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A hybrid P1-DP0 diffusion theory for optical imaging

Kai Liu, Jie Tian, Chenghu Qin, Dan Liu, Xin Yang and Min Xu

Medical Image Processing Group, Institute of Automation, Chinese Academy of Sciences,
P. O. Box 2728, Beijing 100190, China

ABSTRACT

In optical imaging, although the standard P1 diffusion theory is widely used, its angular flux at boundary is
discontinuous, and this model is not incapable of exactly modeling light transport in biological tissue with
partially-reflective boundary. In this work, we present a hybrid P1-DP0 (P1 spherical harmonics-double DP0

spherical harmonics) diffusion theory in 3D environment, which effectively interpolates between the P1 and
DP0 approximation by a space-dependent weight factor α(r) that controls the local angular approximation.
Comparing to the P1 model, the solutions of our model are consistently accurate over a broad range of optical
properties. Moreover, with the same reduced scattering and absorption properties, the hybrid model for high
anisotropic scattering which is the common case for mammal tissue is more accurate than the low one. Finally,
this theory is validated by Monte Carlo simulations.

Keywords: radiative transfer equation, double spherical harmonics, spherical harmonics, optical imaging, dif-
fusion theory

1. INTRODUCTION

In the biophysics and medicine communities there has been substantial recent interest in such diffusing near-
infrared (NIR) light. Optical imaging, which uses low-energy visible or NIR light to probe scattering media,
provides new mechanisms for clinical diagnosis of tissue structure and function.1–7 This is made possible by a
spectral window that exists within tissue in about 700-900nm region, in which photon transport is dominated
by scattering rather than absorption. Thus, employing the diffusion approximation (P1 spherical harmonics)
to Boltzmann Radiative Transfer Equation (RTE), near-infrared photons diffusing through human tissue is well
described.8 In some new emerging optical imaging modalities such as bioluminescence tomography (BLT) and
fluorescence molecular tomography (FMT), the spectrum of the reporters utilized in imaging are not absolutely
located in NIR region.9 As a result, the P1 diffusion theory is not appropriate and accurate in such applications.

The spherical harmonics (PN ) and double spherical harmonics (DPN ) angular approximations to RTE are
well established.10 In the PN approximation, the radiance is expanded in Legendre polynomial series. Although
more accurate approximations will be achieved if higher order approximation is used, the computation burden
becomes extremely high. The desire to more accurately treat the radiance with low order approximations
motivated the development of DP0 diffusion theory. In the DPN approximation, the radiance is expanded in
separate Legendre polynomial expansions over the half ranges −1 ≤ μ < 0 and 0 ≤ μ ≤ 1 in one dimension.
As a result, the DPN approximation can more accurately capture the discontinuity in the radiance at interfaces
of media and boundaries. However, the DPN approximation gives less accurate values for the diffusion length
than the PN approximation for optically thick media.11 Thus, the DPN approximation may be less accurate for
treating light transport through optically thick diffusive media that are not dominated by boundary or media
interface effects.

In this paper, to accurately model light transport in biological tissue with low order angular approximations
at low cost of time and memory, a hybrid P1-DP0 diffusion theory is derived using variational analysis in one
dimension. Afterwards, the partially-reflective boundary condition is obtained from RTE boundary condition.
Finally, they are transformed from one dimension to three dimension. This hybrid angular approximation
contains a space-dependent weight factor α(r) that controls the local angular approximation used at a spatial
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point r: α(r) = 1 yields the standard P1 approximation, α(r) = 0 gives the standard DP0 approximation, and
0 < α(r) < 1 produces a hybrid P1-DP0 angular approximation. The diffusion equation obtained differs from
the standard P1 diffusion equation only in the definition of the diffusion coefficient.

We will introduce the variational derivation of hybrid P1-DP0 diffusion theory in detail in section 2. Next,
numerical results from several test experiments are presented to demonstrate that significant improvements in
accuracy can be obtained using this proposed method with essentially no computational penalty in section 3.
The last section goes for discussion and conclusions.

2. METHODS

RTE has successfully been used as a standard model for describing light transport in scattering media. However,
providing solutions to the RTE is a major endeavor and remains a challenging task in the fields of biophysics,
medicine and radiological sciences. The formulation of the RTE and its boundary condition in three dimension
is represented as follows12, 13:

(
ŝ · ∇ + μs + μa

)
ψ(r, ŝ) = μs

∫

S2
ψ(r, ŝ

′
)Θ(ŝ, ŝ

′
)dŝ

′
+
S(r)
4π

(1)

φ(r, ŝ) = R(n̂ · ŝ+)φ(r, ŝ+) r ∈ ∂Ω ŝ · n̂ < 0 (2)

Here n̂ is the unit outer normal vector; ŝ is the specular reflection of ŝ+.

We would like to deduce the hybrid P1-DP0 model from Eqs. (1) and (2) in one dimension. For the one
dimension version of RTE whose range is 0 ≤ x ≤ X , Eq. (1) is degenerated into the following form:

ω
∂ψ(x, ω)
∂x

+ μtψ(x, ω) = μs

∫ 1

−1

ψ(x, ω
′
)Θ(ω, ω

′
)dω

′
+
S(x)

2
(3)

For the transport problem Eq. (3), we choose the scalar functional f defined as14:

f [φ] =
∫ X

0

∫ 1

−1

σ∗(x)φ(x, ω)dωdx (4)

where σ∗(x) is a prescribed function. To variationally approximate f [φ], we use the associated functional F [φ, φ∗]
defined by:

F [φ, φ∗] = f [φ] −
∫ X

0

∫ 1

−1

φ∗(x, ω)
[
ω
∂φ(x, ω)
∂x

+ (μs + μa)φ(x, ω)
]
dωdx

+
∫ X

0

∫ 1

−1

φ∗(x, ω)
[
μs

∫ 1

−1

Θ(ω, ω
′
)φ(x, ω

′
)dω

′]
dωdx

+
∫ X

0

1
2
φ∗(x, ω)S(x)dωdx (5)

Before the variational analysis, we should formulate approximate forms for angular flux φ(x, ω) and the adjoint
angular flux φ∗(x, ω). The P1 and DP0 representation of the angular flux are first given respectively:

φ(x, ω) =
1
2
Φ(x) +

3
2
ωJ(x) (6)

φ(x, ω) =
1
2
Φ(x) +

3
2
ρ(ω)J(x) (7)

where the functional ρ(ω) is defined as

ρ(ω) =

{
+ 2

3 0 ≤ ω ≤ 1
− 2

3 − 1 ≤ ω < 0 (8)
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We note that Eqs. (6) and (7) are similar in form, so we select a weighted hybrid of the P1 and DP0 as the
function for angular flux which is defined as the hybrid P1-DP0 angular approximation:

φ(x, ω) =
1
2
Φ(x) +

3
2
K(ω)J(x) − 1 ≤ ω ≤ 1 (9)

where the functional K(ω) is defined as

K(ω) =

{
+ 2

3 [1 − α(x)] + α(x)ω 0 ≤ ω ≤ 1
− 2

3 [1 − α(x)] + α(x)ω − 1 ≤ ω < 0 (10)

Here 0 ≤ α(x) ≤ 1 is a user-prescribed space-dependent weight factor. We define α(x) as:

α(x) = 1 − e−p(μs+μa)dis(x) (11)

where dis(x) is the distance to the nearest boundary at a spatial point x and parameter p satisfies 10−4 ≤ p ≤
10−3. For α(x) = 1, Eq. (9) is the P1 angular approximation, and α(x) = 0 the DP0 angular approximation.
Setting 0 < α(x) < 1 yields a weighted hybrid of the P1 and DP0 angular approximation. For the adjoint trial
function, we use a similar form:

φ∗(x, ω) =
1
2
Φ∗(x) +

3
2
K(ω)J∗(x) − 1 ≤ ω ≤ 1 (12)

In the variational analysis, we substitute the approximate forms Eqs. (9) and (12) into Eq. (5) and integrate
angular to reduce the following form:15, 16

F [Φ(x), J(x),Φ∗(x), J∗(x)] =
∫ X

0

σ∗(x)Φ(x)dx

− 1
2

∫ X

0

Φ∗(x)
[dJ(x)

dx
+ μaΦ(x) − S(x)

]
dx

− 3
2

∫ X

0

J∗(x)
[1
3
dΦ(x)
dx

+ μ
′
aJ(x)

]
dx (13)

where
μ

′
a =

[
1 +

1
3
(1 − α(x))2

]
(μa + μs) − gμs − Σ(x) (14)

and

Σ(x) =
3
2

∞∑
l=3,l:odd

2l + 1
2

glμs

[ ∫ 1

−1

Pl(ω)K(x, ω)dω
]2

(15)

Note that the Pl are the Legendre polynomials, and the quantity Σ(x) in Eq. (14) is zero only for α(x) = 1, i.e.
only for the P1 angular approximation.

Calculate the first variation δF of Eq. (13), with respect to independent variations of the unknown functions
δΦ(x), δJ(x), δΦ∗(x), δ∗J(x), and set the results to zero, we will obtain the hybrid P1-DP0 equations

dJ(x)
dx

+ μaΦ(x) = S(x) 0 < x < X, (16)

and
1
3
dΦ(x)
dx

+ μ
′
aJ(x) = 0 0 < x < X (17)

Eliminating J(x), Eqs. (16) and (17) can be deduced into a diffusion theory:

− d

dx
Υ(x)

d

dx
Φ(x) + μaΦ(x) = S(x) 0 < x < X (18)
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here the diffusion coefficient is given by Υ(x) = 1/[3μ
′
a(x)]. In the formal derivation of the three dimension

equations, one simply replaces the diffusion operator by its three dimension counterpart. That is, we replace:

d

dx
Υ(x)

d

dx
Φ(x) by ∇Υ(r) · ∇Φ(r) (19)

Thus, Eq. (18) becomes:
−∇Υ(r) · ∇Φ(r) + μaΦ(r) = S(r) r ∈ Ω (20)

Integrate the Eq. (2) on the 4π solid angular, we obtain the partially-reflective boundary condition:

Φ(r) + 2Υ(r)A(r;n, n
′
)
(
n̂ · ∇Φ(r)

)
= 0 r ∈ ∂Ω where A(r;n, n

′
) =

1 + Reff (r)
1 −Rff (r)

(21)

In this study, the surrounding medium is air, so n
′
is approximately 1, and Reff (r) is the effective reflection

coefficient, which can be calculated by18:

Reff (r) ≈ −1.4399n−2 + 0.7099n−1 + 0.6681 + 0.0636n (22)

Therefore, the output flux on the boundary captured by a highly sensitive CCD camera is given by

Q(r) = −Υ(r)
∂Φ(r)
∂n

=
Φ(r)

2A(r;n, n′)
(r ∈ ∂Ω) (23)

3. FINITE ELEMENT FORMULATION OF THE HYBRID DIFFUSION THEORY

Using the finite element method,17 Eqs. (20) and (21) are deduced into its equivalent variation formulation in
which Φ(r) ∈ H1

0 (Ω) can be satisfied such that18, 20:
∫

Ω

(
Υ(r)∇Φ(r)∇Ψ(r) + μa(r)Φ(r)Ψ(r)

)
dr +

∫

∂Ω

Φ(r)Ψ(r)
2A(r;n, n′)

dr =
∫

Ω

S(r)Ψ(r)dr (∀Ψ(r) ∈ H1
0 (Ω)) (24)

To solve the Eq. (24) numerically, the infinite dimensional function space Ω should be substituted by a finite
dimensional approximation Ωh consisting of Np vertex nodes and Ne elements (here we use tetrahedral), denoted
as Ωl (l = 1, 2, ..., Ne), such that Ωh =

⋃Ne

l=1 Ωl. Hence Ω is partitioned into continuous piecewise polynomial
functions18:

Φ(r) ≈ Φh(r) =
Np∑
k=1

φkϕk(r) when r ∈ Ωh(r) (25)

where φk is the value of Ω(r) on the k − th node, and ϕk(r) the nodal basis function within the elements Ωl.
Similarly, the source function S(r) is approximated as18:

S(r) ≈ Sh(r) =
Np∑
k=1

skϕk(r) when r ∈ Ωh(r) (26)

here sk is the value of S(r) on the k− th node. We choose the same nodal basis functions as Φ(r), which are C0

and can be more accurate than the element basis functions.18

Substituting Eqs. (25) and (26) into Eq. (24), and using the nodal basis functions ϕk(r) as the basis functions,
we obtain the matrix equation as follows19:

(K + C +B)Φ = MΦ = FS = b (27)

where the components of the matrices are given by21
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kij =
∫

Ω

Υ(r)∇ϕi(r)∇ϕj(r)dr

cij =
∫

Ω

μa(r)ϕi(r)ϕj(r)dr

bij =
∫

∂Ω

ϕi(r)ϕj(r)
2A(r;n, n′)

dr

fij =
∫

Ω

ϕi(r)ϕj(r)dr

(28)

It is observed that the hybrid diffusion theory obtained from variational analysis differs from the standard P1

diffusion theory only in the value of the diffusion coefficient. Therefore, it is easily incorporated into a standard
diffusion solver. Here, the problem in Eq.(27) will be solved by a finite-element-based solver which we have
developed previously.22 Since there are about only 1% non-zero in matrices in Eq.(27), the matrices are all
sparse. It is not only very memory-efficient, but computation-efficient.

(a) (b)

Figure 1. The phantom used in MOSE simulation and numerical experiments. (a) The profile in three dimension. The
sphere in the cylinder is the source; (b) A truncation surface at x=15mm. The virtual detectors used in experiments are
located on the boundary of this circle.

4. NUMERICAL EXPERIMENTS AND RESULTS

4.1. Simulating experiment results using Monte Carlo method

We use MOSE (a Monte Carlo based method) to generate the exact results for comparison,23 which is a gold
standard for this partial differential problem. The grids used in MOSE are structured by surface triangles for
each region. In our experiments, a cylinder tissue-like phantom with 30mm height and 10mm radius is utilized as
shown in Fig. 1. A spherical bioluminescent source with the location of (15, 5, 0), 1mm radius and 238pW/mm3

power density is embedded in the phantom. Here the grids are discretized into 39570 triangular elements with
the maximum diameter of 0.8mm. A total of 158536 virtual detectors are allocated on the surface of phantom
to record output flux. The source is assumed to obey uniform distribution and sampled to 106 photon packets.
Three simulation experiments are performed in advance for different optical albedos (i.e. μ

′
s/μa): 400, 40 and 5,

respectively, and the output flux detected on whole surface of the phantom is depicted in Fig. 2.
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Figure 2. Output flux detected on whole surface of the phantom. (a) Measurements with optical properties:

µ
′
s = 0.4mm−1, µa = 0.001mm−1. (b) Measurements with optical properties: µ

′
s = 0.4mm−1, µa = 0.01mm−1. (c)

Measurements with optical properties: µ
′
s = 0.2mm−1, µa = 0.04mm−1.

(a) (b)

(c) (d)

Figure 3. Comparing output flux of P1, P1-DP0 and MOSE in region of interest along detection circle at x = 15mm.
(a) Numerical experiment with optical properties: µs = 4.0mm−1, µa = 0.001mm−1, g = 0.9; (b) Numerical experiment
with optical properties: µs = 4.0mm−1, µa = 0.01mm−1, g = 0.9; (c) Numerical experiment with optical properties:
µs = 0.8mm−1, µa = 0.01mm−1, g = 0.5; and (d) Numerical experiment with optical properties: µs = 2.0mm−1,
µa = 0.04mm−1, g = 0.9.
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4.2. Comparison between the hybrid P1-DP0 and standard P1 diffusion theory

In order to verify the proposed theory, four comparison experiments with different optical properties are carried
on. Fig.3 depicts the output flux for the results of MOSE, P1 and P1-DP0 on the detector circle at x = 15mm.
It is shown that P1-DP0 theory agrees well with the MOSE simulations with the relative errors about 1.400%,
4.627%, 6.567% and 27.035% respectively. In contrast, the relative errors between the solutions of the P1 and
MOSE are 9.421%,11.435%, 12.816% and 27.552%.

The numerical experiments show that the P1-DP0 theory agrees consistently better with MOSE than the
standard P1. The cases of high optical albedos is better than the low ones. Even in the case of optical albedo=5,
the performance of hybrid theory is better than the standard P1 theory, especially around the region of the
peak output flux. Furthermore, with the same optical albedo (40), the solutions for the high forward-peaked case
(g = 0.9, Fig. 3(c)) matches better with MOSE than that of the low one (g = 0.5, Fig. 3(b)). The parameter p
is set 0.33 × 10−3 for the first three cases, and 1 × 10−4 for the last case. In addition, since the hybrid diffusion
theory obtained from our variational analysis differs from the standard P1 diffusion theory only in the value of
the diffusion coefficient, it requires essentially the same computational effort as standard P1 theory. In the four
experiments, the consuming time of hybrid theory is almost identical with P1 theory.

5. DISCUSSION AND CONCLUSIONS

In the biophysics and medicine especially in the emerging molecular imaging, although the P1 diffusion theory
is widely used, it gives a relatively poor approximation for angular flux and output flux. However, the DP0

approximation can exactly satisfy the boundary conditions in optical imaging. As a result, to the best of Our
knowledge, for the first time we construct the DP0 approximation coupled with the P1 approximation in optical
imaging to more accurately treat the partial reflective boundary, and thus more accurately model light transport
in biological tissue with almost the same computational cost as the standard P1 approximation. This hybrid
angular approximation contains a user-prescribed space-dependent weight factor α(r) that controls the local
angular approximation used at a given spatial point r. α(r) = 1 yields the standard P1 approximation, α(r) = 0
gives the standard DP0 approximation, and 0 < α(r) < 1 produces a hybrid P1-DP0 approximation. We propose
a simple but effective functional form for the weight factor α(r) that accomplishes this desired behavior and that
avoids the need for users to specify the value.

In conclusion, we present here a hybrid P1-DP0 diffusion theory for modeling light transport in biological
tissue. Our method requires essentially the same computational effort as standard P1 diffusion theory. Using this
method, the approximation results are highly improved in contrast with P1, and it is verified the effectiveness
and potential for the optical imaging.
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