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Sequential Inverse Optimal Control of
Discrete-Time Systems

Sheng Cao ¥, Zhiwei Luo

Abstract—This paper presents a novel sequential inverse opti-
mal control (SIOC) method for discrete-time systems, which cal-
culates the unknown weight vectors of the cost function in real
time using the input and output of an optimally controlled dis-
crete-time system. The proposed method overcomes the limita-
tions of previous approaches by eliminating the need for the
invertible Jacobian assumption. It calculates the possible-solution
spaces and their intersections sequentially until the dimension of
the intersection space decreases to one. The remaining one-
dimensional vector of the possible-solution space’s intersection
represents the SIOC solution. The paper presents clear condi-
tions for convergence and addresses the issue of noisy data by
clarifying the conditions for the singular values of the matrices
that relate to the possible-solution space. The effectiveness of the
proposed method is demonstrated through simulation results.

Index Terms—Inverse optimal control, promised calculation step,
sequential calculation.

I. INTRODUCTION

HE standard optimal control problem concerns finding the
T state and input trajectories for a dynamical system. In this
regard, the inverse optimal control (IOC) approach is gener-
ally employed to obtain the weighting parameters of the cost
function using the input/output data generated by optimal con-
trol.

In many fields, such as robotics [1], biological systems [2],
[3] and marketing systems [4], the optimization of the sys-
tems’ behavior has been studied using the IOC method.

In [1], a method is proposed to estimate the cost function of
human operators for human-robot interaction control. The
I0C method was utilized in [5] to analyze the route choices of
taxi drivers. To evaluate the cost combination of human
motion, in [6], the IOC method was utilized to analyze the
reaching movement of the human arm. Furthermore, biologi-
cal behavior has been modeled as an inverse linear quadratic
regulator problem, and an adaptive method was proposed to
model and analyze human reach-to-grasp behavior by [7].

As mentioned in the literature, there are two main groups of
IOC. One has a hierarchy structure that updates the cost func-
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tion in the higher stage while the forward optimal control
problem is repeatedly solved in the lower stage to minimize
the evaluation function between the original data and the gen-
erated data. In [8], where the IOC problem is formulated by
another form (the inverse-reinforcement-learning method),
cost weights are adjusted to better evaluate the observation-
feature values and maximize the entropy of the trajectory-
probability distribution. When considering the I0C problem
as a special bilevel optimal control problem [9], where the
lower level is the optimal control problem and the upper level
is the inversion problem, the IOC problem has been consid-
ered for simple dynamical models [10]. To analyze locomo-
tion movements, the authors of [3] proposed a bilevel opti-
mization method based IOC method. In [11], mathematical
programs with complementary constraints in the context of the
IOC method are discussed for the application of locomotion
analysis. In [12], the bilevel optimization problem for IOC is
transformed into a single-level problem, and a globally opti-
mal solution is computed. Although these methods are effec-
tive and have been utilized in many applications, such as
human-motor behavior analysis, robot navigation, and
autonomous driving, they require significant computational
costs in the lower stage to repeatedly verify the updated cost
function.

Conversely, the second class of IOC research focus on solv-
ing this problem by exploiting several optimality equations,
such as Pontryagin’s maximum principle-based equations
[13], and Euler-Lagrange equations [2]. In [14], a linear com-
bination of feature functions with unknown weight parame-
ters was formulated to approximate the original optimal cost
function. In [15], the recovery of the weight parameters of the
finite-horizon, discrete-time optimal control was considered.
For practical applications, it is important to obtain the cost
weights in real time. In [16], a method is proposed for the
online calculation of discrete-time IOC in both finite and infi-
nite horizons; however, it requires the invertibility condition
of a Jacobian. In addition, the convergence of the cost weights
has not been theoretically investigated.

Control Lyapunov function (CLF) based IOC is an essential
paradigm in control theory, where a stabilizing feedback is
designed first and then shown to be optimal for a cost func-
tion. In recent years, there have been numerous contributions
to address the limitations of CLF-based IOC. The extended
Kalman filter (EKF) has been utilized in some studies to con-
struct a CLF [17], [18]. Furthermore, some researches have
applied CLF-based IOC to non-linear inverse optimal control
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problems [19]. Additionally, some works have developed
data-driven non-linear stabilization schemes utilizing the
Koopman operator [20], and focused on learning simple poly-
nomial CLFs from counterexamples and demonstrations for
non-linear dynamical systems [21]-[23]. Despite these
advancements, notable limitations of CLF-based IOC method
persist, including the inability to explicitly specify a clear
optimal cost function and the difficulty in selecting and
adjusting parameters, which often requires extensive experi-
ence and expert knowledge.

Moreover, the problem of noisy data is a source of concern
in IOC research. The authors of [24] analyzed the IOC prob-
lem for discrete-time finite-horizon LQR as an optimization
problem and proved that the solution to the problem is statisti-
cally consistent. They utilized the data from multi-observa-
tions to complete the offline IOC method. In [25], building on
the work of [24], the authors recast the IOC problem as the
identification of a parameterized causal and anti-causal mixed
system exited by boundary conditions. They clarified suffi-
cient identifiability conditions for the unknown parameters in
terms of the system model. Besides, [26], [27] also emphasize
the consideration of data noise. Although the aforementioned
methods are effective in tackling problems of noise for the
offline IOC problem of discrete-time finite-horizon LQR, it is
still necessary to consider the noisy problem in the I0C
method in (1) online calculation and (2) nonlinear system’s
I0C method.

This paper proposes a novel SIOC method to address the
issues mentioned above. The method recovers the cost func-
tion of an optimal control problem from input/output data
acquired step-by-step, and solves the inverse optimal control
problem sequentially with a promised convergence speed. By
assuming the positivity of a Jacobian, this method is applica-
ble even if the invertible Jacobian assumption required in [16]
is not satisfied. Most importantly, the method clarifies the
conditions for the convergence of the weight estimation in
every step, which can be utilized in the analysis of real appli-
cations. On the other hand, in this study, the noisy data prob-
lem is considered for the online recovery of the cost-weight
vector. We also analyze the effect of noisy data on the possi-
ble-solution space and propose a one step selection method of
the possible-solution space for the noisy case using noisy data
from multiobservations. Contribution of this research comes
from three aspects.

1) The first contribution is the promised solution’s calcula-
tion speed and the conditions that enable it. We discuss the
conditions for the decrease in the dimension of the intersec-
tion space. Consequently, if any of the conditions listed (The-
orem 1) is satisfied, the dimension of the intersection of the
solution’s space will decrease in each step, allowing us to
obtain solutions within a promised number of steps. This is
beneficial for applications that require high-speed calcula-
tions.

2) The second is the establishment of a sequential IOC
method without utilizing the invertible Jacobian assumption in
[16]. Notably, although the invertible Jacobian assumption is

widely used in the solution of the forward finite and infinite
horizon optimal control of the discrete system, as highlighted
in ([28]), some necessary conditions are proposed to apply the
method for the system dynamics even if the invertible Jaco-
bian assumption is not satisfied.

3) The third is the development of an efficient method for
tackling the noisy data problem in the online IOC calculation.
If we have prior knowledge of the maximum error value, we
can analyze the effect of the error on the possible-solution
space in our method and propose two conditions for selecting
the possible-solution space. Simulation results show that this
method is effective.

II. PROBLEM FORMULATION
Consider the dynamics of a discrete system

Xt = f (X, ) (1)
where f(:,:):R"XU — R" is a continuously differentiable
function, x; = [x,,...,x{]" € R" represents the system states,
g = [u,....u" 1" € U denotes the control input of the system
belonging to a closed, bounded and convex constrained set
U S R™. xpo k) denotes the state sequence {x; : 0 <k < K} and
ujo,x] denotes control input sequence {uy : 0 < k < K}.

In the standard optimal control problem, we design the opti-
mal control input ”[*0, Kl and obtain a series of optimal state
xE‘O’ x to minimize the following cost function, subject to
dynamics (1) (upperscript * stands for the optimal condition):

K
Clxwttiq) = Y q" F i up) @)
k=0
where F(x,uy) is a feature vector function defined as

F(xg,ur) = [Fyy. Fi1T € RY . A3)

Here, the terminal step K can be K < co or K — oco. The vec-
tor, ¢ = [q%,,q7 1" € R" represents cost weights, in which vec-
tor g, € R™ represents a weight vector with respect to x; and
ug, and vector Fxy = [Fru(tys- s Frugna) € R™. The
scalar F i) represents the i-th feature function related to x};
and u}( qu € R™ denotes the weight vector accounting for the
control input uy, while Fy = [Fuk(l),...,Fuk(,,u)]T € R™ repre-
sents the feature function purely related to u. It is assumed
that the norm, ||g|| = 1, is fixed and known priorly. The total
number of features n; satisfies ny = ny, +n,.

In our problem, we assume that x[o k] as well as uj k) con-
stitutes a solution to minimize (2) for system dynamics (1).
The objective of this research is to realize the online estima-
tion of the cost weight vector ¢ in cost function (2), i.e., to cal-
culate vector ¢ online for the given system state x; and the
control input u; without the storage and batch processing. The
time horizon K is known priorly.

III. SEQUENTIAL IOC FOR THE NOISE FREE CASE

In this section, we introduce the maximum principle for the
finite and infinite horizon, optimal control problems, which is
applicable when any condition provided in Assumption 1 is
satisfied. Based on the introduced maximum principle, we
propose a sequential [OC method.
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A. Maximum Principle for the Finite and Infinite Horizon Opti-
mal Control Problems

The Hamiltonian function associated with the optimal con-
trol problems given by (1) and (2) is defined as

Hi(X—1, -1, A @) = q" F (X1, 1)

+A] (et 1) 4
where A, € R" (k > 0) denotes the co-state vector.

The column vectors of the partial derivatives of the Hamil-
tonian with respect to x;_; and uy_ are Vo Hy(xp—1, k-1, %, q) €
R"and V, Hy(xx—1,ux-1, Ak, q) € R, respectively.

Assumption 1: The partial derivative of the dynamics satis-
fies any of the following two conditions for all k > 0:

1) % is invertible;

2) % satisfies the following positivity condition:

AFi(xy,

L,’;uk)ZOVn,-,njE1,...,nwheren,~¢nj 5)
(9xk’

Of"™ (xk, ug)

—n,->0 Vnj€el,...,n (6)
8xk

where f"/ represents the n;-th element of function f(xy,ux)
and xzi represents n;-th element of vector x.

In [28] (Theorems 2.2 and 2.6), it has been shown that both
the assumptions of Jaocbian’s invertibility (Assumption 1-1))
and positivity (Assumption 1-2)) can be used to establish Pon-
tryagin’s maximum principles in both finite and infinite hori-
zon discrete-time optimal control problems. These assump-
tions are especially necessary for infinite horizon problems.
While the previous study [16] of online IOC assumed Jaco-
bian’s invertibility to establish the discrete-time maximum
principle, this assumption may not hold for some system
dynamics. Therefore, the Jacobian’s positivity assumption
(condition) is proposed in [28] as an alternative to the invert-
ible assumption (condition). For example, it suffices to con-
ar'i Coktg)

sider the case where =1 for all n;,n; to see that

Assumption 1-2) is fulﬁlledk and % is not invertible since its
rank is equal to 1.

In addition, as in [16], the inactive constraint times of the
control input are defined as

Definition 1: Given the control input, uy, for k > 0,

ki 2{0 <k <I:u €int(U)} @)
is defined as the set when the control constraints are inactive.
Here 1 represents time larger than 0, and int(Z{) denotes the
interior of the inactive control constraint set, U.

Based on [16], [28]-[30], for the above assumptions and
definition, the following lemma holds:

Lemma 1: Suppose that the optimal control problems
defined by (1) and (2) are solved by trajectories xjox; and
upo,x; and if the Assumptions 1-1) or 1-2) hold, then there
exist co-state vectors Ay, ..., Ag that satisfy the combined Pon-
tryagin’s maximum principle as

Pl i@+ Fh A = At ®)
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for all 0 <k < K with Ag,; =0 if K < o0, and Ak, undefined
if K — o0, and

5T T
Foy—1q+ fuge-1y% =0 )

for all k € ki, where ki denotes the inactive constraint times up
to and including time K.

Here, Fx(k) = gT[;’ Fu(k) = gTi’ fx(k) = 667{( and ﬂ(k) = 57}:( The
co-state A varies in backward recursion in discrete-time opti-
mal control.

Proof: Generally, (8) and (9) can be obtained by calculating
the gradients of (2) for (1) using (4) with respect to the vec-
tors xz and uy, respectively. The brief proof of this lemma for
the assumption is given in [16] (Lemma 1) by using the results
of [29] (Proposition 3.3.2) and [30] (Theorem 2). It is also sat-
isfied for Assumption 1-2), as is proven in [28] (Theorem
2.6). ]

B. Construction of the Sequential IOC Method

If the optimal control problems of (1) and (2) are solved by
(x[1o,1,1, u0,7,1) Which are the solutions to (8) and (9), then
by considering (9) in steps k and k— 1 and substituting (8) in
step k, we have

Hpsp =0 (10)
f‘f ~ f‘[' FT " T - FT
where H; = [ u(k _}) x(k) u(k—1) . u(k—1)" x(k) and s =
u(h) Fuw

A
k+1], by considering (8), a backward recursive relation from

Sk to sx_1 can be formulated as follows:

Micsi = sk-1
fao Faw
Ol’lfxn Inf
Here, 1, € R"*"f denotes the unit matrix and Onyxn € RX7
denotes the matrix where all the elements are zero. Notably,
(10) holds only when k,k—1 € kx and (11) holds always even
itk ¢& k.
Thus, by introducing all historical M; (i = h,...,k) with &
denoting step & < k, it is easy to backward calculate s;, of step
h with

(11)

where M, is defined as M; = { ] € RUmtnp)x(ntny)

(12)
where M), denotes a matrix defined as M), = ]—[;‘:h .1 M. and
it satisfies the forward recursion as My = M1 M.

Since vector s;, contains the cost-weight vector, g, as well as
the co-state Aj;4;, our goal of constructing the online 10C
changes to finding vector s;, based on the finite forward steps
of k.

From (10), it is known that s; locates in the null space of
Hy, and s, can be calculated as follows:

My sk = sp

sk = (Iy — H H)ry (13)

where r, € RY denotes an arbitrary vector and H; represents
the pseudo inverse matrix of Hy.

For step i in the duration from step h(To<h<k) to
k(To <k <Ty), we have

Opiyri = Mp:i®jri = s (14)
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where Dy = My.i(Iy —H?'H,') = M;.;®; with h<i<k and
®; = Iy—H; H..

Here, the column vector space of ®p;) can be denoted as
Loy, = span(®@p;) for h <i <k, where span(:) denotes the sp-
an of the matrix. From (14), we have s; € F(ph(’.) forh<i<k.
Therefore, the spaces of I'p, ..., [, are the possible-solu-
tion spaces, and the intersection of these possible-solution
spaces is defined as I'g,, = T'o, ) N+ Nlay.

Thus, we have s, € I'q,,, which implies that vector s, exists
and always belongs to the intersection subspace.

To obtain s;, it is necessary to discuss the decrease in the
dimension of I'q,, as k increases.

Proposition 1: If ', | & Ly the dimension of the inter-
section I'q, ; will be decreased; that is,

dim(Tq,, ,) > dim(Tg,,)

where I'g,, means g, =T, NNl
Proof: It is clear that, for any vector space, L'q,, and L,

(15)

dim(T'g,, Nlay;) < dimTa;) (16)
the equality sign holds when 'y, C Ty ;-
Since I'g,; =Tq,,;_, NT'a,;, we have
dim(Tg,,,) < dim(Tq,,, ), h<i<K (17)

the equality sign holds when I'q,, | C g,

Therefore, if I'q,, , £Te,;, the dimension of Ig,, will
decrease as k increases. [ ]

From Proposition 1, it is clear that with the increase in the
step, at some step instant k¢, the rank of the common intersec-
tion subspace of | ,Fq;h(kf) becomes one and this unique
intersection is s

Here, we give the main result to clarify the condition for the
decrease in the dimension of intersection space I'g, ;.

Theorem 1: Under Assumption 1-1), if any of the following
two conditions is satisfied, thenI'q,, | € 'p,;:

a)

i) f;Yh < j<i-lis full rank;
ii) £, is full rank.

b)

i) dim(f) ;) <mVh < j<i-1;

i) F ’f(l.) is full rank;
iii)
i1
Z dim(null(f, ;) < N:(i)
j=h
where N (i) denotes the dimension of the null space of I'p,,
and dim(:) denotes the dimension of the column vector space
of the matrix.
Proof: The proof of this theorem is shown in Appendix. W
Therefore, if Conditions a) or b) of Theorem 1 is satisfied,
the dimension of the intersection of the possible-solution
space will decrease in every step.

C. Calculation of Vector sp

1) Calculation of the Intersection Space: Here, Q; is the
matrix related to the intersection of the possible-solution

spaces, which is initialized in step / and is updated in every
cycle.

From TIg,, ﬂl"cph@ = nu]l(null(l"q)h(i))Unull(l"gh:ifl)), we
can calculate Qg by

Qg = Qpi = null(Yy)) (18)
where Yji) = [null(Qh;,-_l)T,null(Qh(i))T]T can be represented
by singular-value decomposition by ¥, = WAVT. W and V
are unitary matrices, A is a rectangular diagonal matrix with
non-negative values on the diagonal.

When dim(I'g, ;) = 1, Q4 becomes vector V,, which is the
row vector of V related to the smallest singular-value of A.
From Yj;)s, =0, it is clear that s, may maintain the same
direction with V,, or —V,,. From the fact that right s;, can make
the cost function be positive while using —s;, instead of s
make the cost function become negative on the contrary, sy,
can be selected as

Vaap,
Sp =
= Vaay,

C(xg,ur,g) =0

R (19)
Cloxk ux,q) <0

where § = [Vypaplnsiinin, is the vector constructed by the
(n+1)-th element to the (n+ny)-th element of vector V,a,,
a, = %, Valn+1nen, denotes the vector constructed
by the (n+ 1)-th element to the (n+ny)-th element of V,, and
the ||g|| is known prior. Here, we use a previously known norm
of g to scale V, to obtain a unique and right-cost weight
vector.

2) Calculation With Control Constraints: When control

constraints exist, the calculation procedure is designed as fol-
lows:

u; € int(YU) & u;_y € int(U)
u; € int(U) & uj—y ¢ int(U)
Otherwise.

Lo, =Tq,, N F(Dh(i)’
Reinitialize Tq, ,,
Skip the Step,
(20)
We halt the calculation when the control constraint is active
and reinitialize, restart the IOC calculation when it is inactive.
The high calculation speed of our method makes it possible to
quickly complete the IOC calculation after the active duration
of the control constraints so that it is not necessary to store the
data of the duration before the control constraints are active
[16].
The total calculation in the noise-free case is shown in
Algorithm 1.

IV. WHEN NOISE EXISTS
When measurement noise or numerical errors exist, the

noisy-system state, X, and control input, i, introduce errors
into the calculation of ®p;), resulting in the deviation of the
calculated possible-solution space from the correct result.
Here, we also introduced a method for tackling this problem.
First, in this research, we assume that the noise of the mea-

sured X and i satisfies the following conditions:
[1X]] = [lx = &l < ex
llatl| = [l — 2l < €,

@n

where €, and ¢, are two positive scalars. Furthermore, we
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introduce the following assumption of the system dynamics
and feature function.

Algorithm 1 Online Implementation (Noise-Free Case)

Input: x;,u;,llgll

Output: s,

Initialization :

1: Compute a Hy, and ®y.

2: Initialize matrix Q= @y, which represents the intersection of
possible-solution spaces.

LOOP Process

3:fori=h+1to K do

4:  if y; € int(U) then

5 if u;_| ¢ int(U) then

6 Calculate @p;, and reinitialize Q; = @y

7: Continue.

8 end if

9 Calculate CD;,(,‘), null((bh(i)) and null(Qy).

10: Calculate To,NTg,, by constructing the matrix

Yagy = [null(@p)T,null(Q,)7]7 and compute the null space of Y.
Here, I'q, denotes the vector space of Q.

11: if rank(Yj;) < N—1 then

12: Update Qg = null(Y))

13: end if

14: if (rank(Yh(,-)) =N- 1) then

15: Q, is decreased to a vector with Q, = null(Yy)).
16: Get the unique solution following (19).

17: end if

18: end if

19: end for

20: return s,

Assumption 2: Function fu(k),fx(k)» Fu(k), Fx(k) satisfy

Ity = FuollF < whllGug = )l < wh e
| fety = Freolle < whliOo = 0l < e
Fuioy = Fulle < wh i — i)l < vk e,

IF v — Faolle < w11 — 201 < v e (22)

where symbols ﬁ(k), féx(k), Fu and If"x(k) denote the terms
with noises and || : || denotes the Frobenius norm, and l/f,): , n//f; ,
wh and ! represent the positive scalars.

In practical applications, the parameters v, w/., ¥, and ¥
represent the degree of influence of the disturbances in the
system input u; and system state x; on the system dynamics
equations fu(k), fx(k), Fu(k), and Fx(k). They quantify the
weight of input and state disturbances in the system dynamics
equations and feature functions, which is crucial for design-
ing robust controllers and evaluating system performance. In
order to determine the values of these parameters, one would
typically rely on prior knowledge about the system, such as
the system’s sensitivity to disturbances in its input and state
variables. This information can be obtained from system iden-
tification or previous experimental data.

Using the noisy data, (10) and (11) can be expressed as fol-
lows:
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Hisi = eZ
Mksk = Sk—1 t+ e}? (23)
T T 5T T AT
R F + F R
where £ :l u(k—Ll[) x(k) u(k-1) 2Tu(k—l) | and M, =
] (k) Fuw
oT bl
(k) xk) | respectively.
Oann Inf

Here, since the existence of noise will affect (i)h(i) = Ailh;,'(:)i
at each step for (h <i<k), s, will not belong to the column
vector space of (i)h(i) and the direction of the final estimated
cost-weight vector will deviate from the correct result.

To solve this problem, we adjust the calculation of the pos-
sible-solution space by selecting an appropriate method to
replace the original calculation method of ®; and null(®y;)) in
each step in the noise-free case. With the following method,
this goal is achieved in three steps:

i) Based on A and the range of the noise error, we calcu-
late matrix, T , which spans a vector space contz}ining Sk-

i1) We utilize T,:Ik and My to calculate matrix @y and sub-
sequently calculate the matrix T@,h(k) which may span a vector
space containing sj.

iii) We calculate the intersection of spaces spanned by T'g,
(h <i < k) obtained in each step.

1) Method of Tackling the Effect of Noises on Hy: From (23)
and Hs; =0, we have

h(k)

24

where Hy = Hy — H;. By performing singular-value decompo-
sition (SVD) of matrix Hy, we have

ﬁksk = eZ = I:Iksk

H, = WﬁkAﬁk ng
with two unitary matrices Wy, and Vy and a rectangular diag-
onal singular-value matrix, Ay . )

Here, it is clear that the existence of the Hj term affects the
estimation result; as such, s; will not lie in the null space of
H,. We analyze the condition of the Frobenius norm of H; in
the following lemma first.

Lemma 2: The Frobenius norm of Hj, is bounded and satis-
fies the following:

IHKF < VB +52

(25)

where
B1 = 202 Te(fT, fra)
+ chzE)%Tr(féuT(k—1)ﬁ4(k—l)) + '/’z/:z &
B2 =202 + 3y L2 Te(F T F o)
+ 3y 2T fugery) + w2 el.

Proof: From the definitions of Hy and Hy, H] Hy can be rep-
resented as

_|™ ho} (26)
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where hy = (fx(k)fu(k ) +fx(l<)fu(k 1) (fu(k 1 x(k) fu(k l)fx(k))+
fu(k)fu(k) and hy = (Fugety + Fao futke + P fuo-) (Fl_ +
fu(k 1 x(k) +fu(k 1 x(k))+ Fu(k)Fu(k)
Then, from (21) and (22), we have
2 2 a
Tr(hy) < 2y € Te( [ fua)
2 & 2
+yl E)%Tr(fzk_l)fu(k—l))+‘/ft/: & =B
Tr(hy) < 2947 € +3pL € Tr(F L Faky)

+ 3Wf2€%Tr(f;T(k_1)ﬂ(k—l)) + ‘//qufg =B
Since Tr(H] Hy) = Tr(h) + Tr(hz), we have

|HllF = [ Te(H] Hy) < B +B2

where Tr(:) represents the trace of the matrix. [ |
Based on the above condition of Lemma 2, we attempt to
derive a condition of singular-value relating to the appropri-
ate column vectors in Vy , which can be utilized to build a
subspace that always contains si.
Theorem 2: If the following condition of the j-th singular-
value of Hy is satisfied:

N> LB

where €, is a positive scalar. The corresponding Vrj?
k

27)

(28)

(29)

(30)

satisfies

T _Sk_
A ||
Proof: First, since Va, is a full rank matrix, a vector, 7, will
always exist such that s =V 7. Here, since we attempted to
calculate the intersection of the possible-solution space
obtained in each step, if the matrices spanning these spaces
are all full rank, the dimension of the intersection space will
not decrease and the estimation of the cost weight will not be
completed. Therefore, it is required to select an appropriate
subspace of the column vector space spanned by Vi, contain-
ing vector sy at each step and finally calculate the intersection
of these vector spaces to obtain the result.
From (24), we have Tr(s,{I:IkTI:Iksk) =
thermore, we get

Tr(sIZI:IkTI:Iksk). Fur-

Trisg Vg A A, Vi 50 = TrH] Besis). - 31)

Using sg = Vp 7r, we obtain the inequality formulated
below:

Tr(A} Ag GO = Tr({ BT < Tr(A{Hy) - (32)

VT sk/|Iskll is the unit vector of 7. Here, although
we cannot determme the exact value of 77, each element of
unit vector 7/ can be regarded as the score evaluating the rela-
tion between vector si/||skll and each column vector of V,:,k
(orthogonal, parallel, otherwise). When the j-th element
(Vj<N) of # satisfies [I7/°]| = v;;fsk/nskn =0, V;L]T has no
relation with s, and the correspondking Jj-th diagonalk element

where 7

in matrix A Ap w111 not have any effect on Tr(AT A 7 AI‘(’T)

k
Here, we des1gn a set, T, of the diagonal elements of AHk as

follows:
A o —yiT
Ty A 13 = Vi s/l < )
where the positive scalar €, is a threshold that can be appropri-

ately selected.
Since AL AI:Ik is a diagonal matrix, we can rewrite

Tr(Af A

A0A0T

Hkkk)as

N
TrAp Ap 1) = ) AL A RTY < Tr(] Ay - (33)
Jj=1
where [:]/ represents the j-th diagonal element of the matrix.
All [“’“’T]/ satisfy 0 < [?Z?zr]j <l
Thus, from (33), it is clear that any Ag
k

A-" > L Jrr@dl ay) =

satisfying
l VB1+B2 is the possible singular-

Value corresponding to the column vector VA K making
V/ sk < €l|skll. [ ]

Theorem 2 shows that all the column vectors of Vg, corre-
sponding to the diagonal elements of A e that satisfy the con-
dition AJA > — W have little correlation with the vector

sk. All the column vectors in Va, that satisfy V] Sk = €|kl
Hy

are related to the diagonal elements of Ay that satisfy the

condition A/ <1 \/,81 5.

Therefore we select the n, column vectors in Vy corre-
sponding to the diagonal elements of Ay that satisfy the con-

dition A;q < El VB1 + B2, which makes it possible for VI]_;I to
[ k

satisfy Vgsk > 6)|lskll. We can then construct a new matrix
T}y, with n, columns and find a vector 7 such that T satis-
fies the following inequality:

lisk =T Pill < /1= €mllsill (34

where €2n, < 1 according to the conditions IITIS sl = €2ny ||kl
k
and [T sill < IVE sell = lisill
In practice, the degree of correlation between s; and the col-
umn vectors in Ty can be estimated using the threshold of
1 — €2n,||stll, allowing us to choose suitable values for €, and

n, to ensure a satisfactory degree of correlation. Therefore, we
can utilize T, to replace Oy in the calculation.

2) Method of Tackling the Effect of Noise in d)h(k) In the
noisy case, due to the noise on M. in step k, (12) becomes

A?h'ksk = Sh+€;,1k (35)

where ¢}, = = Mpxs¢. Furthermore, by representing s; using

Theorem 2 s result, we have

(36)

and the calculation of @y in the noisy case can be formu-
lated as follows:

ey = M Ty, Ty

(37

Therefore, after performing SVD in the noise case (37), we

Dpyy i = Mh:kTﬁk?'k ~ sy + ejrl/lk'
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have

& . T
q)h(k) - WCDh(k) A‘:Dh(k) Vﬁ)h(k) :

Furthermore, from the result of Theorem 2, the formula for
calculating of ®y;) can be expressed as

Do Pk = Mui T Fic = s (38)
It is clear that the remaining effect originates from the noise
term, My = Mk — M.
We propose a lemma to clarify this effect below.
Lemma 3: The Frobenius norm of matrix IIAilh;kH Fis

bounded and satisfies the following condition:

IMyillF < i (39)
where = (IMille + bi) yee1 + bk IMpg—illp, b=

Yk
\/Tr<f;’(k)ﬂ<k> +F1 Fu) = \yhe+yhe and yi = |10 |1p =

by
Proof: First, from the definition of M}, it obtains
3 f F
M, = [ fwoy  Fxw . (40)
Oann Oﬂf
From this equation, we have
IMllF < \/TV( (k)fx(k) +F o Fai) = br.
Since My = MMy — My M1,
Myl = |IMMygr + My Mpgi |l
< Ml M1l + M|l M- || (41)
where [|Mllp < [|MkllF +|MgllF.
Then, we have
IMpillr < vk = (IMillF + bi)ye-1 + bl Mpk-1 1l (42)
| ]

The following part is proposed to clarify the condition of
singular-value of (i)h(k), whose related column vector in Wq’h(k)
is the possible null space of <I)h(k)

Theorem 3: The singular-value of CDh(k), corresponding to

Izk, w!
Pty Dty
lies in the set that

i 1
AL < —+mN

< 43
Dpy €, “43)

where Z(Dfl(k) denotes the null space of the column space of

dD;l(k) as qu

Here, IIZT, WJ
h(k) Dk
column vector of Wg, .
than ;.

Proof: First, from (37) and (38), we have

= null(®), (k)) and ¢, is a positive scalar.
|| indicates that the projection of the j-th

o O the null space of CDh(k) is larger

7L &pi =25, MuiTy .
0 h(k) L h:kd g, (44)

(i)h(k), we have (i)h(k) =

. Thus, from (44), we have

By performing SVD on

. . T
Wq)h(k) Aq)h(k) VcD
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Tr(A ZI;h(k) WéT)h(k) (D;z(k)ZqT);z(k) W&)h(bAéh(k))
= TH(T}, Ml kzq,;l(k)zf%(k) MuTg,) (45)
where 77 = 7/|[7l| is a unit vector. Since pg, , = V(IT) k)rk isa
unit vector, the left hand side of this equation satlsﬁes
TriAg Dy Wgh(k) q’Z(k)Zg}l(k) W Ny
< Tr(Agh R gh(k)z‘l’?ngj,(k) W) (46)

Each column vector in Zq); © and Ws, o A0 be represented
1

as Zgr =|[n1,...,n;.] and W; wlo Wl , it is
) [ sl b = =[ by’ q)h(k)]
clear that j-th diagonal element of matrix AT WI x
DOpy  Dpy
T . T 2. ...
(D/’(")Z(Dh(k) W<1>h<k>A<l>h<k> can be calculated as ((W nl) +eoet
(W’T h)z) where A’ represents the ] th diagonal
Dry Dry
element in AA Here value of (W’ n1)2 +(W(£T njj,)2
(k)

and null
(k)

+(WJT nh)2 0, it rep-

evaluates the relatlon between column vector W(’D
space of @) When (W{T n1)2

resents that W{ is completely not in the null space of @

h(i)
. R0
and A7 have no effects on the value of Tr(Al A4 X
Dk Dy Ptk
T , .
W(Bh(k) (Dh(k)Z(D;l(k) Wd’h(k))'
Moreover, for the left hand side of (45), we have
TrT? Mh kzq,h(k)zq), My Tp,)
T =~
<Tr(Ty T Mh kzq,h(k)zq); M)
< IMarllFN? = 7iN*. (47)
Therefore, the right-hand side of (45) satisfies
T T T . .
Tr(A(i)h(k) W0 2% Z%(k) Wy M)
<N (48)
which indicates that
r . 7L Wi ) <yiN?
ZA@/z(k) W‘Dh<k)Zq)h(k)Z®h(k) W®h<k>] SN (49)
where maximum value of each [WT Zy ZI, Ws V is
niy R Ppy  Phte)
one and
T . oT Y _
DWh Zag, Zly Wy V<N-1.
j
Here, from (49), when
T e 70 Wy Vsé
[Wdah(k) (Dh(k)Z(D;,(k) Wq)h(k)] = €
we have
< — N.
‘Dh(m €4 \/_ -
With the selection of high ¢, < 1, vector W(i) exhibits a

(k)
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high correlation with the null space of CD;l(k).

Here, we utilize data from multiple observations {%,i}’,
where i; = 1 : E; denotes the multiple samples of data for one
original set of system states and control input pairs {x,u}.
Online measurement can be conducted using different sensors.

From Theorem 3, we select Wg“ Vj < N corresponding to

. ) ,

AL < L N for constructing subspace T  with each

Oy~ Ca Tk & P 0]

observations. Here, the superscript i; denotes that the matrix is
obtained using the data of {%, it}".
Thus, to replace the calculation of null(®p)) in Algorithm 1

to tackle the noises, we select Tg using
h(k)

e =T NNl
Pk T‘f’h(k) T&)h(k) (50)
with calculating
o null(7! )T null(T% )T
T(Dh(k) null( ( ‘Dh(k)) ( ‘Dh(k)) ) (51)

where T 7is
1 Pnio

represents the column vector space of matrix

Opy’
The total calculation in noisy case is shown in Algorithm 2.

Algorithm 2 Online Implementation (Noise Case)

Input: {x;,u;}s,llql
Output: s,
Initialization :

1: Compute H) and

o using {x,u}> and reconstruct T}

[

iS

Dy’

2: Initialize matrix Q; = TS following (51) which represents the
h(h)

intersection of possible-solution spaces.
LOOP Process
3:fori=h+1to K do
4:  if ; € int(U) then

5: if @i;_; ¢ int(U) then
6: Calculate 7¢  and reinitialize Q, = 79
Dpiy D)

7 Continue.
8: end if
9: Calculate 72 , null(T? ) and null(Qy).

Dpiy Dpiiy
10: Calculate TIq, nl"Tg) by constructing the matrix

h(i)
Yy = [null(T} )T, null(Q,)7]7 and compute the null space of Y.
h(i)

Here, I'q, denotes the vector space of Q.

11: if rank(Y),;)) < N -1 then

12: Update Q; = null(Y;))

13: end if

14: if (rank(Y;)) = N—1) then

15: Q; is decreased to a vector with Qg = null(Yy ).
16: Get the unique solution following (19).

17: end if

18:  end if

19: end for

20: return s,

3) Calculation With Control Constraints: When there exist
control constraints and noise in data, we replace the calcula-
tion procedure for the control constraints with

i; €int(YU) & ity € int(U)
a; €int(YU) & iy ¢ int(YU)

Otherwise.

Reinitialize Tq,,,
Skip the Step,
(52)
where #; represents the mean value of the control input of the
multiple data series {x, u}'s.

V. SIMULATION EXAMPLES

We perform several simulations in different cases to verify
the effectiveness of our method.

To ensure the reproducibility of the calculation process, we
reinitialize a new IOC calculation cycle in all simulations after
obtaining a result in step 7. This also allows us to verify the
performance of the algorithm under different initial condi-
tions, as the initial state at the start of each new calculation
cycle of SIOC will be different from the previous one.

A. Simulation 1: Comparison With [16]
This section illustrates our method with simulation in the
settings of nonlinear system. The system dynamics are
X1 = f(xk) + Buy (53)
where x; € R3, uy e R%, f(x) e R¥, and B e R¥*2. We select
f(xx) and B as

sin(x,i) 1 0
feo=[sined)| , B={0 1
sin(xz) 0.5 -0.5

where x]’C denotes the j-th element in vector x;. The initial
value of xi, denoted as xo, is selected as [0.38,—-0.02,0.19]7.
The cost function selected in the simulations is

Vo= %(x,{ Q.ox +ul Quug) (54)
k=0

where Q, is a diagonal matrix with its diagonal elements as

vector gy = [0.0006,0.0002,0.002]7, and Q, is also a diagonal

matrix with its diagonal elements as vector g, = [1, 117. Here,

we suppose that the norm of vector g = [¢1,qL 17 selected as

1.4142 is known prior.

Here, the diagonal matrix % with cos(x;;)\ll <i<3onits
diagonal position satisfies the invertible assumption.

We recover the cost weights in (56) and compared the simu-
lation results with the results of [16] according to two aspects:
the number of time steps required to recover the cost weight
vectors in each cycle (Figs. 1 and 2) and the recovery error of
the cost weights (Figs. 3 and 4).

Fig. 1 shows the result of the step performed in our method,
while Fig. 2 shows the result in [16]. The horizontal axes in
both figures represent the total steps during the simulations.
The dotted blue line is the end of each cycle while its height
related to the left vertical axis is the number of steps spent in
each I0C cycle. The red lines in these two figures represent
the dimension variation of the intersection of the possible-
solution spaces whose value relates to the right vertical axis.

The result in Fig. 1 shows that the dimension of g,
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Fig. 1. Steps performed in our method for Simulation 1 are shown here.

The orange line shows the variation of the dimension of the possible-solution
space during the IOC cycles. When the dimension decreases to one, it indi-
cates that the cost weights vector has been successfully calculated, and a new
10C cycle starts. The blue cycles show the total number of steps taken in one
10C cycle.
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Fig. 2.
The meaning of the lines is the same as in Fig. 1.

Steps performed in method of [16] for Simulation 1 are shown here.
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Fig. 3.
blue circles represent the recovery error in each IOC cycle.

Recovery errors of Simulation 1 by our method are shown here. The
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Fig. 4.
ing of the lines is the same as in Fig. 3.

Recovery errors of Simulation 1 by [16] are shown here. The mean-

decreases in every step in each calculation cycle and that the
maximum number of steps in one cycle is 1. Compared with
our result, the dimension of the possible-solution spaces in
[16], does not decrease continually. As a result, the number of
steps of one cycle for [16] in Fig. 2 is always larger than that
in our method.
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Figs. 3 and 4 show the recovery error of both methods cal-
culated by e = ||§ — g|| where § denotes the estimation vector of
q. From these two figures, it is clear that the estimation error
of our method is minor. Therefore, our proposed method can
effectively improve the calculation speed while preserving the
recovery accuracy of IOC.

B. Simulation 2: When Jacobian is not Invertible

In Simulation 2,

X1 = Axy + Buy, (55)
09 18 0

where A and B are selected as A=|0.13 026 O0f, B=

0.0284 0.0142 0.38 076 1
0.0020  0.0010
0.0056 —0.0028

Here, the system matrix, 4, does not satisfy the Jacobian’s
invertibility assumption, but it satisfies the Jacobian’s positiv-
ity assumption. In this case, [16] cannot be applied. The cost
function selected in the simulation is

(e8]
LCHEDY %(x,{ Q.o +ul Quitg) (56)
k=0
where Q. is a diagonal matrix with its diagonal elements as
vector ¢, =[1,4, 21", and Q, is a diagonal matrix with its
diagonal elements as vector ¢, =[3,1]7. Here, we suppose
that the norm of vector ¢ =[1,4,2,3, 177 selected as 5.5678 is
known prior.
Moreover, the control-constraint problem is also considered:
U = {uy; > —0.2 Vi} where uy; denotes the i-th element of u;
Fig. 5 shows the calculation steps in every cycle, which is 1.
Here, similarly to the result obtained in Simulation 1, the vari-
ation in the dimension of the possible-solution spaces verifies
Theorem 1, and the variation in the dimension of the possible-
solution spaces after the activation of the control constraints
shows that the proposed algorithm is effective for handling the
control constraint problem.

[=)

Active constraint times
3 o Steps performed in each cycle
- Dimension of the possible-solution space

W

[ i8] W B w N
T

.
.
38 9%}
Dimension of possible-
solution space

—_
T

Steps performed in each cycle

HEEEH Pitiiiy
10 20 30 40

Steps in inverse optimal control with control constraints

(=]
(=}

Fig. 5.
The meaning of the lines is the same as in Fig. 1.

Steps performed in our method for Simulation 2 are shown here.

Fig. 6 shows the estimation error in this simulation. Even
when A is rank deficient and control constraints exist, the
errors in all cycles are still extremely small, which shows that
the proposed method can effectively recover the required cost
weights with considerable accuracy.

Fig. 7 shows a comparison between the original trajectories
of system states and control inputs and the trajectories gener-
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Fig. 6.
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Recovery errors of Simulation 2 by our method are shown here. The
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Fig. 7.
inputs) with the trajectories using recovered cost weights.

Comparison of original trajectories (system states and control

ated using the recovered cost weights. The red and blue lines
in the figure are identical, indicating that the recovered cost
weights can be used to replicate the original optimal trajecto-
ries. This demonstrates the potential of our method to be fur-
ther applied in demonstration tasks.

C. Simulation 3: Verification of SIOC Under Different Condi-
tions

In Simulation 3, we conducted a comprehensive evaluation
of the proposed SIOC method under different initial condi-
tions and system dynamics. Specifically, we simulated 1000
different linear systems with randomly generated initial states
(x0) and system matrices (4 and B). All system settings 4 and
B used in our simulations were randomly generated using the
MATLAB function rand(3,3) for A and rand(3,2) for B and
the initial states were generated using 10 x rand(3,1). For each
system, we applied the SIOC method and evaluated its perfor-
mance in recovering the cost weights. Fig. 8 shows the recov-
ery errors of the SIOC method performed with 1000 different
system dynamics and initial states. The results demonstrate
that the recovery errors are consistently very small (average
error of 4.0312x 10™1), indicating the effectiveness of our
method.

D. Simulation 4: When There Exists Noise

Due to the decaying property of the state sequence and the
stationary property of the measurement noise, the signal-to-
noise ratio (SNR) is defined as

Trlcov([uF])]
A

where 7 represents the time index at which the IOC calcula-

SNR = 10log (57)

Trlcov(
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Recovery errors under different conditions
(different system dynamics and initial states])

Recovery errors under
different conditions
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Fig. 8.  Verification of SIOC under different conditions (1000 different sys-
tem dynamics and initial conditions).

tion is terminated. To verify the effectiveness of our method,
we performed simulations at several noise levels. In simula-
tions at each noise level, we performed simulation 100 times
with different system dynamics. Here, we performed simula-
tions on linear systems with A € R*3 and B € R*? randomly
selected using matlab function rand(). The initial state is ran-
domly selected, and noises at different SNRs are generated
following the standard Gaussian distribution.

Fig. 9 shows the comparison results between our method
and that in [16] with S NR = values of 20, 65, 94, 191, and
238, respectively. There are 100 results in comparison study
of each SNR’s settings. In the simulations, the estimation

error is evaluated by relative-estimation error, defined as
1S =sll
lIsnll

= 10° T T
g g i + Proposed method
S g ' Previous method
2 102k : : 3
3 ¥ §
£ : i
o 10k E 1
2 :
5] %
o3
X 10 L L L L

0 50 100 150 200 250

SNR (dB)

Fig. 9. Comparison of our method (blue points) with the method in [16]
(red points) under noisy conditions. 1) SNR = 20, 65, 94, 191, 238; 2) There
are 100 simulation samples in each selection of SNR.

From Fig. 9, it is clear that in our method, the relative-esti-
mation errors decrease along with the increase in the SNR,
indicating that this noise-tackling method can be utilized in
the noise-free case. Moreover, a comparative study with the
method in [16], revealed that our SIOC method considering
noises is more robust in each setting of SNR.

Therefore, from Simulations 1 and 2, it is verified that the
proposed method can solve the online IOC problem even for
the systems that are not applicable in [16]. Our method effec-
tively improves the calculation speed of IOC. From Simula-
tion 4, it is evident that the proposed method can effectively
tackle the noise problem, which is not considered in the previ-
ous online IOC study.

VI. DISCUSSION

A. Computation Complexity

The computational complexity of our method in one step is
OB+ nf)3 +((n+ nf)n’2 +(m+ng)(n+nyg+ n’)?) in the noise-
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free case, where n’ is the dimension of the possible-solution
space and it decreases as the step number increases. The com-
putational complexity of our method does not contain horizon
K, it is typically less than that in [15], wherein the horizon K
was contained in the computation-complexity calculation.
Conversely, the computational complexity of [16] is O((n+
nf)3 +mn+ nf)z) in one step.

We conducted simulations using 1000 different system set-
tings and initial states, and compared the calculation time of
our method with that of the previous method. The results, pre-
sented in Fig. 10, show that while our method has a slightly
longer calculation time in one step than the previous method
[16] on average, it is more stable, with less variability in the
calculation time across the different system settings and ini-
tial states. Notably, our method requires fewer computational
steps, and therefore, the choice of the method with lower total
computational complexity may depend on the specific case.

x
4.0 10 T T
35 Calculation time in one step
) © under different conditions (our method)
3.0 _ Calculation time in one step
2.5 © under different conditions (previous method)

Calculation time in
one cycle (s)
[S8)
S)

0
0 100 200 300 400 500 600 700 800 900 1000
Index of different conditions

Fig. 10.
ferent system dynamics and initial conditions): Our method versus previous
method [16].

Calculation time in one step under different conditions (1000 dif-

B. Importance of the Sequential Calculation of the IOC Method

This paper proposed a sequential inverse optimal control
IOC method that derives the conditions of the possible-solu-
tion space and tackling method for noisy data.

The first advantage of SIOC is that it saves computational
time. This is a significant advantage for programs that require
real time computing.

Secondly, there is no assurance that the cost weights will
remain constant across all the previously well-selected feature
functions while studying the complex dynamic movements. In
[31], the authors suggested a method for calculating the multi-
phase cost weights based on window shifts, and when using
this method to study complex motions, the length of the win-
dow must be minimized to recover the cost weight with multi-
phase changes in high precision. In this case, our SIOC
method can be used to reduce the length of the window.

Additionally, the high calculation speed of the SIOC strat-
egy helps to lessen the impact of noise. Notably, achieving
noise reduction in the analysis of the observations from differ-
ent steps is challenging, and this process must be completed
for the calculation of each different IOC method. The impact
of noise increases with the accumulated data step by step. The
method proposed introduces a calculation method for the IOC
with a minimum number of steps, and this high calculation
speed helps to reduce the effect of noisy data on the final cost-
weight estimates.
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C. Future Work

Although the problem of sequential IOC has been solved in
this study considering the calculation speed and noisy data,
the algorithm still requires improvement in the following
areas.

1) It is possible to further improve the noisy-tackling ability
in the sequential IOC method. Since this method has a high
convergence speed, we can start an IOC calculation cycle at
each step and obtain time-series groups of solutions. By theo-
retically analyzing the result in each calculation cycle and
considering the effect of the multiphase cost weight, it may be
possible to further enhance the precision of the estimation
result. We will also address the matter of special system
dynamics in real-world application examples where the sys-
tem states exhibit insensitivity to changes in cost weights.
This insensitivity magnifies the effect of noise on the accu-
racy of the IOC calculation in noisy scenarios.

2) It is also required to discuss the selection of the feature
function. To analyze the complex nature behavior, the selec-
tion of the feature function will highly affect the approxima-
tion results. Additionally, the aforementioned problem of mul-
tiphase cost weights is highly related to the selection of the
feature function.

3) In addition, while the SIOC method proposed in this
study solves the online recovery of the cost function, further
investigation could be undertaken to develop effective and
efficient algorithms for online tuning of the control input,
especially crucial in control problems where minimizing a
specific cost function is challenging or selecting suitable cost
weights poses difficulties.

VIL

A sequential method for discrete-time 1OC is presented in
this paper to realize the online estimation of cost weights for
either finite or infinite horizon optimal control in cases with
significant data noise. This method calculates the possible-
solution space of the IOC and sequentially calculates the inter-
section of all solution spaces in each step. The conditions for
the decrease in dimension of the intersection space in the
noise-free case are clarified first. When the dimension of the
possible-solution space decreases to one, the remaining vec-
tor in the intersection space is the required solution of the cost
weight of the IOC. In the noise case, an adjusted calculation
of the possible-solution space is proposed based on the analy-
sis of the noise effect. Finally, simulation results illustrate that
the sequential IOC algorithm is effective, has a high conver-
gence speed, and can sequentially tackle the problem of noisy
data. More theoretical studies on the influences of the feature
function selection on the solution spaces should be conducted
for practical applications.

CONCLUSION

APPENDIX
PROOF OF THEOREM 1
Proof: If Tg,, | €Tw,,, we have null(T'q,,_,) 2 null(T'e,, ),
indicating that a full rank matrix é=1[&, --- & --- &_1]€
RNZ“’XZ.li:hNZ(ﬂ, exists, which satisfies the equation below,
where Ny, Yh < j<i denotes the dimension of the null space
of Fq)h(j)l
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EQpim = null(@y)" (58)  where I; € RV-(0XN:(D i a ynit matrix.
- Equation (62) also means that dimension of the null space of
null(®y)) [HpMp1:i)
- :
B null(®p41))
where Qi1 = . -
the column vector space of HiMjsri should be at least N, (i)
null(@pi-1))” : o
It also means that )
B Hi_ 1 M;
EQpi-1 Dy = ON.(i)xN, (i) (59) | H;
) . . . Here, H; can be represented as
where N,(i) < N is the dimension of the vector space of @p).
ON, ()%, (i) € RNV:=0XNp() represents the zero matrix. Row vec- o Hapr  Hap
tor space of Q.1 is an orthogonal complement to the col- Hipz  Hes
umn vector space of @y;). o . -
_Here, under Assuinption 1-1) and from the definition of Y u-1)7 xG) Fu(i D u(i—l)Fx(i) (63)
My, we know that My,.; VYh < j<i-1isinvertible, it obtains - ‘T(,) FT()
u(l ult
HjM;:lj(Dh(j) = ONZ(,')pr(,'). and from the definition of H; and Mi*'lii’ H]'M]q.];,‘ Vh <

Since @y = My,j©; and row vector space of H; is the / < i— 1 can be represented as

orthogonal complement vector space of ®;, it can get that col-
umn vector space of matrix M THT is the null space of col-
umn vector space of @y, Equatlon (59) can be satisfied if Where

(64)

- Hin Hee
HiMjy,; = [ !

Hey Hepa

and only if there exists a nonzero matrix &, satisfies Hjy = f_MT( -1 f_)i e f_;ii)
09101 = On i (60) -1
where Hjn Fu(; 1)+Z( L 1_[ fx(l 1))Fx(1)
o ) I=
HyMp1:i / =i
T 7T T
: Hips = fugpfaiieny -+ Fati
Qi) = |HjM 1
: Hepa= u(/)+ Z (fu(l)l—[fx(l 1))F x(0)
. I=j+1
L Hi-1M; ! F L
d rom the structure of Hi,H,-_lM,-,...,Hth+1;,-, it is known
an o o i that H(,’)] = H(i_1)3,H(i)2 = H(i_1)4 and for any j > h, we always
o St = k1M have Hjy = Hj-n3, Hjo = Hjonya.
Since My, is full rank, we have Equation (62) can be satisfied if and only if there exist a
- - _ = matrix £ that can satisfy the equation below:
rank(€,Q;_ ) = rank(EQyi1 M) = rank(@i-1) d ytheeq
rank(®;) = rank(®y). € 1] Bi = Oncoen, ) (65)

Due to that £€Q,.;_; is an orthogonal complement to the col-

[ Hppz  Hepa |
umn vector space of @y that (.1) (. :

rank(ff!h:,-,l )+ rank(®p;)) = N

& | Hgps o Hgu ATy 3
we have where  Hpi=| ‘ and [£ L]1=1[& - & -
rank(€,Q.. )+ rank(®;) = N. 61 ' ’
(€6Y-1)+ rank(©) (61) Hovs Ho
From (60) and (61), it is known that the row vector space of | Heys Hy |
§0Q;1 i1 is an orthogonal complement to the vector space of &_1 I]. It is also known that dimension of null space of col-
0®;, meaning that matrix &;, exists, which satisfies umn vectors in Hj,.; should be at least N(i).
. Bl Here, right hand side of H,; can be rewritten as one form as
Hp M1
- H(h)4 -
H:M. 1. :
& Iy J+Li| _ O, (i)xN (62) Hj4 = Huh;iHXh:i
Hi—lMi H(i_1)4
H, | L Hjys |
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where
- 5T 7T Toyi-1 7T
Fuw  Lu Fun T Lz
P T T T r7i-1 7T
g | fo 0 g g U ey
Up:i —
£ T 7T
Fl.y 0 .. 0 .. e
=T
| FT, 0 0 0
S
T
F x(h)
and H,, = F% . From (65), it is known that (65) can be
x()
T
,Fx(i—l),

satisfied only if [5 1] Hy,, Hy; = ON.iysen-

Here, since H,, H,, = is not a zero matrix,
BT
- S Fu(i) -
€ 1]FL,, L, = On.xn only happens when [& I]f,,, =0.
Based on the derivation above, it is known that
a) When f(j) Yh < j<i—1are all full rank that

dim(fy ;) =m Yh<j<i-1
where dim(:) represents the dimension of the column vector
space of the matrix, and F; is full rank. From the structure of
matrix H,,,, H,,, is also full rank, indicating that there exist
no & make [£ I1H,,, = On,()x(n-h+1+m. Finally, it is indicat-
ing that & let (62) is not satisfied and & let (58) is not satis-
fied. Therefore,

Loy & Loy
in this case.

b) When dim( ;{j)) <m Vh_s j<i—1land F; is full rank,
from the structure of matrix Hj, ,, dimension of null space of
column vector space of H,, , satisfies

i-1

dim(null(fL,,,)) = Z] dim(null(f ;).
Jj=h

(66)

Since the dimension of the null space of the column vectors
in Hy; should be at least Ny(i), when dim(f,,,) calculated in
(66) satisfies dim(H,, ;) < N,(i), € make (65) is not satisfied.
Furthermore, & let (62) is not satisfied and & let (58) is not
satisfied. Therefore,

Toyi & Loy

in this case. n
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