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ABSTRACT

As a new mode of molecular imaging, bioluminescence tomography (BLT) will have significant effect on reveal-
ing the molecular and cellular information in vivo at the whole-body small animal level because of its high
sensitive detection and facile operation. However, BLT is an ill-posed problem, it is necessary to incorporate a
priori knowledge into the tomographic algorithm. In this paper, a novel Bayesian reconstruction algorithm for
BLT is firstly proposed. In the algorithm, a priori permissible source region strategy is incorporated into the
Bayesian network to reduce the ill-posedness of BLT. Then a generalized adaptive Gaussian Markov random field
(GAGMRF) prior model for unknown source density estimation is developed to further reduce the ill-posedness
of BLT on the basis of adaptive finite element analysis. Finally, the algorithm maximizes the log posterior
probability with respect to a noise parameter and the unknown source density, the distribution of bioluminescent
source can be reconstructed. In addition, the novel tomography algorithm based adaptive finite element makes
the method more appropriate for complex phantom such as real mouse. In the numerical simulation, a hetero-
geneous phantom is used to evaluate the performance of the proposed algorithm with the Monte Carlo based
synthetic data. The accurate localization of bioluminescent source and quantitative results show the effectiveness
and potential of the tomographic algorithm for BLT.

Keywords: bioluminescence tomography (BLT), Bayesian approach, generalized adaptive Gaussian Markov
random field (GAGMRF), light source reconstruction, diffusion approximation, adaptive finite element method,
Monte Carlo methods

1. INTRODUCTION

Molecular imaging provides a novel tool for visualizing of normal as well as abnormal cellular processes at a
molecular or genetic level. It is well recognized that molecular imaging may be instrumental for drug discovery,
cancer diagnosis, metastasis detection, etc.1–3 Because of the high performance and low cost by comparing with
traditional imaging modalities such as computed tomography (CT), magnetic resonance imaging (MRI), positron
emission tomography (PET), single photon emission computed tomography (SPECT), optical molecular imaging
has attracted much attention, especially fluorescence tomography (FMT)4 and bioluminescence tomography
(BLT).5, 6 In this paper, we focus exclusively on bioluminescence tomography.

There has been a great effort lately devoted to transforming bioluminescence imaging from a 2-D, planar
bioluminescent imaging technique into a truly 3-D tomographic imaging modality application to small animals,
because planar bioluminescent imaging cannot generate a depth information.7, 8 In addition, planar biolumines-
cent imaging has limited resolution due to the nature of surface imaging. While bioluminescence tomography
(BLT) is developed to explore the depth information and enhance resolution of bioluminescence imaging.6 As a
consequence, bioluminescence tomography (BLT) is particularly attractive for in vivo applications.
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The aim of bioluminescence tomography is to reconstruct 3D distribution of bioluminescent source from the
boundary measurements observed using a highly sensitive charge-coupled CCD camera.9 However, due to high
scattering properties of the biological tissues and the limited boundary measured data, BLT is an ill-posedness
problem. Therefore, it is indispensable to incorporate sufficient a priori information to reconstruct bioluminescent
source uniquely and accurately.9 Earlier BLT reconstruction algorithms were developed for a single spectral
band.10–12 Recently, there is an increasing interest in hyper- and multi-spectral BLT reconstruction methods
since the reconstruction results have been improved a lot.13–20 Although BLT has made a great progress in
modeling and reconstruction algorithm, the current technique has not full explored the potential of the approach.

Bayesian approach provides a nature framework to incorporate multiple types of a priori information. So far,
Bayesian approach has been applied to nonlinear inverse problems like diffusion optical tomograph (DOT).21, 22

But up to now, Bayesian approach has not been successfully applied to BLT problem. Furthermore, the known
bayesian reconstruction method for DOT is not directly applied to BLT because of the essential differences
between DOT and BLT. Although Ye et al.22 present a generalized Gaussian Markov random field prior model
based on 26-point neighborhood model in 3D case, it is not suitable for complex phantom such as a real mouse
in BLT.

In this paper, a Bayesian tomographic reconstruction algorithm for BLT is firstly proposed and developed.
Based on the diffusion approximation model, adaptive finite element algorithm is employed to reconstruct the
underlying source distribution. Taking into account the ill-posedness of BLT, multiple types of a priori informa-
tion are employed to reduce the ill-posedness of BLT. Most importantly, a generalized adaptive Gaussian Markov
random field (GAGMRF) prior model for unknown source density estimation is developed to improve the recon-
struction result of BLT. Finally, numerical simulations show the effectiveness of the tomographic algorithm with
a heterogenous phantom.

2. METHODS

2.1 Diffusion approximation model

In bioluminescence tomography, the bioluminescent imaging experiment is performed in a totally dark environ-
ment, and the internal bioluminescence distribution induced by reporter genes is relatively stable, so that the
propagation of photon migration in biological tissues can be well modelled by the steady-state diffusion equation
and Robin boundary condition:23

−∇·(D(r)∇Φ(r)
)

+ μa(r)Φ(r) = S(r) (r ∈ Ω) (1)

Φ(r) + 2A(r; n, n′)D(r)
(
v(r)·∇Φ(r)

)
=0 (r ∈ ∂Ω) (2)

where Ω is a bounded smooth domain in the three-dimensional Euclidean space R3 that contains an object to
be imaged; ∂Ω is the corresponding boundary; Φ(r) denotes the photon flux density [Watts/mm2]; S(r) is the
bioluminescent source density [Watts/mm3]; μa(r) is the absorption coefficient [mm−1]; D(r) = 1/(3(μa(r) +
(1 − g)μs(r))) is the optical diffusion coefficient, μs(r) the scattering coefficient [mm−1], and g the anisotropy
parameter; ν(r) the unit outer normal on ∂Ω. Given the mismatch between the refractive indices n for Ω and
n

′
for the external medium, A(r; n, n

′
) can be approximately represented:

A(r; n, n
′
) ≈ 1 + R(r)

1 − R(r)
(3)

where n
′
is close to 1.0 when the mouse is in air; R(r) can be approximated by R(r) ≈ −1.4399n−2+0.7099n−1+

0.6681 + 0.0636n.23 The measured quantity is the outgoing flux density Q(r) on ∂Ω, that is:

Q(r) = −D(r)
(
v(r)·∇Φ(r)

)
=

Φ(r)
2A

(
r; n, n′) (r ∈ ∂Ω) (4)
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2.2 Bayesian approach for BLT

In adaptive finite element analysis, a sequence {T1, . . . , Tl, . . .} of nested triangulations to the given domain Ω
can be generated by local mesh refinement, where the sequence gradually changes from coarse to fine along with
the increase in l.12 Now, we only consider the lth discretized level which includes NTl

elements and Nvl
vertex

nodes. On the lth discretized level, we assume Φmeas
(l)k is the measured photon flux density at the kth detector

position (k = 1, 2, . . . , M) and then organize the measurements as a single column vector yl:

yl = [Φmeas
(l)1 , Φmeas

(l)2 , . . . , Φmeas
(l)M ]T (5)

Because the BLT problem is an ill-posed problem, a priori information is necessary to reconstruct bioluminescent
source uniquely and accurately.9 Now, the importance of a permissible source region in BLT reconstruction has
been well recognized.10, 12, 17, 18 In this paper, a priori permissible source region PS is employed to reduce the ill-
posed of BLT and there are Npl

elements in the permissible source region which represent the possible unknown
source distribution. Then the set of unknown source distribution can be denoted using column vector xl. In
a Bayesian framework, the data likelihood p(yl|xl) is required. The bioluminescent experiment is generally
operated in −110◦C, photon detection can be modeled using shot noise statistics, then the data likelihood can
be given by:10, 22

p(yl|xl) =
1

(παl)M |Λl|−1
exp[−‖yl − fl(xl)‖2

Λ

αl
] (6)

Where αl is the parameter related to the noise variance, Λl is the diagonal covariance matrix, ‖ω‖2
Λl

= ωT Λlω,
and the vector value function fl(xl) represents the exact value of the outgoing flux for the assumed value of
the source density xl. The detailed formulation of fl(xl) can be determined by solving the Eqs. (1) and (2)
with finite element method on the l discretized level.12 For BLT, we can assume that the measurements are
statistically independent with the variance of each measurement equal to its mean; so Λl is diagonal22 and

Λl =

⎡

⎢
⎢
⎢
⎣

Φmeas
(l)1 0 . . . 0
0 Φmeas

(l)2 . . . 0
...

...
. . .

...
0 0 . . . Φmeas

(l)M

⎤

⎥
⎥
⎥
⎦

(7)

In addition, Bayesian methods provide a natural framework for incorporating prior information about un-
known source density xl. Then the MAP estimate of xl given the measurement vector yl can be represented as
follows:

x̂(l)MAP = argmax
x≥0

{log p(yl|xl) + log p(xl)} (8)

Where p(xl) is prior density for xl. Considering the real physical meaning, x ≥ 0 nonnegative penalty is adopted.
When the generalized adaptive Gaussian Markov random field (GAGMRF) prior model is used,

p(xl) =
1

σNz(p)
exp[− 1

pσp

∑

i,j∈N

bij |xi − xj |p] (9)

Where σ is a normalization hyperparameter, 1 ≤ p ≤ 2 with p = 2 corresponding to the Gaussian case and z(p)
is a partial function.22 Given the ith and jth tetrahedron elements, their four local vertex nodes are Eie and
Eje (e = 1, 2, 3, 4), respectively. If one of vertex node of Eie is identified to any vertex node of jth element, we
assume that jth element is the adjacent element. N is adaptively determined in the algorithm, which consists of
all pairs of adjacent element. bij denotes the weighting assigned to be inversely proportional to the pair {i, j},
for each i, the weights bij sum to 1. If α is unknown, take the above two equations, the optimization problem
can be stated as:

arg max
x≥0

max
αl

{− 1
αl

‖yl − fl(xl)‖2
Λl

− M log αl − 1
pσp

∑

i,j∈N

bij |xi − xj |p} (10)
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In the optimization process, αl is adaptively estimated. Viewing the Equ. (10) as a cost function of αl, and
setting the derivative with respect to αl equal to zero, we can obtain

αl =
1
M

‖yl − fl(xl)‖2
Λl

(11)

By substituting Equ. (11) into Equ. (10), the above optimization problem is converted into

x̂l = arg max
x≥0

{−M − M log(
1
M

‖yl − fl(xl)‖2
Λl

) − 1
pσp

∑

i,j∈N

bij |xi − xj |p} (12)

where x̂l is an estimate of the unknown source density xl. After neglecting constant terms, the Equ. (12) can
simplified as :

l(xl) = −M log(‖yl − fl(xl)‖2
Λl

) − 1
pσp

∑

i,j∈N

bij |xi − xj |p (13)

In practical calculation procedure, for maximizing l(xl) by maximizing with respect to αl and xl using the
following equations:

α̂l =
1
M

‖yl − fl(x̂l)‖2
Λl

(14)

x̂l = argmax
x≥0

{− 1
α̂
‖yl − fl(xl)‖2

Λ − 1
pσp

∑

i,j∈N

bij |xi − xj |p} (15)

Equ. (14) is a straight-forward computation, and Equ. (15) is a computationally expensive optimization prob-
lem. In order to calculate Equ. (15) effectively, the spectral projected gradient-based large-scale optimization
algorithm is employed.24–26 In the optimization procedure, each tetrahedron element of the phantom is updated
sequentially. After every tetrahedron element has been updated, the procedure is repeated, starting from the
first tetrahedron again. We define a single update of every tetrahedron as a scan. There are a number of scans
in the optimization procedure until the stopping criterion is satisfied.

As far as convergence criterion is concerned, we use the discrepancy between the measured and computational
boundary nodal flux data, maximum number of scan, or the discrepancy between the current scan and last scan
log posterior probability to evaluate if the procedure should be terminated, that is, ‖Φm

l −Φc
l ‖ < εΦ, kl ≥ Kmax

or ‖logk(l) − log(k−1)(l)‖ < εlog.

(a) (b) (c)

Figure 1. Heterogeneous phantom. (a) The heterogeneous phantom with Muscle, Bone, Heart, Lungs, Liver and a single
source in the lung; (b) The discretized mesh used in MOSE; (c) The mesh used in reconstruction algorithm.
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(a) Front view
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nano-Wattslmm3
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2OE-05

(b) Right view

(c) Back view (d) Left view

nano-Wattslmm3

3,2E-04
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2.3E-04
1 .9E-04
1 ,5E-04
11E-04
6, 3E-05
2.OE-05

nano-Wattslmm3

:3.2E-04

2.8E-04
2.3E-04
1 .9E-04
1 .5E-04
1.1E-04
6.3E-05
2.OE-05

3 2 E-04
28E-04
2.3E-04
1 .9E-04
1 .5E-04
11E-04
63E-05- 2.OE-05

Table 1. Optical property parameters for the heterogeneous phantom.

Material Muscle Lung Heart Bone Liver
μa[mm−1] 0.01 0.35 0.2 0.002 0.035
μs[mm−1] 4 23.0 16.0 20.0 6.0

g 0.9 0.94 0.85 0.9 0.9

3. RESULTS

In the simulation experiment, a heterogeneous cylindrical phantom with 30mm height and 10mm radius was
used to test the proposed tomographic algorithm. It consisted of four ellipsoids and one cylinder to represent
muscle, lungs, heart, bone and liver, as shown in Fig. 1(a). In the algorithm, we assumed that all optical
parameters were known and were assigned to each of the five tissues, as demonstrated in Table 1. The single
solid spherical source with 1mm radius was put at (−3, 5, 15) inside the right lung. Using the triangle based
surface mesh of the phantom with the maximal element diameter of 0.5mm shown in Fig. 1(b), a Monte Carlo
methods based simulation platform MOSE we developed is modified to generate the synthetic data.27 When
the source reconstruction was performed with the volumetric mesh of the phantom with the maximal element
diameter of 2mm, which was demonstrated in Fig. 1(c). Figure 2 shows four views of the surface light power
distribution with an angular increment of 90 degrees, and red lines as the isoline of light power distribution
depict the diffusive results of source on the phantom surface. Through the different views, the permissible source
region was established as:

PS = {(x, y, z)|13.0 < z < 17.0, (x, y, z) ∈ RightLung}

Figure 2. Four views of the phantom surface with an angular increment of 90 degrees. Red lines represents the isoline of
the surface light power.
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0.07

I0.040.01

nano-Wattslm m
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0.04
0.01

The stopping threshold εΦ, Kmax and εlog were set to 1.0 × 10−8, 10 and 1.0, respectively. The distribution
of bioluminescent source was reconstructed preferably via one adaptive mesh refinements, as also shown in Fig.
3. The used parameters for σ and p were 0.1 and 1.1, respectively. The center position of the reconstruction
result is (−2.81, 4.65, 15.82) and the reconstruction maximum source density is 0.201nano− Watts/mm3. The
absolute position error (APE) between the real source and reconstructed position was 0.912, which was computed
according to APE =

√
(x − x0)2 + (y − y0)2 + (z − z0)2. (x, y, z) is the reconstructed center of source and

(x0, y0, z0) is the actual center of source. The absolute position error showed that the reconstructed center was
very close to the real source.

(a) (b)

Figure 3. Reconstruction results. (a) Result with the proposed algorithm; (b) is the magnified right lung image of (a).

4. CONCLUSIONS

BLT is more ill-posed than fluorescence tomographic imaging in theory with the absence of external exciting
sources. It’s indispensable to incorporate a priori information into the reconstruction method. For the first time,
the BLT algorithm is proposed with Bayesian approach and generalized adaptive Gaussian Markov random field
(GAGMRF) for unknown source density estimation is also developed with the aid of adaptive finite element
analysis. Multiple types a priori information further reduce the ill-posedness of BLT. The employment of adaptive
finite element algorithm makes the reconstruction method approximate for complex phantom. Moreover, the
reconstruction method can realize the preferable localization of bioluminescent source along with the reduction
of time and memory cost.

Another advantage of the proposed algorithm is its regularization property. For most algorithms existed for
BLT, Tikhonov approaches are adopted and the regularization parameter has an important role in reconstruc-
tion result. Although regularization parameter can be determined with the well-known L-curve methods, the
computational burden is expensive. Furthermore, the regularization parameter is not often selected accurately
because of the ill-posedness of BLT. However, our algorithm are iterative and impose regularization to the BLT
problem by setting iteration numbers.

In summary, we have presented a novel BLT reconstruction algorithm based on Bayesian approach and
demonstrated its feasibility and potential with a complex heterogenous phantom. It can provide a preferred
performance in view of reconstruction quality. We are planning to extend our algorithm to the real mouse and
test the performance of the algorithm using real mouse experiments. Relevant results will be reported later.
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