9) - Ga()D(5)]1 =0. (8)

Further, for any trackable output trajectory y,(¢), the algebraic
equation (3) has a unique solution in the form of

Ua(s) = [G1(9G1(9)] | G () Yul$) = Gas)D(s)]  (9)

which can fulfill uy(r) = L7 [Ug(s)] € C,[0,T1].

Remark 1: Because the number of the output variables to be
controlled is not less than that of the input variables, Theorem
1 indicates that the trackable output trajectories for the system
(2) are given exactly by the solutions for the algebraic equa-
tion (8), where they need to particularly satisfy the initial con-
dition (7). Nevertheless, not any output trajectory y,(¢) satisfy-
ing the initial condition (7) corresponds to the solution of the
algebraic equation (8). Besides, the trackability results of The-
orem 1 can be validated through the frequency-domain meth-
ods especially thanks to leveraging properties of polynomial
matrices, which however has not been introduced for ILC to
our knowledge. A fact worth highlighting for Theorem 1 is
that for any trackable trajectory y,(¢) € C ; [0,T7], the corre-
sponding input u,(#) needs to be continuous such that u,(f) €
C,[0,T1.

For the case ¢ < p, we note Lemma 5 and denote

(Dlgl(t)ERqu

10
D51 € R>XP-@) (10)

Oi(1) =[D11(1) DP12(0)] with {

and then, without loss of generality, we give a further condi-
tion of the condition C3) as follows:

C4) When g < p, let () be given in the block form of
(10) such that @; ;(0) € R?*? is nonsingular.

Otherwise, this can be realized with elementary transforma-
tion in column of ®(0), which has no influences on our fol-
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lowing analyses and results except for the notations. Corre-
spondingly, by (10), we can write G|(s) € RF?*/(s) as

- [G11(s) e RE™(s)
G1(s) =[G11(s) Gia(s)] with - (11)
G12(s) € REX(P=9 ().

For (11), we present a nonsingularity property of G1(s) based
on the properties of polynomial matrices.

Lemma 7: Let g < p and the conditions C1), C3), and C4)
hold. Then G (s) is nonsingular.

With Lemma 7, we propose a trackability result of ILC for
the system (2) in the over-actuated case with g < p.

Theorem 2: For the system (2) with g < p, let the condi-
tions C1)-C4) hold. Then any specified trajectory y,(¢) €
C('] [0,T7] is trackable in ILC if and only if it can satisfy the ini-
tial condition (7). Moreover, the set of the solutions to the
algebraic equation (3), i.e., that of the desired inputs for the
system (2) to generate the trackable trajectory y,(f), is given
by

Uy = {Ua(9)|G1Ua(s) = Yu(s) - Ga()D(s)}
= {Ud(S) = [G?ll(s) [Yd(s)o— Gz(S)D(s)]]

+ [—Gﬂl (SI)Glz(S)] Ud,z(s)'ud,z(t) € R”‘q}. (12)

In particular, uq(¢) € Cp[0,T] if and only if ug2(t)€C,_y
[0,T].

Remark 2: In comparison to Theorem 1, Theorem 2 presents
a quite different trackability result for ILC though they employ
the same system relative degree condition. Because the number
of the output variables to be controlled is not more than that of
the input variables, Theorem 2 states that any specified output
trajectory fulfilling the initial condition (7) is trackable for the
system (2). Namely, any specified output trajectory is trackable
in ILC for the initial time 7 =0 if and only if it is trackable
in ILC within any time interval 7 € [0,T]. In accordance with
this property, there generally exist multiple inputs that can
generate the trackable output trajectory for the system (2).
Furthermore, it indicates by (12) that since g < p, there are ¢
input variables essentially required to achieve the tracking
task for any output with ¢ variables, whereas the other p—g¢g
input variables can be freely chosen. This actually provides
inspiration for the design and analysis of ILC in the presence
of over-actuated systems, where how to find input variables
that essentially work for the output tracking tasks is crucial.

Based on Theorems 1 and 2, we can also explore the relation
between trackability and realizability in ILC as a direct result.

Corollary 1: Consider the system (2), and let the conditions
C1)-C3) hold. Then for any specified output trajectory y,(¢) €
C('] [0, T'] that fulfills the initial condition (7),

1) When g > p, y4(?) is realizable in ILC if and only if it is
trackable in ILC;

2) When g < p, y4(1) is trackable in ILC, but not realizable
in ILC.

Remark 3: From Corollary 1, it follows that trackability and
realizability are equivalent in ILC of the under-actuated sys-
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tem (2) under the conditions C1)-C3). However, when the
system (2) is over-actuated, realizability no longer makes
sense owing to the existence of multiple inputs that can yield
any trackable output trajectory. These observations indicate
that trackability plays a more fundamental role than realizabil-
ity in performing the ILC analysis.

B. State-Space Case Studies

For the system (2) under the conditions C1)-C3), we assume
a time-domain realization in the form of

{xk(t) = Axi(¢) + Bu (1) + w(t)
Yi(1) = Cxi (1)

where x; () € R" is the system state with xx(0) = xo, Yk € Z,,
w(f) e R" is the external disturbance, and A € R™", B e R,

and C € R?*" are the system matrices. By the relation between
(2) and (13), we know that if let m = 2n, then

, Vte[0,TL,VkeZ, (13)

D(s) = [} W' (s)] eRE?™(s)
Gi(s) = C(sI—A)"' Be RF?™*P(s)

Ga(s)=[C(sT-A)" C(sI-A)'|eRFP(5)  (14)

where W(s) £ L[w(#)]. We can also obtain from (14) that
Dy() = CeM'B,  Dy(1) =[CeM Ce|.

Of note is that (13) is one of the commonly considered sys-
tems in continuous-time ILC (for more details, see the survey
[10]).

Thanks to (14), we have for the system (13) that

i) C1) naturally holds;

if) C2) holds if and only if we set do = [ 0| and D(s) =
o w7es)]';

iii) C3) holds if and only if CB has full rank (namely, full-
column rank when ¢ > p or full-row rank when ¢ < p).

In addition, for g < p,if we denote B = [B; B,] with By € R"™4
and B, € R™>(P~9 then

iv) C4) holds if and only if CBj is nonsingular.

With the properties 1) and ii), we know from Lemma 4 that
for the system (13), any specified output trajectory
va(t) e C }, [0,T7] is trackable in ILC if and only if there exists
some uy4(t) such that, for all r € [0, T],

t
IO Ce*" D Buy(t)dt = ya(t) — Ce xg

(15)

Clearly, the initial condition (7) becomes y;(0) = yx(0) = Cxo,
Vk € Z, which also coincides with the facts of (13) and (15).
In addition, we can directly establish the following trackability
result of ILC as a consequence of Theorems 1 and 2.

Corollary 2: For the system (13), the following results hold
for any specified output trajectory y,(¢) € Cé [0,T7].

1) When ¢ > p, let CB be of full-column rank. Then y,(7) is
trackable in ILC if and only if y;(0) = Cxp holds and its

t
- jo CA D yw(r)dr.
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Laplace transform Y,(s) = L[y,(¢)] fulfills the algebraic equa-
tion (8), where D(s), G1(s) and G,(s) are defined by (14). Fur-
ther, there exists a unique input correspondingly generating
any trackable output trajectory.

2) When g < p, let CB be of full-row rank. Then there exist
multiple inputs such that y,(#) is trackable in ILC if and only if
it satisfies y;(0) = Cxp.

In Corollary 2, we reveal that the trackability is tied closely
with the full rank of CB for continuous-time linear ILC in the
presence of the relative degree one. It actually provides a
basic guarantee for the existing ILC design results (for more
details, see technical overview of ILC in [10]), and a clear
explanation on why they work effectively in realizing the
tracking tasks.

C. Technical Proofs

Next, we give detailed proofs of Lemmas 3—7 and Theorems
1 and 2, especially by resorting to a frequency-domain analy-
sis method with properties of polynomial matrices.

Proof of Lemma 3: By the condition C1), we can denote
G1(s) and G»(s) in the series form of

Gi(s)= Zgl,js_(jH), Go(s) = ZgZ,jS_(jH)
Jj=0 Jj=0

for some matrices gy ; € R?” and g, ; € R?", Vj e Z,. Thus,
taking the Laplace transformation leads to

(0= g1 D)= ) g2 =
I =

from which we can easily validate
21 =00), 2,;=00), Vjez.

and consequently it is immediate to gain (4). By the condi-
tions C1) and C2), (5) can be equivalently developed from (2)
thanks to taking the inverse Laplace transformation. [ ]
Proof of Lemma 4: A direct result of Definition 1. [ ]
Proof of Lemma 5: Due to (4) in Lemma 3, this lemma is a
consequence of the condition C3) according to the definition
of the system relative degree (see also [12], [23]). ]
Proof of Lemma 6: Under the condition C1), we consider a
realization of G|(s), which without any loss of generality is
denoted by (A e R™" B e R™P,C € R?*"). Namely, we have
Gi(s) = C(sI-A)"!' B, with which we can validate (I)(lj)(O) =
CA/B,VjeZ,. Thus, a consequence of (4) is such that

i—1
5'G1(s) = Z CA/Bs™1
=0

+C(sI-A)'A'B, Vi=0,1,....n.  (16)
Let the characteristic polynomial of 4 be a(s) = det(s[—A) =
Zfzoa'isi for some @; €R, ¥i=0,1,..., n—1and a, =1, and

then with the Cayley-Hamilton theorem, we have })" @Al =
0 which, together with (16), leads to
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n i-1 n

zn]a,-siGl(s) = Za,-ZCA/’Bsf—‘—f + Za,-C(sI—A)—‘AiB
=0

=0 j=0 i=0
N

S

i=0  j=0

= 0(s)
where Q(s) € RP9*P(s) (see [20, p. 524]) satisfies

i-1

(D(ll) (O)Si—l—j
(17)

n i-1
O(s) = Z a; Z q)(ll)(o)si—l—/
i=0 j=0
n-1 ) ‘
= CYncD] (O)S”_l +a, Z (D(IJ)(O)sn—l_]
j=1
n—1 i-1

+ > @iy @O

i=0  j=0

n=2| n
=, ®1(0)s"" + { K jq><lf"“)(0)} s'
0

i=0 | j=i+1

n-2 n
= ®(0)s" ! + Z{ Z a jqn(l/"‘”(O)} 5. (18)
i=0 | j=i+1

Clearly, ®@(0) is the highest column degree coefficient matrix
of O(s) (see [20, p. 526]). Owing to g > p, we can obtain from
Lemma 5 that ®(0) has full-column rank under the condition
C3), and hence Q(s) is column reduced or column proper (see
[20, p. 527]). Then by (18), QT (s)Q(s) is nonsingular because
we can use the result (2.4) of [20, p. 527] to arrive at

det(Q7 (5)0(s)) = det (O] )1 (0)) sC27

+ lower degree terms

#0.
This immediately leads to that GlT(s)G1 (s) is nonsingular since
the use of (17) results in

n -2
Gl (9G1(s) = [Z ais"] 0" (5)0(s).
i=0

That is, the proof of Lemma 6 is completed. [ |

Proof of Lemma 7: Let Q(s) =[Q1(s) Q2(s)] for Qi(s) €
RP?%4(s) and Q,(s) € RP?*P~9(s). Then from (11) and (17),
we have

On(s) = ZaiSiGm(S)
i=0

n i-1
=Y e Yy o), Vhe(,2)  (19)
i=0  j=0

with which we follow the same lines as (18) to further get:

On(s) = Dy 4(0)s""!

n=2( n
+Z[Zajq>§{;"‘“(0)]si, Vhe{l,2).  (20)

i=0 \j=i+1
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Thanks to considering the result (2.4) of [20, p. 527] for
Q1(s), we can leverage (20) and adopt the condition C4) to
arrive at

det(Q;(s)) = det(D;1(0)) s D4 4 Jower degree terms

£0
which ensures that Q(s) is nonsingular. Note also that the use
of (19) leads to

n -1
Glh(S)=[ZaiSi] On(s), Vhe(l2} (1)
i=0

As a direct consequence of (21), G1;(s) is nonsingular. [ |

Proof of Theorem 1: We first prove the equivalent relation
between the trackability of a specified output trajectory
yva(t) € C }, [0,T] and the satisfactions of the initial condition (7)
and the frequency-domain algebraic equation (8) by Y,(s) =
Llya®)].

Necessity: With Definition 1, the trackability of the speci-
fied trajectory y,(f) implies that there exists some input
uq(t) € R? for the system (2) to guarantee the satisfaction of
the algebraic equation (3) by Uy(s) = L[ugy(?)]. Then thanks to
Lemma 6, we can multiply I —G(s) [GlT(s)Gl(s)]_l G™(s) on
both sides of (3) such that

{1-619)[6T©619)] ' 6T} ¥u(9) - GoD(s)]

={1-615[6] WG] 6T} GVt

=0

i.e., the algebraic equation (8) is satisfied by Y,(s) = L[y4(?)].
In addition, by (6) in Lemma 4, y;(0) = ®,(0)dy is immediate,
and due to (5) in Lemma 3, we have yz(0) = ®,(0)dy, Yk € Z,.
This ensures that y,(¢) fulfills the initial condition (7).

Sufficiency: From Lemma 6, it is feasible that for the sys-
tem (2) under the conditions C1)-C3), Y,(s) = L[y4(?)] ful-
fills the algebraic equation (8) for the specified trajectory
va(t). Hence, we use (8) to equivalently arrive at

Gi(9)[GT(9G1(9)] | G () [Yals) ~ Ga(s)D(s)]
= Yy(s) — Ga(s)D(s)
from which taking U,(s) in (9) immediately leads to
G1(9)Ua(s) = G1(5)(G] ()G 1(5)) ™ G| (8) [Ya(s) — Ga(s)D(s)]
= Yy(s) — G2(s)D(5).
That is, Uy(s) is a solution for the algebraic equation (3).
From (5) in Lemma 3, we can gain y;(0) = ®,(0)dy, Yk € Z,,

which together with the initial condition (7) leads to y;(0) =
D,(0)dy. We can consequently obtain

sYa(s) = L[Ya®)] +y4(0) = L[ya(®)] + D2(0)dp.
Since we can rewrite Uy(s) in (9) as

(22)

Uds) = 57 [GT(9G1(9)] GT(9)[sYu(s)]

~[6F)G19)] " GT(9Ga()D(s)

then under the condition C2) and with (22), we can deduce



1940

Ua(s) = 57 [GT(5)G1(9)] " GT(5)LL3a()]
T -l 7 N
-|61®G1(9)] " G (5)Ga(5)Ds)

+57 [GT(961(9)] | GL(9)[@2(0) - sGa(s)] do. (23)

When ¢ > p, we can obtain from Lemma 5 that CDIT(O)CD] (0) is
nonsingular under the conditions C1) and C3). Then by not-
ing (17) and (18), we can verify

lim s [6T(9)G1 (9] 61()

= lim {IsG1 ()1 [G1() " [sG1(s)]

= [oT @1 0] o (0).
This, together with the conditions C1) and C2), leads to

24)

lim [G7(5)G1(9)] " GT(5)Ga(9)D(s)
= lim {57 [6T (G191 (9} lim [sG2(5)] lim D)
~0 (25)

where lim;_,e [sG2(s)] = ®2(0) due to (4) and limy_,e D(s) = 0
are incorporated. In a similar way as (25), we can derive

lim 57! [GT(9)G1(5)] GT(9)[®2(0) - 5Ga(9)] =0.  (26)

By incorporating (24)—(26) into (23), we can employ the result
of Lemma 2 to get uy(t) = L7 [Uy(s)] € C,[0,T]. Thus, Uy(s)
in (9) not only fulfills (3) but also yields uy(f) = LU (9] €
RP. Then in view of Definition 1, the specified trajectory y,(¢)
is trackable in ILC for the system (2).

Next, we adopt a proof by contradiction to show that if y,(¢)
is trackable, then the solution for the algebraic equation (3) is
unique. Hence, in addition to u4(¢) obtained by (9), we assume
an input uy(r) € R? different from uy(r) (that is, uy(¢) # uaq(t))
such that Uy(s) = £ [u4(r)] also satisfies (3), namely,

Ya(s)=Ga()D(s) = G1(5)Ud(s).
Then the use of (3) and (27) yields

27)

Gl (9)G1()Ua(s) = GT (5)[Ya(s) = Ga(5)D(s)]
=Gl ()G 1(5)Ua(s).

Since GlT(s)Gl(s) is nonsingular, we can deduce Uy(s) = ﬁd(s)
which contradicts the made hypothesis u;(r) # uy(r). Thus, we
can conversely conclude that the algebraic equation (3) has a
unique solution given by (9). |

Proof of Theorem 2: Necessity: With the conditions C1)—
C4), if y4(¢) is a trackable trajectory in ILC, then from Lemma
4, y4(0) = ®2(0)dp holds as a consequence of (6). Because (5)
yields yx(0) = @2(0)dp, Yk € Z, by Lemma 3, we immediately
know that the initial condition (7) holds.

Sufficiency: 1If the initial condition (7) holds, then we
employ (5), and can actually obtain y;(0) = yx(0) = ©»(0)dy,
Vk € Z. In view of this result, we will show that the algebraic
equation (3) is solvable. Due to g < p and with (11), we corre-

spondingly denote ug(f) as ug(t) = [ug NG ugz(t)]T for
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uq1(t) €R? and wugo(t) eRP74. Let us also denote Ug(s) =
T
(U7 () UL,(9)|. where Ug(s)2 L[ug1()] and Uga(s) =
L[ug2(t)]- Hence, by incorporating (11), we can equivalently
derive from (3) that
G11()Ua,1(s) = Yu(s) = Ga(s)D(s) = G12(s)Ua2(s).  (28)
Because G(s) is nonsingular from Lemma 7, we can leverage
(28) to arrive at
Ua,1(s) = G71(9)[Ya(s) — G2()D(5) — G12(s)Ug2(5)]
which straightforwardly results in
Uy(s) = GT (9[Ya($) = G2()D(s) = G1a()Ua ()|
Uqga(s)
Consequently, y4(¢) is trackable in ILC, and we can determine
the solutions for the algebraic equation (3) with (12) by tak-
ing any ugo(t) e RP74.
Next, we prove that uy(f) € Cp[0,T] if ugo(t) € Cp—yl0,T1].
By inserting (22), we can rewrite (29) as
Ua(s) = [sG11()] ™" [sYa(s)] = G 1] (5)Ga(s)D(s)
=G (9)G12()Ua2(s)
= [sG11 (9] L[3a(D] = G7{ ()Ga()D(s)
+[sG11(s)]”" [@2(0) - sGa(s)]do

_G]_ll(s)G12(s)Ud,2(S). (30)

From (4) and (11), it is clear to see lims_,o [sG11(s)] = @1 (0),
lims— 00 [5G 12(5)] = @1 2(0) and lims_, 00 [sG2(5)] = ©2(0). Then
under the condition C4), we have

29

lim [sG11()]™! = ®73(0) 31
which further leads to
lim [sG11(5)]™' [@2(0) — sGa(s)] = 0
lim G ()G 12(s) = D (0P 2(0). (32)

For the same reason as (32), we can employ the condition C2)
to arrive at

lim G (5)G2(s)D(s) = lim [sG11(5)]™" lim [sGa(s)] lim D(s)

=0. 33)

By incorporating (31)—(33) into (30), we benefit from Lemma
2 to obtain that ug(f) = L7 [Ug1(s)] € C4[0,T1 if ugo(t) =
L7 [Uga(s)] eC »—q[0,T]. As a consequence, it follows that
ug(t) € Cpl0,T] if and only if ugo(t) € C,4[0,T]. [ |

IV. TRACKABILITY-BASED ILC SYNTHESIS

In this section, we first introduce an ILC updating law with
a feedback-based design method and then explore the devel-
oped trackability results to implement the corresponding ILC
design and analysis. In particular, we utilize an FCS-induced
approach to establish the ILC convergence analysis from the
viewpoints of both output and input through a unified condi-
tion, regardless of under-actuated or over-actuated MIMO
controlled systems.
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A. Trackability-Based ILC Results

For the tracking task (1), let the tracking error be repre-
sented as ex(t) =y (t)—yi(t). Then it clearly becomes
limg—00 ex(f) =0, VYt € [0,T], which can actually be seen as a
class of “k-state stability” problems arising from the tracking
tasks for ILC (see also [14] for similar discussions). Let
Ex(s) = L[er(t)], which obviously satisfies Ej(s) = Yy(s)—
Yi(s), and consequently, the iteration-domain dynamics of it
can be described by

Epi1(s) = Ex(s) = AYi(s), VkeZ,.
If we consider the system (2), then we further have

Epi1(s) = Ex(s) —G1(s)AUk(s), VkeZ.
where AUy(s) plays the role as an input to stabilize the k-state
Ex(s) from the viewpoint of iteration-domain dynamics. Thus,
we employ the feedback-based design theory and can propose

AU(s) =T (s)Er(s), VYkeZ,
which equivalently yields an ILC updating law in the form of

Uk+1(s) = U(s) +I($)Er(s), VkeZ, (34)
for some gain matrix operator ['(s) € RFP*4(s) to be designed.

Remark 4: In continuous-time linear ILC, we accomplish
the design of updating laws by incorporating the general feed-
back-based design method. In the comparison with [14], we
leverage the frequency-domain methods to generalize the
feedback form from the static form to the dynamical form,
where a transfer function I'(s) € RFP*4(s) instead of a matrix
I e RP*4 is used as the feedback gain. This bridges an explicit
relation between the design methods of ILC and classic feed-
back-based control. In particular, (34) involves classic PID-
type ILC updating laws as special cases. For example, taking
I'(s) = s leads to the D-type ILC updating law from (34),
where Y e RP*4 is constant.

To proceed, we consider applying the ILC updating law
(34) to the system (2) and, consequently, can arrive at some
design conditions of the gain matrix operator I'(s).

Lemma 8: For the system (2) under the conditions C1)-C3),
let the ILC updating law (34) be applied under any initial
input Up(s) = L[ug(#)] for up(t) € Cp[0,T] and any specified
output trajectory yu(f) eC}I[O, T]. Then the following three
conditions are equivalent:

1) I'(s) is such that I'(s)G|(s) is proper;

2) I'(s) is such that G (s)['(s) is proper;

3) s~'I'(s) is proper, that is, s~'T'(s) =T +’I:(s) holds for
some nonzero matrix I'p € RP? and some strictly proper
matrix I'(s) € RFP*4(s), where

lim s~'T(s) = T.

§—00

(35)

Further, if any of the abovementioned conditions 1)-3) holds,
then in the time domain, (34) reads as

k1 (1) = g (6) + Toer () + || Op(t=ig(r)dr
+ Or()ex(0) +Toer(0)6(1), VkeZ,te[0,T] (36)
where Ox(1) = L [F(s)] and, in particular, it follows that:
u() € Cpl0, T, VkeZ, & Toer(0)=0,VkeZ,. (37)
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Remark 5: In Lemma 8, it discloses that under certain
design condition, the time-domain realization of the ILC
updating law (34) may involve an impulsive mechanism, as
revealed by (36). Even though it may help to overcome the
initial shift problems for ILC (see, e.g., [22]), the use of the
impulsive mechanism is not admissible in practice, as noted in
[24], where it may yield u;(0) ¢ R” that is not consistent with
the condition u,4(f) € R? needed by the trackable y,(f) € R? in
Definition 1. Fortunately, the impulsive mechanism resulted
in (36) is related only to the initial tracking error that disap-
pears under the initial condition (7). By Theorems 1 and 2, it
follows that any trackable output trajectory y,(f) for the sys-
tem (2) satisfies the initial condition (7). This, together with
Lemma 8, indicates that a sequence of continuous inputs for
ILC can thus be generated to accomplish the tracking tasks
under the ILC updating law (34), as revealed by the equiva-
lent relation (37).

Next, we benefit from Lemma 8 to further gain conver-
gence analysis results of ILC with the established trackability
criteria. From the perspective of input, applying the ILC
updating law (34) to the system (2) leads to

Ur1(8) = [ =T(5)G1(s)] Ur(s)
+I(s)[Ya(s) = Ga(s)D(s)], VkeZ, (38)

but, by contrast, from the perspective of output (or equivalently
the tracking error), it results in

Ep1(8) = [ =G1(OL ()] Ex(s), VkeZ,. (39)

By the comparison between (38) and (39), different condi-
tions are actually required for the convergence analysis of ILC
if it is established from the different perspectives of input and
output. In particular, when ¢ # p, convergence conditions
required for the input of (38) and the tracking error of (39)
even contradict with each other. Despite this issue, we try to
leverage an FCS-induced approach of ILC to arrive at a uni-
fied design condition for I'(s) such that we can accomplish the
convergence for both input and tracking error, regardless of
under-actuated or over-actuated MIMO systems.

Let us revisit (38), and then we can arrive at

Uk+2(5) = Uk+1(s) = [ = T(5)G1(s)]

X [Uk+1(5) = Ur(s)], (40)
where (and afterwards) the multiplication operator “x” repre-
sents the matrix multiplication of any two polynomial/rational
fraction matrices in s (namely, the multiplication rule of (40)
is in fact the same as that of the typical algebraic multiplica-
tion). By this development of the input sequence {u(r):
keZ.} and based on Lemma 1, we can leverage an FCS-
induced approach to present an ILC convergence result in the
under-actuated case of the system (2) with g > p by employ-
ing the ILC trackability result of Theorem 1, as well as the
design result of Lemma 8.

Theorem 3: For the system (2) with g > p, let the condi-
tions C1)—C3) be satisfied, and the ILC updating law (34) be
applied with any initial input Ugy(s) = L[ug(r)] for ug(t) €
C,[0,T] and any specified output trajectory yq(f) € C(}[O, T]
that satisfies the initial condition (7). Then wu(f) € C,[0,7T],
VkeZ, is such that limy_ o ur(f) = us(?) holds for some

VkeZ,



1942

Uoo(t) € Cp[0,T], together with giving limg_,co Yi(f) = yoo(f) for
some yo(f) € C;[0,T] as

yeolt) = [ D1t = Dtco (DT + || Dot = D)7 + a0

if and only if ['(s)G(s) is proper such that

p(I— fim F(s)Gl(s)) <1 (41)
§—00

where particularly, I'(s)G1(s) is nonsingular such that U (s) =

Llus(1)] fulfills

Uco(5) = [T()G1 ()] T(5) [Ya(s) = G2(s)D(s)]. (42)
Furthermore, the tracking objective (1) can be achieved if
and only if y,(¢) € C; [0,T] is trackable, where Us(s) = Uy(s)
holds for U,(s) given by (9); and otherwise, limy_c ex(t) =
exo(t) # 0 holds, where Ew(s) = L[e(t)] satisfies

Ec(s) = {I = G1() [[(5)G1 ()] T(9)} [Ya(5) — Ga(5)D(s)].
(43)

Remark 6: From Theorem 3, we can find that the trackability
of a specified trajectory is a necessary and sufficient condi-
tion for achieving the associated tracking objective in ILC of
under-actuated systems. It particularly reveals that a continuous
input sequence is generated by the ILC updating law (34) in
the case of any trackable trajectory. This coincides with the
trackability criterion established in Theorem 1.

For the system (2) in the over-actuated case (i.e., g < p), the
results established in Theorem 3 may no longer be applicable.
Because of ¢ < p, the convergence condition (41) for ILC may
not hold although I'(s)G;(s) is proper, where a straightfor-
ward consequence of the matrix theory [19] leads to

p(l— lim l"(s)Gl(s)) >1, Vg<np.
§—00

It clearly contradicts with (41). Despite this issue, it is possible
for us to design I'(s) such that

p(I— }Lngo Gl(s)F(s)) <1
By noting this condition for (39) and (40) and with Theorem
2, we employ an FCS-induced approach to develop the fol-
lowing theorem for the system (2) in the case g < p, which
establishes a quite different ILC convergence result from The-
orem 3.

Theorem 4: For the system (2) with g < p, let the condi-
tions C1)—C4) be satisfied, and the ILC updating law (34) be
applied with any initial input Ugy(s) = L[ug(t)] for ug(t) €
C,[0,T] and any specified output trajectory yq(f) € C;[O, T]
that satisfies the initial condition (7). Then wu(?) € C,[0,7T7],
VkeZ, is such that limy_, ur(t) = us(f) holds for some
Uw(t) € Cpl0,T], together with the tracking objective (1) being
accomplished, if and only if G(s)['(s) is proper and fulfills
(44). Furthermore, G (s)I'(s) is nonsingular such that U (s) =
L[us(1)] is dependent on the initial input Up(s) and forms a
set given by

Unc ={Uss(s) = T($) [G1()T()]™" [Yu(s) = Go()D(5)]

(44)

+T()Uo(s)|uo(?) € R? (45)

where I(s) = [[7(s) T7(s)|" is denoted for T'(s) € RF?4(s)
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and T'»(s) € RE?P~9%4(s) such that ['(s) is given by

F(S :[ill(s) EIZ(S)} with
To1(s) Ta(s)

T11(s) = G1} ()G 12()T2() [G1(HT()] ™ Gri(s)
T12(5) = =G} ()G 12(){I = Ta(s) [G1 (HT()] ™ Gals))}
T21(s) = —T2(s) [G1()T()] ™ G (s)

T22(s) = I=T2(8) [GI(OT (]! Gials).
In particular, Uy c = Uy holds.

Remark 7: With Theorem 4, we reveal that for any speci-
fied trajectory, the ILC updating law (34) can be designed to
realize the perfect tracking objective in the presence of over-
actuated systems. It particularly indicates that by the selection
of initial inputs, all inputs capable of generating the specified
trajectory can be determined. This ILC tracking result is con-
sistent with the trackability criterion developed in Theorem
2. In addition, the input induced from the ILC updating law
(34) is continuous for every iteration if and only if the initial
input is continuous since the specified output trajectory is
trackable in ILC under the initial condition (7).

Remark 8: In Theorems 3 and 4, a unified condition is given
to realize the convergence of ILC from the perspectives of
both input and output, regardless of under-actuated or over-
actuated systems. It ensures that for the ILC updating law (34)
obtained with a feedback-based design method, the learned
input Us(s) always exists and, particularly, is the same as the
desired input for generating the trackable output trajectory in
ILC. However, it is worth emphasizing that we make no
assumption about the desired input in executing the ILC con-
vergence analysis thanks to our introduced FCS-induced
approach of ILC. This is quite different from classic conver-
gence analysis approaches of ILC (see, e.g., [1], [12], [13],
[24]). Furthermore, our FCS-induced approach actually estab-
lishes the class of uniform convergence results for ILC by
benefiting from Lemma 1.

Remark 9: If the initial condition (7) does not hold, and thus
y4(t) is not trackable in ILC based on Theorems 1 and 2, then
by following the same way as the development of Theorems 3
and 4, we can still establish the ILC convergence of both input
and output, in spite of ¢ > p or g < p. It is worth emphasizing,
however, that by (36), ux(f) € R” may not be ensured. Further,
the tracking objective (1) can still be realized in the case g <
p, whereas it can not be accomplished in the case g > p.
Namely, the use of the impulsive mechanism may be no
longer effective in helping to achieve the perfect tracking
objective for ILC in the presence of the initial shifts, which is
different from [22].

B. Further Discussions

By [9], [10], one of the practically important problems of
the ILC systems is the robustness with respect to iteration-
varying uncertainties. We thus proceed to develop the robust-
ness of our trackability-based ILC results by reconsidering the
system (2) in an uncertain form of

Yi(s) = G1()Ui(s) + G2(5)Di(s) (46)
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where in comparison with (2), Di(s) = D(s) + O(s) holds and
O (s) represents the iteration-varying uncertainty satisfying:

C5) O(s) = 6 +Or(s) holds for some 6, € R™ and O(s) €
RE" ! (s5) such that ||6l| < B, Yk € Z, and ]@(r)” <B, Vi€
[0,T], Vk € Z,, where 6(f) = £ [@k(s)] and By and By are
some finite bounds.

In CS5), 6 and O(s) represent the iteration-varying initial
condition and disturbance, respectively. Though they are itera-
tion-varying, they are often bounded as shown in the condi-
tion C5). Then for Theorems 3 and 4, we can show that they
have certain robustness against iteration-varying uncertainties,
as below.

Corollary 3: Consider the system (46) under the conditions
C1), C2), C3) and C5). If the ILC updating law (34) is applied
with any initial input Ug(s) = L[uo(?)] for ug(?) € Cp[0,T] and
any specified output trajectory y,(7) € C }, [0,T] that is trackable
in ILC for the system (2), then the robust ILC tracking results
can be established as follows.

1) For g > p, let I'(s)G(s) be proper such that (41) holds.
Then for us(#) determined by (42),

limsup sup [lex(®)ll < B,
k—oco 0<t<T

limsup sup |[Jux(t) — ueo (D)l < Bu
k—oo  0<t<T

(47)

can be accomplished, where B, >0 and B, >0 are small
bounds depending continuously on By and B;. In particular,
when iteration-varying uncertainties disappear, i.e., By — 0
and B — 0, the same ILC convergence results as Theorem 3
hold.

2) For g < p, let the condition C4) hold, and G(s)I'(s) be
proper such that (44) holds. Then the robust ILC tracking
objective (47) can be achieved for some u(#) defined by (45),
and when iteration-varying uncertainties disappear, that is,
Be — 0 and g5 — 0, the same ILC convergence results as The-
orem 4 can be developed.

By Corollary 3, it indicates that like classic continuous-time
ILC in, e.g., [16], [24], the trackability-based ILC convergence
results can be further extended to work robustly and effec-
tively in the presence of iteration-varying uncertainties. This
class of robust ILC convergence results may also be general-
ized to deal with iteration-varying uncertainties arising from
plant models. Of special note is that the trackability-based ILC
analysis gives a basic guarantee for the implementation of the
ILC design and the robust convergence analysis.

Since most ILC results employ the time-domain descriptions
[10], we revisit the time-domain system (13) (that is, the state-
space realization of the system (2)), for which we particularly
consider a commonly employed D-type ILC updating law as

up+1(0) = () + Yer(r), Vtel0,T],VkeZ, (48)
where Y € RP*4 is a constant gain matrix. Then with Theorems
3 and 4, we can induce the following ILC convergence results.

Corollary 4. For the system (13), let the ILC updating law
(48) be applied under any initial input uo(¢) € C,[0,7] and any
specified trajectory y,(¢) € C, ; [0,T]. When g > p (respectively,
q < p), if p(I—="TCB) <1 (respectively, p(I —CBY) < 1), then
limg— 0 g (f) = Ueo(t) and limy—c Yk () = Yoo(?) can be achieved
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for some u.(t) € RP and y(f) € RY. Furthermore, the tracking
objective (1) can be accomplished, together with giving
ur(t) € C,l0,T), VkeZ,, if and only if yu(¢) € Cé[O, T] is
trackable.

With Corollary 4, we can see that the trackability-based ILC
convergence results are particularly applicable for the classi-
cal D-type ILC. But, differently, Corollary 4 reveals that a
unified condition can be obtained to ensure the ILC conver-
gence from the perspectives of both input and output, regard-
less of under-actuated or over-actuated systems. This can not
be gained with typical ILC analysis methods (see, e.g., [1],
[16], [22]-{25]).

Remark 10: Although in the trackability-related ILC results
of Theorems 14 and Corollaries 1-4, the specified trajectory
ya(t) is required to be continuously differentiable, these results
can be generalized to the piecewise continuously differentiable
trajectories. Namely, if the time interval [0, 7] can be separated
into a series of subintervals such that over each of them, y;(¢)
is continuously differentiable, then we separately perform the
trackability-based ILC analysis on each subinterval, which can
further be synthesized to establish the trackability-based ILC
results on the whole time interval [0,7T]. It is also worth not-
ing that in Theorems 1-4 and Corollaries 1-4, no require-
ments or limitations about the pole-zero location of the trans-
fer function G1(s) are imposed, and hence our proposed track-
ability-related ILC results may be applied, no matter whether
the ILC system is a minimum phase system or a non-mini-
mum phase system.

C. FCS-Induced Convergence Analysis

Next, we give the proofs of Lemma 8 and Theorems 3 and 4
by applying Lemmas 1 and 2 and using the frequency-domain
analysis method.

Proof of Lemma 8: For T'(s) € RFP*4(s), let y(s) be the
monic least common denominator of all its nonzero entries.
We without any loss of generality represent y(s) as y(s) =
Yhovis' for some p€Z,, some y; €R, Vi=0,1,..., u—1,
and vy, = 1. Then we can write I'(s) in the form of

I(s) =y (9Z(s) (49)

where E(s) € RPP*4(s) is a polynomial matrix. Then let Z(s)
be of the form (see, e.g., [20, (2.6), p. 528])

2(s)=Tos'+Tys' ™ 4+ T s+ 1y

£ ['ys' + lower degree terms. (50)

where [€Z, and I; e RP*Y, ¥i=0,1,..., [ with Iy #0. The

preliminary results of (49) and (50) help us to deduce that any

of the conditions 1)-3) holds if and only if / = u+ 1. Inspired

by this fact, we next consider the conditions 1)-3) separately.
With (17), (18), (49), and (50), we can write I'(s)G(s) as

T(5)G1(s) = [y(s)(9)] ™ E()Q(s)
= (§"** + lower degree terms) ™"
X [l"()(IZ'l(O)s"J“l_1 + lower degree terms] . (8D

With (51), it follows straightforwardly that I'(s)G(s) is proper
if and only if / = u+ 1, and consequently, limy_,o, ['(s)G(s) =
['o®;(0). For the same reason as (51), we can also arrive at
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G1()I(s) = [a(s)y(s)] ™ Q()Z(s)
= (s""** + lower degree terms) ™'

X [(I)l (0)s™ =1 + lower degree terms] (52)

from which G1(s)I'(s) is proper if and only if [ = u+ 1. Hence,
the use of (52) gives limy_,c G1(s)['(s) = ®1(0)[p. In addition,
we can leverage (49) and (50) to obtain

sTIT(s) = [sy(9)] ' E(s)
= (s’”l +lower degree terms)_1

X (Fo s' + lower degree terms) (53)

which obviously guarantees that s~'T'(s) is proper if and only

if I = u+ 1. Then as a consequence of (53), (35) is immediate.
To proceed, we note y,(¢) € C é [0,T7], and thus have sEi(s) =

L[éx(£)] + ex(0). Then we incorporate the condition 3) to get

Uke1(5) = Ui(s) + [ 57 T(5) | [sEx(s)]

= Up(s) + To Lex (D] + T(s) L [ex(D)]

+T(s)ex(0) + Toer(0). (54)
By taking the inverse Laplace transform on both sides of (54),
we can directly derive (36). Then in view of (5), we can
clearly conclude from (36) that u(f) € C,[0,T], Yk € Z, if and
only if Tper(0)6(t) =0, YkeZ,, ie., Toer(0)=0, YkeZ,.
Hence, (37) is obtained. [ |

Proof of Theorem 3: Since the initial condition (7) holds, we
have u(t) € Cp[0,T], Yk € Z, from Lemma 8. Then owing to
q > p, we consider Lemma 1 for (40) and can arrive at that the
following three results are equivalent:

1) limy o0 Uk (f) = U (t) € C[0,T] holds with its limit being
approached uniformly on [0, 7], which together with (5) thus
results in limy_,co V() = yoo () € Cé [0,T7];

2) {ux(t) : k € Z4} is an FCS;

3) I'(s)G (s) is proper such that (41) holds.

To proceed, we can easily leverage Lemmas 3 and 8 to vali-
date that lim,;_ . I'(s)Gi(s)=To®;(0) holds. Then as an
immediate consequence of (41), [y®;(0) is nonsingular. In the
same way as the proof of Lemma 6, we can further obtain that
I'(s)G1(s) is nonsingular. This, together with (38), leads to
(42) directly.

Next, we prove the equivalence between the tracking objec-
tive (1) and the trackability of y,(?).

Necessity: If the tracking objective (1) is achieved, namely,
limg—, 00 Yi(5) = Y4(s), then by limg_,o Ui(s) = Us(s), it follows
immediately from (2) that:

G1(5)Uco(s) = Yoo (5) = G2()D(s) = Ya(s) = G2(s)D(s)

where Yoo (s) £ limg—e Yx(s). Namely, U (s) is a solution of
the algebraic equation (3). Then by Definition 1, y,(#) is track-
able.

Sufficiency: If y,4(¢) is trackable, then according to Theorem
1, the algebraic equation (3) has a unique solution Ugy(s)
shown by (9). This, together with (38), yields

Uis1(s) = I =T(s)G1()U(s) + ()G 1(s)Uq(s) (55)
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by which the use of limy_,c Ug(s) = Uso(s) leads to

[(9)G1(5)Usx(s) =T()G1(5)Uq(s). (56)

Because I'(s)G(s) is nonsingular, we can apply (56) to arrive
at Us(s) = Uy(s). As a consequence, we also have

Yoo (5) = G1(5)Uco(5) + G2(5)D(5)
= G1(s)Uq(s) + G2(s)D(s)
=Yu(s)

namely, the tracking objective (1) can be achieved.

Besides, the abovementioned necessary and sufficient results
guarantee that when y,4(#) is not trackable, or equivalently, the
tracking objective (1) does not hold, limg_,« ex(f) = ex(?) #0
is thus obvious, where the use of (42) results in

Eco(s) = lim Ey(s)
= Ya(s) = G1(5)Uco(5) = Ga(5)D(s)
={I-G1()IT(SG ()] T(s)}[Ya(s) - G2()D(s)]

#0

i.e., (43) holds. [ ]

Proof of Theorem 4: Thanks to the initial condition (7), it
follows that ui(¢) € Cp[0,T], Yk € Z, holds based on Lemma
8, and that y,(r) € C, ; [0,T7] is trackable in ILC by Theorem 2.
Next, we show the necessity and sufficiency separately.

Necessity: Because the tracking objective (1) is realized, it
is direct that limg_.ex(f) =0, VYt€[0,T]. By considering
Lemma 1 for (39) and (40) and applying Lemma 3 for u(¢) €
C,l0,T], Vk € Z, we can develop that if limg_,co ux(f) =teo(?),
together with the tracking objective (1) being achieved, then
G1(s)I'(s) is proper such that (44) holds.

Sufficiency: If G1(s)I'(s) is proper such that (44) holds, then
by following the same lines as adopted in the proof of Theo-
rem 3, we can deduce that G;(s)['(s) is nonsingular, where we
have lims—0 G1(s)I'(s) = ®1(0)[g and O(0)[7y is also nonsin-
gular. With this fact and by Lemma 7, we denote a structured
matrix Q(s) € RFP*P(s) in the form of

Qi(s) Qra(s)
Q1(s)  Qoa(s)

where four block matrices involved in Q(s) are given by

Q(s) =

Qi1(5) = s[GI(HT()] ™' G (s)
Qia(s) = s[G1()T()] ™ G1a(s)
Q21(5) = —T2(8) [G1 ()T ()] G11(s)
Qa(s) = 1=T2(8) [G1(HT()] ™! Gia(s).
We can validate that Q(s) is nonsingular, and proper due to

lim Q(s)

§—00

_ [ [@(0)[]~! @4 (0) [@1(0)[p]™" @ 2(0)
~To2 [@1(0)o] ™ @11(0) -T2 [D@1(0)[H]™! @;2(0)

where T, € RP~9%4 together with T'g; € R%, is such that
T . . .

I'p= [Fg , Fg 2] . Simultaneously, the inverse matrix ¥(s) =

Q~I(s) € REP*P(5) satisfies
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C[E0(s) Pias)
YO = hi(sy Wnals)

where four block matrices taking the form of
P11(s) =5 'Ti(s), P1a(s) = -Gy} (9)G1a(s)
You(s) = s7'Ta(s), Warls)=1

are such that W(s) is also proper thanks to

Jim (s) = Eo,l —0; (01)431,2(0)]‘

s—00 0,2

To proceed, we employ (s) to propose a nonsingular lin-
ear transformation as

Q(s)Ux(s) = Uf(s) = [Uk,1(s)]

Uy (5)
where we correspondingly denote u;(f) = L [Uk*(s)] eRP,
uf (0= L7 UE ()| €RY, and uf, (1) = L7 UF,(5)| e R,
Due to that u(f) € C,[0,T], Yk € Z, and Q(s) is proper, it fol-
lows that for all k€Z,, we have u}(s) € C,[0,T], u,’:’l(t) €
C,10,T], and ul’;z(t) € Cp—4l0,T]. Since we can easily verify
Q)T (s) = [SOI ] . GI(9)¥(5) =[s'Gi(s)[(s) 0] (57)
we again consider (38) and can arrive at
U1 (8) = Q(8)Urs1(5)
= {1 - [QOT(H]G1 ()Y ()]} Q) U (s5)
+[QHT()] [Ya(s) — G2(s)D(s)]
_ { - [Gl(sgrm 8]} U (s)

+ 4] a9~ Ga9D(s)]

and consequently, U,: ,(s) and U,:‘z(s) are decoupled from
each other such that

Uki11 (9 :[I—Gl(s)l"(s) 0] U (s)
U1:+1,2(5) 0 I U]zz(s)

+ [S [Ya(s) - OGz(S)D(S)]]’ VkeZ,. (58)
A direct consequence of (58) is that UI:H,Z(S) = Ulzz(s), Vk e
Z, namely, UZQ(S) is iteration-independent such that
UIZZ(S) = Uag(s) =[Q1(s) Qn()]Up(s), VkeZi. (59)
In addition, the use of (58) leads to
Uf1.1(8) = U= G1()T()I U (5)
+5[Y(5) — Ga(s5)D(s)],

which immediately yields

VkeZ,  (60)

Ugia1(9) = Ugyy 1) = [T = G1(9)T(s)]

x| U119 -UE (9)]. VkeZ,.
(61)
Since G(s)['(s) is proper and (44) holds, {”1:1@ tke Z+} is
an FCS by applying Lemma 1 to (61). Thus, there exists some
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function u, | (7) € C4[0,T] such that limyco 1, (1) = u, | (7) in
view of ”121 (1) € C4[0,T], Yk € Z,. This, together with (60)
and the nonsingularity of G (s)['(s), implies

SOE klgl.}o Uz ()

=[G s[Ya(9) = Ga()D(9)].  (62)
From (59) and (62), it is immediate to derive
UZX(s) % klim Uy (s)
_ [[Gi()L()] " s[Ya(s) — Ga(s)D(s)]| (63)

[Q1(s)  Q2(8)]Uo(s)

For (45), we can easily verify

T = |20 |02 Q2]

and then the use of (63), together with U]:‘(s) = Q(s)U(s) and
Q7 1(s5) = ¥(s), leads to

Us(s) = l}g& Ui(s)

g [[GIT)]™ s[Yals) — Ga()D(s)]
w19 [Q01(s)  Q22(5)] Uo(s)

= [%1 gg] [G1()T()]™! 5[Ya(s) — Ga()D(5)]

" [%iﬁiﬂ [Q1(5)  Qa(s)] Uo(s)

=T()[G1(HT(s)]™" [Ya(s) = Ga()D(s)] +T(5) Uo((s6)4)

namely, (45) holds. Furthermore, we incorporate (57) into
(64), and can validate

[G1()HT(H] L s[Ya(s) = Ga(s)D(s)]
[Q1(s)  Q22(5)] Uo(s)
= Yq(s) — Ga2(s)D(s)
which ensures

G1(9)Ux(s) = G1()¥(s)

lim Ex(s) = Ya(s) - lim Yi(s)

= Y4(5) = [G1(9)Uw(5) + G2(5)D(s)]
=0

and consequently, the tracking objective (1) can be realized.
With the above necessary and sufficient result, we next
show Uy c = U, by adopting two steps.
i) For any Us(s) € Up c, we take

Ua2(s) = [Q21(s)  Qaa(s)] Uo(s)
+T5(8) [G1()HT()] ™ [Ya(s) = Go(5)D(5)]
which together with (64), results in
Uso(s) = ¥(s)

[ [G1(HT()] ™! s[Ya(s) — Ga(s)D(s)]
Ua2(s) = T2(8) [G1($)T()] ™ [Ya(s) — Ga(s)D(s)]

_ [Gl_ll (8)[Ya(s) = G2(s)D(s) = G12(5) Ud,Z(S)]]
Uapn(s)
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namely, Us(s) € Uy. As a consequence, we have Ui c C U,.
ii) For any Uy4(s) € Uy, let us take

Un(s) = |~ 0)G120{U42(5)

—T2() [G1()T()] ™ [Ya(s) — Ga(5)D(s)] }

and consequently, we can use Q1 (s)W12(s) + Qoo (5)War(s) =1
to derive

W1a(s)
Téi(i)][ﬂm(s) Qoo(5)]

o [—G;ll (sI)Glz(S)] {Ud,z(s)

T(s)Up(s) =

~T2() [Gi(T($)] ™ [Ya(s) = Ga(5)D(s)] }
= [—G[f(SI)Glz(S)] {Ud,z(s)

~T2()[G1()T ()] [Ya(s) ~ Ga(5)D(s)] }

which yields
[—G;}@I)Glz(s)] Uga(s)

= [—fo <SI>G12<S>] T2(8) [G1(HT()] ! [Ya(s) = Ga2(s)D(s)]
+T(5)Up(s).
This, together with (12), leads to

Uy(s) = [G,-}m ()~ Gz(S)D(S)]]

N [_G;;<51)Gu<s>] T2 () [G1 ()T(5)]”!
X [Ya(s) = Ga(s)D(s)] + T(5)Up(s)
=T(5) [G1()T()] " [Ya(s) = Ga(5)D(s)] + T(s)Uo(s)

which implies Uy(s) € Uy c. Thus, Uy ¢ 2 U, is immediate.
With the steps 1) and ii), we can arrive at Uy c = Uy. ]

V. SIMULATION EXAMPLES
Example 1: Consider the system (2) with

12517 12517
10(s2 +3s5+2) 10(s2 +3s5+2)
1115+82 1115+82

Gi)=1" To02+35+2) 100(s2 +35+2)
255% —1335-216 615> —25s— 144

[50(s3 +652+11s4+6) 50(s3+652+115+6) ]
1 1 s—39
s+1 s+1 10(s2 +35+2)
1 1 55+3

G)=To6+)  10G6+D) 5(s2+35+2)
1 55+7 s> —205—-29

L 5(s+1)  5(s2+45+3) 5(s3+652+11s+6)

D(s)=[1,-1,0].
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We clearly have ¢ =3 and p =2, and can verify the condi-
tions C1)-C3). In addition, we consider three different cases
for the specified output trajectory and the initial input as fol-
lows:

(57420 e )= 1220 o)
3809 P\™111")]~ 3809
a) ya(t) = 10sin(7)
10sin(zt/5)—0.8
up(t)=0
(57420 e )= 1240 o)
. | 3809 P\™111")] " 3809
) Ya(t) = 10sin(7)
10sin(7t/5) - 0.8
up(t) =[10 —10]"
57420 cos(f) —ex —ﬁt —gsin(t)
3809 P\mtt’)| s
©) ya(t)= 10sin(f)
10sin(rt/5) - 0.8
ug(t)=0

where for all cases, we have y,(f) € C; [0,T1], up(t) € C»[0,T1,
and the initial condition (7). Because of ¢ > p, we know from
Theorem 1 that y,(¢) is trackable in ILC for the cases a) and b)
since Yy(s) = L[yq(?)] satisfies the algebraic equation (8) for
both cases, but it is not for the case c). To carry out simula-
tions with the ILC updating law (34), we choose ['(s) as

0.6849  0.6335 -1.25
-0.2807 -0.2596 1.25

with which I'(s)G(s) is proper and satisfies (41).

Let T =10, and we plot the simulation results for the cases
a)—c) in Fig. 1. It is obvious from this figure that for the cases
a) and b), the tracking errors decrease to zero with increasing
iterations, where the outputs learned after 100 iterations track
the specified trajectory perfectly. With the comparison
between the learned input trajectories for the cases a) and b) in
Fig. 1, they are the same even though we adopt different ini-
tial inputs for both cases. This is consistent with the unique-
ness result of Theorems 1 and 3 for the input that can gener-
ate the trackable trajectory in ILC. By contrast to the cases a)
and b), the case c) considers a specified trajectory that is not
trackable in ILC. Correspondingly, as depicted in Fig. 1, the
tracking error does not decrease to zero with the increasing of
iterations although the input still converges in the case c),
where, in particular, the output learned after 100 iterations can
no longer perfectly track the specified trajectory. By these
observations, we demonstrate the trackability criterion of The-
orem 1 for the case ¢ > p and the relevant trackability-based
ILC tracking result of Theorem 3, together with revealing the
relation between the trackability of the specified output trajec-
tory and the accomplishment of the perfect output tracking
task in ILC.

Example 2: Let ¢ =2 and p =3, and then we consider the
system (2) with

I'(s)=s
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Fig. 1. (Example 1). Tracking performances of ILC for g > p. Upper: Case a); Middle: Case b); Lower: Case c).
2452 +1555+ 195 12052 +3615s+273 1% can also verify that the initial condition (7) holds, and there-
20(s3+6s2+11s+6)  100(s3 + 652+ 115s+6) fore y,(2) is trackable in ILC by Theorem 2. To implement the
ILC updating law (34), we select the gain matrix operator I'(s
Gis) = | 1152 +5235-348 11152 - 535 - 240 Lo paume (34) & P )
1 =
100(s3 + 652 +11s+6) 100(s3 +652+115+6) 06 o1
552 +425+45 615> +1565+99 r(s)zs[ 0.1 ojl]
| 10(s3 +652+11s+6)  50(s3+652+11s+6) | -0.5 04
| | T which makes G1(s)I'(s) be proper such that (44) holds.
S [ In Fig. 2, we depict the simulation results for both cases d)
s+1 10(s + 1) and e), from which the zero convergence of the output track-
Go(s) = _ s+2l __35+6 ing error along the iteration axis can be observed. In particu-
10(s> +4s+3) 5(s2+45+3) lar, for both cases, the outputs learned after 200 iterations are
252 +9s5-9 10s% —95-27 capable of tracking the specified trajectory perfectly even
[2(s3+652+11s+6) 10(s3 +652+11s5+6) though the input trajectories learned after 200 iterations are

D(s)=11,0,1"
for which the conditions C1)-C4) are satisfied. By taking
T =10, we are interested in the following two cases of the
specified output trajectory and the initial input:

d) ya(t) = [1.12++1%)0s§1i;(17(:t)/5)]’ uo(t) =0

&) a0 = || b | wo =10 10 51"

where y,(t) € Cé [0,T] and ug(?) € C3[0,T]. For both cases, we

different from each other since they correspond to different
initial inputs. This validates not only the trackability-based
ILC result of Theorem 4, but also the heavy dependence of the
input learned with ILC on the initial input for the case g < p.

Discussions: By Examples 1 and 2, we illustrate the valid-
ity of our trackability-based ILC analysis for both under-actu-
ated and over-actuated systems. It is clear that the trackability
plays a crucial role in realizing the perfect ILC tracking task.
Further, Figs. 1 and 2 demonstrate that it is feasible to employ
a unified condition to implement the ILC convergence analy-
sis from the perspectives of both input and output.
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Fig. 2. (Example 2). Tracking performances of ILC for ¢ < p. Upper: Case d); Lower: Case e).
VI. CONCLUSIONS Sufficiency: Because G(s) is proper, let us denote
In this paper, we have discussed the fundamental tracka- Dr = lim Gg(s). (65)
S—00

bility problems for continuous-time ILC systems. We have
explored the trackability criteria with the help of utilizing the
frequency-domain algebraic equations to determine whether
the specified output trajectory is trackable in ILC, despite
under-actuated or over-actuated systems. In particular, we
have investigated how to arrive at all inputs that can generate
the trackable trajectory. The (uniform) convergence analysis
has been implemented by newly developing an FCS-induced
method of ILC. It has been disclosed that the perfect output
tracking task of ILC is closely connected to the trackability of
the specified output trajectory. Our proposed trackability-
based ILC results have been verified through two simulation
examples.

In addition, the analysis methods and results for tracka-
bility-based ILC established in this paper can be generalized.
In fact, for any specified trajectory that is not trackable, if it is
rectified with certain proper methods (e.g., the initial rectify-
ing method in [16], [24]), then similar results to those of
trackability-based ILC can be developed. This can be further
extended to consider higher-order relative degrees and itera-
tion-dependent intervals of time for the controlled systems. Of
particular notice is also that thanks to using the z-transforma-
tion instead of the Laplace transformation, we may establish
the same trackability-based ILC analysis and design frame-
work for discrete-time systems. These issues and their data-
driven extensions of involving the practical robustness against
the unknown models, time delays, and disturbances will be
explored in our future work.

APPENDIX

Proof of Lemma 1: By Definition 2 and with [20, Chapter 1,
Theorem 5.3], we directly have the equivalence between 1)
and 2). Next, we prove the equivalence between 1) and 3).

Based on (65) and thanks to p (limy_,o GFr(s)) < 1, there exists
some induced matrix norm [19] such that

IDFIl < p1
where 0 < p; < 1. By (65), we write Gr(s) in the form of

(66)

Gr(s) = Gr(s)+Dr (67)
and thus aF(s) € RF™"(s) is strictly proper such that ®p(r) =
L [Ep(s)] € R™" is smooth. Let Sr £ maxe[o,7|@r (9, and
it is obvious that Sf is finite. By incorporating (67), we can
get from Fii2(s) = Fiy1(8) = Gp(s) [Fre1(s) = Fi(s)], VkeZ,
that, for all t € [0,T] and for all k € Z,,

fi2®= fin1 @ = [ Ot =) [fiar (1) - fiD)]dr
+Dp [fie1(0 = filD]. (68)

Then by taking the norm on both sides of (68) and leverag-
ing (66), we can arrive at

Wica® = fiar @I < [ 105G =Dlfer1 ()~ feDldz
D i 0= i
<Br || Wi (0= filldr
41 i1 O = i

for which we consider any A > 0 and can verify

(69)

[o i@ = fi@lldr = [} e[ i (0= fil]dr
< Wit~ (ol [ ez

/11_1

Il fier1(8) = fie(lla-
To proceed with (69) and (70), we can further obtain

(70)
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M firn® — fira O < Bre™ [ lfisr ()= fDlidz

+p1e” | fir1 (O = fi Ol

l—e
SﬁFTllﬁm(l) = fi@®lla

+p1e Y fir1 (O = fr D
< (o1 + 7' BE) fir1 ()= fi®lla
which implies that, for all k € Z,,

fiera(® = fisr @lla < (o1 + A7 BE) M fisr () = fi®lla. (71

Thanks to p; € [0,1), we choose A > 0 such that p; +/l‘1ﬁp <
(p1+1)/2£p. Clearly, p € [0, 1) holds, and consequently, the
use of (71) results in

fier2() = frr1 Dl < pllfer1 @) = fiOlla, Yk € Zs
by which we have
Ifis1 (D = fil®Olla < P NADO = folla. Yk € Z,. (72)

Then from (72), we know that for any € > 0, there exists some

integer N(e) > max{0,In(e(1—p)/IIf1(1) = fo(®ll2) / In(p)} such
that

i-1
I1fi(®) = fiOlla < Z 1 fix1() = fre@lla

k=j

i—1
<Y PNfiO = ol

i
k=j

< > ARG - Hol

k=N(¢g)
pN(s)
<7 11 (®) = fo®lla
-p
<e, Vix>j=N(e).

Similarly, we can also get ||fi(t) - fi(Dlla<e, Vj=i=N(e).
Then from Definition 2, it follows that the functional sequence
{fx(®) : ke Z,}1is an FCS.

Necessity: If {fi(t) : k € Z,} is an FCS, then with Definition
2, limg,00 Afi(#) = 0, V£ € [0, T] holds. For any given ¢ € [0, T7],
this is actually an asymptotic stability result of the system (68)
along the iteration axis since (68) essentially denotes a dis-
crete linear system given by

Afiar () = DEAf)+ | ®p(t-DAfi(D)dT, VKEZ,.

It basically requires p(Dr) < 1, that is, p(limy_e Gr(s)) < 1.
For the necessity of Lemma 1, the readers can also be referred
to that of [25, Lemma 1] because (68) can be described in the
form of the 2-D linear continuous-discrete system [25, (13)].
Furthermore, if fi(f) € C,[0,T], Yk € Z,, then we can easily
conclude from the completeness of the space C,[0,T] that
there exists some function f.(t) € C,[0,7] such that limy_,c
/() = foo (Dlla = 0, e, limgoeo fi(1) = foo () € Cu[0,T]. W
Proof of Lemma 2: Let ®(t)2 £~} [E(S)]. Since G(s) is
proper, @(t) satisfies D(7) =6‘\<p(t)+D56(t), where E‘Vp(t) is
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smooth and Dz € R™" is such that limy_,« G(s) = Dg. By
noticing ]_‘(t) =, [E(S)F (s)], we can validate

F(t) = fo'as,,(t —1)f(D)dt+Dgf(®), t€[0,T]

from which ]_‘(t) € Cp,[0,T] is immediate due to f(¢) € C,[0,T1].
Moreover, if G(s) is strictly proper, then lim_,., G(s) = 0 and,
consequently, o)=L} [6(&)] is smooth, which guarantees
L} [E(s)v] = ®(t)v € C\,[0,T] for any v € R”. [ |
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