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ABSTRACT

Bioluminescence tomography (BLT) is a novel in vivo technique in small animal studies, which can reveal
the molecular and cellular information at the whole-body small animal level. At present, there is an increasing
interest in multispectral bioluminescence tomography, since multispectral data acquisition could improve the BLT
performance significantly. In view to the ill-posedness of BLT problem, we develop an optimal permissible source
region strategy to constrain the possible solution of the source by utilizing spectrum character of bioluminescent
source. Then a linear system to link the measured data with the unknown light source variables is established
by utilizing the optimal permissible region strategy based on adaptive finite element analysis. Furthermore,
singular value decomposition analysis is used for data dimensionality reduction and improving computational
efficiency in multispectral case. The reconstructed speed and stability benefit from adaptive finite element, the
permissible region strategy and singular value decomposition. In the numerical simulation, the heterogeneous
phantom experiment has been used to evaluate the performance of the proposed algorithm with the Monte Carlo
based synthetic data. The reconstruction results demonstrate the merits and potential of our methodology for
localizing bioluminescent source.

Keywords: multispectral bioluminescence tomography (BLT), optimal permissible source region, diffusion ap-
proximation, adaptive finite element method, singular value decomposition analysis, Monte Carlo methods

1. INTRODUCTION

Small animal imaging is increasingly being used as an important tools to reveal the molecular and cellular
information in vivo.1 To study a small animal with molecular imaging techniques, the animals are typically
transfected with the reporter gene in a viral promoter.2 This mechanism has been adopted for gene expression,
drug discovery and gene therapy etc.3 Bioluminescence tomography (BLT) has emerged as a valuable imaging
technique for non-invasively interrogating a living small animal models. With BLT, 3-D localization is enabled
of a bioluminescence source distribution. Comparing to other optical modality such as fluorescence tomography
(FMT), bioluminescence tomography has a high sensitivity with a low signal to background ratio. Therefore,
BLT is particularly attractive for in vivo applications.

In bioluminescence tomography experiments, the light is emitted when luciferin is combined with luciferase in
the presence of oxygen and ATP, and luciferase enzymes are generally from firefly (FLuc), click beetle (CBGr68,
CBRed), and Renilla reniformins (HRLuc).4 So signal has different emission spectra, roughly from 400nm to
750nm, which can be detected by a cooled charge-coupled device (CCD) camera. Bioluminescent signal measured
on the surface of the small animal forms the basis for BLT reconstruction. However, the unavailability of external
illumination sources, three-dimensional (3D) bioluminescent reconstruction from boundary data is not unique
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and a highly ill-posed inverse problem in the general case.5 Therefore, there is a great impetus for localizing
bioluminescent sources uniquely and accurately.1, 5 At the same time, the development of a fast and robust
tomographic algorithm are topics for further investigation.1, 6

The uniqueness research of BLT shows that a priori information has a quite effect on source reconstruction,5 it
is essential to incorporate sufficient a priori information to get a physically favorable solution. In bioluminescent
experiments, bioluminescent photons emitted at 400nm - 700nm undergo less attenuation, as a consequence,
the spectrum of the bioluminescent source observed on the surface will be modified depending on the depth of
the emission site in tissue. Thus, hyperspectral or multispectral data is expected to reduce the ill-posedness of
he inverse problem and improve reconstruction quality.7 Recently, the importance of the spectral characteristic
of bioluminescent source which can be used as a priori information to improve BLT reconstruction has been
realized. Noted that multispectral data acquisition could enhance the reconstruction result, dimensional disaster
also arises from multispectral measurement and the large-scale data set seriously affects the reconstruction speed,8

so there is an increasing interest in multispectral bioluminescence tomography.6, 7, 9–15

In this paper, a fast tomographic reconstruction algorithm for BLT is proposed and developed. Based on
the diffusion approximation model, adaptive finite element algorithm is employed to reconstruct the underlying
source distribution. Then the linear relationship between the measured data and unknown source is established
through the optimal permissible source region strategy,14 The use of optimal permissible source region strategy
not only reduces the ill-posedness of BLT but also avoids the dimensional disaster arising from the utility of
multispectral data. Furthermore, singular value decomposition analysis is presented for data dimensionality
reduction and improving computational efficiency in the algorithm. Finally, numerical simulations show the
effectiveness of the tomographic algorithm with a heterogenous phantom.

2. METHODS

2.1 Forward model

In bioluminescence tomography, the propagation of photon migration in biological tissues can be well modelled
by the steady-state diffusion equation and Robin boundary condition.16 Taking the influence of light wavelength
λ on tissue optical property into account, the following equations are given:

−∇·(D(x, λ)∇Φ(x, λ)
)

+ μa(x, λ)Φ(x, λ) = S(x, λ) (x ∈ Ω) (1)

Φ(x, λ) + 2A(x;n, n′)D(x, λ)
(
v(x)·∇Φ(x, λ)

)
=0 (x ∈ ∂Ω) (2)

where Ω is a bounded smooth domain in the three-dimensional Euclidean space R3 that contains an object to
be imaged; ∂Ω is the corresponding boundary; Φ(x, λ) denotes the photon flux density [Watts/mm2]; S(x, λ)
is the bioluminescent source density [Watts/mm3]; μa(x, λ) is the absorption coefficient [mm−1]; D(x, λ) =
1/(3(μa(x, λ) + (1 − g)μs(x, λ))) is the optical diffusion coefficient, μs(x, λ) the scattering coefficient [mm−1],
and g the anisotropy parameter; ν(x) the unit outer normal on ∂Ω. Given the mismatch between the refractive
indices n for Ω and n

′
for the external medium, A(x;n, n

′
) can be approximately represented:

A(x;n, n
′
) ≈ 1 +R(x)

1 −R(x)
(3)

where n
′
is close to 1.0 when the mouse is in air; R(x) can be approximated by R(x) ≈ −1.4399n−2+0.7099n−1+

0.6681 + 0.0636n.17 The measured quantity is the outgoing flux density Q(x, λ) on ∂Ω, that is:

Q(x, λ) = −D(x, λ)
(
v(x)·∇Φ(x, λ)

)
=

Φ(x, λ)
2A

(
x;n, n′) (x ∈ ∂Ω) (4)
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2.2 Reconstruction method

In the practical experiment, the outgoing flux density can be detected using the filter of bandpass. Therefore,
the spectrum can be divided into certain numbers of bands τl ∈ [λl, λl+1], l = 1, 2, . . . ,m. Based on the finite
element theory,18 the weak solution of flux density Φ(x, τl) ∈ H1(Ω) on each band τl is given through the Eqs.
(1) and (2):

∫

Ω

(D(x, τl)(∇Φ(x, τl)) · (∇Ψ(x, τl)) + μa(x, τl)Φ(x, τl)Ψ(x, τl))dx

+
∫

∂Ω

1
2A(x;n, n′)

Φ(x, τl)Ψ(x, τl)dx =
∫

Ω

S(x, τl)Ψ(x, τl)dx (∀Ψ(x, τl) ∈ H1(Ω)) (5)

In the framework of adaptive finite element analysis, let {T1, . . . , Tk, . . .} be a sequence of nested triangulation
of the given domain Ω based on adaptive mesh refinement, where the sequence gradually changes from coarse to
fine along with the increase in k.19 Now, we only consider the kth discretized level which includes NTk

elements
and Pk surface measurement points. Then we assemble over all the elements by the finite element method, the
matrix form of Equ. (5) are obtained on the single-band τl:

(Kk(τl) + Ck(τl) +Bk(τl))Φk(τl) = Fk(τl)Sk(τl) (6)

where the components of the above matrices Kk(τl), Ck(τl), Bk(τl), Fk(τl) are given:
⎧
⎪⎪⎨

⎪⎪⎩

kk
ij(τl) =

∫
ΩD(x, τl)(∇ψk

i (x, τl)) · (∇ψk
j (x, τl))dx

ckij(τl) =
∫
Ω
μa(x, τl)ψk

i (x, τl)ψk
j (x, τl)dx

bkij(τl) =
∫

∂Ω
ψk

i (x, τl)ψk
j (x, τl)/(2A(x;n, n

′
))dx

fk
ij(τl) =

∫
Ω ψ

k
i (x, τl)ψk

j (x, τl)dx

(7)

Let Mk(τl) = Kk(τl) + Ck(τl) +Bk(τl), in view to Mk(τl) is a sparse positive definite matrix, we have:

Φk(τl) = M−1
k (τl)Fk(τl)Sk(τl) (8)

By removing those rows of [M−1
k (τl)Fk(τl)] corresponding to nonmeasurable points,16 we obtain:

Φk(τl) = Ak(τl)Sk(τl) (9)

Commonly, the energy contribution of each spectral band τl can be determined by performing a beforehand
spectral analysis, that is S(τl) = ω(τl) · S, where ω(τl) ≥ 0 and

∑m
l=1 ω(τl) ≈ 1, S denotes the total photon

density. At the coarsest level (k = 1), the whole reconstruction object Ω is assumed to be the permissible source
solution S1, taking into account the above spectral distribution, based on Equ. (9), we obtain:

ATAS1 = AT Φ (10)

Where

A =

⎡

⎢
⎢
⎢
⎣

ω(τ1)A1(τ1)
ω(τ2)A1(τ2)

...
ω(τm)A1(τm)

⎤

⎥
⎥
⎥
⎦
,Φ =

⎡

⎢
⎢
⎢
⎣

Φ1(τ1)
Φ1(τ2)

...
Φ1(τm)

⎤

⎥
⎥
⎥
⎦

AT is the transpose of A and AT · A is an mNT1 × mNT1 symmetric matrix, then Equ. (10) has become a
standard linear equation. Given the initial guess S0

1 of S1, the solution S1 can be updated iteratively by:

Sn+1
1 = Sn

1 + αnβn (11)

Where n is iteration number, βn is the searching direction,

βn = ATASn
1 −AT Φ (12)
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el

e2
Figure 1. The sketch of searching optimal permissible source region.

αn is the step size,

αn =
‖βn‖

‖A · βn‖ (13)

In the iteration process, we directly use the measured data Φmeas
1 (τl) to substitute Φ1(τl), because the effect of

noise is low originally. When ‖βn‖ ≤ δ or iteration number n > Nmax, the iteration is terminated and the rough
region of the optimal solution S∗ is obtained, that is Ω∗. We name it the optimal permissible source region and
the sketch is shown in Fig. 1. Otherwise, S1 is updated by Equ. (11).

In BLT, taking into account the real physical meaning, the source density constrain can be taken as a priori
information. Therefore, the nonnegative penalty is adopted during the iteration process.

Reformulate Equ. (8): Φk(τl) = M−1
k (τl)Fk(τl)Sk(τl), taking into account the linear relation between the

unknown source value Sk and boundary measured points Φmeas
k , we have:

Φmeas
k (τl) = Gk(τl)Sk(τl) (14)

Where Gk(τl) can be established by deleting the rows of [M−1
k (τl)Fk(τl)] corresponding to unmeasured points.

Incorporating the optimal permissible source region, we have:

Φmeas
k (τl) = Gk(τl)Wk(τl)Sk(τl) (15)

And Wk(τl) is a diagonal matrix for selecting the permissible region, that is:

Wk(τl) = Diag(wk(11), wk(22), . . . , wk(ii), . . . , wk(NPl
NPl

))

wk(ii) =
{

1 {sk(i) ≥ γksmax
k }

0 {sk(i) < γksmax
k }

When k = 1, sk(i) is the optimal solution S∗ and smax
k is its maximum. k ≥ 2, sk(i) and smax

k are the reconstructed
results prolonged from (k − 1)th level and the corresponding maximum, that is

Sk = Ik
k−1Sk−1 (k ≥ 2) (16)

Sk−1 is the reconstruction result on (k − 1)th level and γk is the ratio factor. By retaining the columns of
[Gk(τl)Wk(τl)] corresponding to the permissible region Sp

k , the final form of the linear system between the
measurable boundary flux Φmeas

k (τl) and Sp
k is obtained:

Ak(τl)S
p
k = Φmeas

k (τl) (17)
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In order to enhance computational efficiency, singular value decomposition was adopted to reduce dimensional
disaster.7 We organized the boundary measurement of different band as a matrix Φmeas:

Φmeas = [Φmeas
k (τ1) Φmeas

k (τ2) . . . Φmeas
k (τm)]T Φmeas ∈ R

m×Pk (18)

A SVD of matrix Φmeas yielded the principal spectral basis vectors ui and the principal depth contributing
vectors vi i.e. Φmeas = ΣPk

i σiuivi. We then constructed a reduced-dimension subspace from the t left singular
vectors corresponding the set of singular values that constitute more than 95% of the energy. The t left singular
vectors U = [u1 u2 . . . ut]T ,U ∈ R

m×t . Each principal basis vector is a function of wavelength τl as

ui = [uj(τ1) uj(τ2) . . . uj(τm)]T , uj ∈ R
m, j = 1, 2, . . . , t (19)

By projecting the measurements and the forward model onto the jth spectral basis vector, we obtain:

b̃j = ÃjS
p
k (20)

where

b̃j =
m∑

i

Φmeas
k (τi)uj(τi), Ãj =

∑m
i ω(τi)uj(τi)Ak(τi) (21)

In the multispectral case, the linear system can be obtained:

bmul
k = Amul

k Sp
k (22)

where

bmul
k = [b̃1 b̃2 . . . b̃t] bmul

k ∈ R
mt

Amul
k = [ÃT

1 ÃT
2 . . . ÃT

t ] Amul
k ∈ R

mt×Pk

Finally, the kth objective function was established:

min
Sk

inf≤Sp
k≤Sk

sup

Θk(Sp
k) = {‖Amul

k Sp
k − bmul

k ‖Λ + σk · (Sp
k − Sinit

k )T (Sp
k − Sinit

k )} (23)

where sk
inf and sk

suf are the kth level lower and upper bounds of the source density; Λ is the weight matrix,
‖V ‖Λ = V T ΛV ; σk the regularization parameter. Sinit

k is initial value at the kth level. And a spectral projected
gradient-based large-scale optimization algorithm is modified to solve the least square problem.20–22

3. RESULTS

In order to evaluate our approach, a heterogeneous phantom of 30mm height and 10mm radius is designed. It
was made up of four ellipsoids and one cylinder to represent muscle (M), lungs (L), heart (H), bone (B) and
Liver (Li), as shown in Fig. 2(a). Taking into account inverse crime, a virtual optical environment (MOSE) is
employed to produce the synthetic data which is developed to simulate the photon transportation based on Monte
Carlo Method.23 The discretized mesh used in MOSE illustrated in Fig. 2(b) has a maximum element diameter

Table 1. Optical property parameters in different wavelength range (Unit: mm−1).

Wavelength 500− 550nm 550 − 600nm 600 − 650nm 650 − 700nm 700 − 750nm
μa μ

′
s μa μ

′
s μa μ

′
s μa μ

′
s μa μ

′
s

Muscle 6.2e− 4 1.34 2.5e− 4 1.28 2.1e− 4 1.22 3.4e− 4 1.18 1.2e− 3 1.14
Lung 2.7e− 2 2.41 7.1e− 3 2.30 2.0e− 3 2.21 1.4e− 3 2.12 2.8e− 3 2.04
Bone 9.0e− 3 3.34 2.2e− 3 2.93 6.0e− 4 2.61 3.6e− 4 2.34 5.9e− 4 2.21
Heart 9.1e− 3 1.28 2.2e− 3 1.13 6.9e− 4 1.00 5.8e− 4 0.91 1.4e− 3 0.82
Liver 5.4e− 2 0.83 1.2e− 2 0.76 3.4e− 3 0.70 2.0e− 3 0.65 3.0e− 3 0.60
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U

(a) (b) (c)

Figure 2. Heterogeneous phantom. (a) The heterogeneous phantom with Muscle, Bone, Heart, Lungs, Liver and a single
source in the lung; (b) The discretized mesh used in MOSE; (c) The mesh used in reconstruction algorithm.

of 1mm. In the experiment, the solid spherical source with 1mm radius had source power of 1nano−Watts and
was put at (−3, 5, 15) inside the right lung as shown in Fig. 2(a). The initial coarser mesh used in reconstruction
algorithm was demonstrated in Fig. 2(c) with the maximal element diameter of 2mm. Based on the emission
spectral distribution, the spectrum [500nm ∼ 700nm] can be divided into five discrete bins with steps of 50nm.
In the experiments, the optical properties of each component are assumed as a priori information and optical
property parameters of each bin are compiled in Table 1.6

In the reconstruction process, in order to compare with our algorithm, several reconstruction algorithms were
performed in the same data set and computation environment which was Pentium 4 2.8 GHz and 760 MB RAM.
First, the reconstruction algorithm (Tradition) without optimal permissible source region nor SVD was carried
out as shown in Fig. 3(a). Figure 3(b) demonstrates the reconstruction result using the method (Optimal) only
with the optimal permissible source region strategy. Finally, with the proposed algorithm, the reconstructed
result was shown in Fig. 3(c). Quantitative comparisons were compiled in Table 2. The comparison results
reveals the method’s capabilities for fast localizing the bioluminescent source accurately.

(a) (b) (c)

Figure 3. Reconstruction results. (a) The result with traditional method; (b) The result only with optimal permissible
source region; (c) The reconstructed result with proposed algorithm. The cross section perpendicular to z-axis direction
is through the actual source’s center. The black circle denotes the actual source positions.

Table 2. Quantitative comparisons between different methods

Methods Actual position Reconstructed position Reconstructed time (hours)
Tradition (−3, 5, 15) (−2.96, 5.43, 15.81) 12
Optimal (−3, 5, 15) (−2.96, 5.44, 15.82) 0.67
Proposed (−3, 5, 15) (−2.96, 5.44, 15.82) 0.5
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4. CONCLUSIONS

Multispectral BLT is becoming new research hot spot and facing many challenges such as the ill-posedness of
BLT and computational burden. In the paper, an optimal permissible source region strategy is developed to
reduce ill-posedness of BLT and a singular value analysis is adopted to enhance computational efficiency. The
reconstruction method can realize the preferable localization of bioluminescent source along with the reduction
of time and memory cost. In this paper, using the proposed BLT algorithm, the localization of bioluminescent
source is preferred. The ill-posedness of BLT is not only reduced, but also the computational efficiency is
improved. The future work is to further verify the proposed algorithm with the physical BLT experiment and
the corresponding results will be reported later.
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