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A Mean-Field Game for a Forward-Backward
Stochastic System With Partial Observation
and Common Noise

Pengyan Huang ““, Guangchen Wang

Abstract—This paper considers a linear-quadratic (LQ) mean-
field game governed by a forward-backward stochastic system
with partial observation and common noise, where a coupling
structure enters state equations, cost functionals and observation
equations. Firstly, to reduce the complexity of solving the mean-
field game, a limiting control problem is introduced. By virtue of
the decomposition approach, an admissible control set is pro-
posed. Applying a filter technique and dimensional-expansion
technique, a decentralized control strategy and a consistency con-
dition system are derived, and the related solvability is also
addressed. Secondly, we discuss an approximate Nash equilib-
rium property of the decentralized control strategy. Finally, we
work out a financial problem with some numerical simulations.

Index Terms—Decentralized control strategy, eNash equilibrium,
forward-backward stochastic system, mean-field game, partial obser-
vation.

I. INTRODUCTION

HE stochastic differential game problem within large-
T population system has attracted increasing attentions from
various areas. A large-population system is distinguished with
numerous agents, where the states or the cost functionals are
coupled via a coupling structure. In view of the highly compli-
cated coupling term, it is not feasible or effective to study the
exact Nash equilibrium relying on all agents’ exact states.
Alternatively, an available and effective idea is to design an
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approximate Nash equilibrium only based on each individual’s
information. The mean-field method independently proposed
by [1] and [2] provides an effective technique to solve the
large-population game problem. With the mean-field method,
a complex mean-field game problem can be converted into a
series of classical control problems; as a result, the curse of
dimensionality is overcome and computational complexity is
reduced. Reference [2] studied a mean-field game, where the
dynamic systems are asymmetric, and the analysis for the e-
Nash equilibrium was given. Reference [3] established some
results showing the unique solvability of stochastic mean-field
games. Some recent works can be found in: [4], [5] for mean-
field games with the Stackelberg structure, [6]-[8] for game
models with the linear-quadratic (LQ) framework, [9]—[11]
for game models with jumps, [12]-[14] for game models with
state or control constraints, [15], [16] for game problems with
social optimality, [17], [18] for backward stochastic mean-
field games, [19] for Nash equilibriums of game problems,
and [20]-[24] for stochastic mean-field control problems.

We point out that in the mean-field game, there are numer-
ous agents with complicated interactions, and the state-aver-
age is approximated by a frozen term; thus, the optimal strat-
egy can be computed off-line. However, in the mean-field
control problem, the mathematical expectation of state is a
part of the state, which is influenced by the control process.
As a result, the strategies derived from a mean-field game and
mean-field control are called e-Nash equilibrium and optimal
control, respectively.

Note that the mentioned works above focus on the mean-
field game problem governed by a stochastic differential equa-
tion (SDE) or backward SDE (BSDE). However, we often
encounter such a scenario in reality. For example, the wealth
level and education investment level satisfy an SDE and a
BSDE (see Section V), respectively. It is well known that for-
ward-backward SDE (FBSDE) is a well-defined dynamic sys-
tem, which provides a tool to characterize and analyse the
problem above. A coupled (fully or partially coupled) FBSDE
involves the feature of both SDE and BSDE, and it is a combi-
nation of them in structure, which may degenerate to either
one if the other vanishes. Furthermore, FBSDE is applied to
illustrate many behaviors of economics, finance and other
fields, such as large scale investors, recursive utility, etc.

In some existing mean-field game literature, the authors
assume that all agents can access the full information. How-
ever, in reality it is unrealistic for agents to do so. Due to the
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dynamic system, the agents need to make decisions based on
real-time information. For example, in an integrated energy
system [25] affected by weather, temperature and humidity, it
is difficult to guarantee the accuracy of measured data. Thus,
the study of the control and game problem with incomplete
information has important practical value; one can refer to
[26]-[30] for more information.

Inspired by the content above, we study a mean-field game
governed by FBSDE with partial observation and common
noise, which plays a vital role in both theoretical research and
practical application. Although there are some existing works
on a mean-field game with an incomplete information scheme,
this work presents many advancements. In order to avoid con-
fusion, we list the differences and contributions of this work
item by item.

1) The large-population system is more general in the paper.
In this work, the dynamic system is more general than that of
[31], [32], where the diffusion term Z;(-) (see (1) below)
enters the drift term of BSDE. It is well known that the solu-
tion of BSDE is a pair, which has two parts, the backward
state and the diffusion term. The analysis and processing of
the diffusion term is challenging, and thus it is usually absent
from the drift term in many research works. As a conse-
quence, the resulting Hamiltonian system involves fully cou-
pled conditional mean-field FBSDEs, and it is extremely chal-
lenging to solve. In order to overcome this difficulty, employ-
ing convex analysis theory, we prove the unique solvability of
Problem II and the optimality system. Moreover, [33] studied
a mean-field game driven by BSDE with partial information,
and derived an e-Nash equilibrium via the stochastic maxi-
mum principle and optimal filtering.

2) Compared with [33], the state of this paper is governed
by an FBSDE with partial observation instead of a BSDE with
partial information. The BSDE studied in [33] is usually used
to describe some financial problems with prescribed terminal
conditions, which can not characterize the recursive utility
optimization problems, principal-agent problems in continu-
ous time, etc. FBSDE provides an effective tool to investigate
the above problems. Employing the optimal filter technique,
decomposition technique and dimensional-expansion tech-
nique, we obtain a feedback form of the decentralized control
strategy relying on the optimal filter of the forward state
instead of backward state given in [33].

3) Different from [31], employing a dimensional-expansion
technique and introducing two ordinary differential equations
(ODEs), we obtain the solvability of the consistency condi-
tion. Since the initial and terminal conditions of consistency
condition (20)—(25), (27), (28) and (34) below are mixed, their
solvability is extremely difficult to derive. By virtue of the
dimensional-expansion technique and two ODEs, the solvabil-
ity of the consistency condition is derived. However, the solv-
ability of the consistency condition in [31] is discussed by a
contraction mapping technique with a strong assumption, and
it holds in some special cases. Thus, our results obtained are
more universal.

4) Unlike [27], by virtue of Riccati equation approach, we
obtain a feedback form of the decentralized control strategy.
Introducing eight ODEs, we decouple the complicated Hamil-

tonian system, and propose a feedback form of the decentral-
ized control strategy. However, [27] gave an open-loop form
of the optimal control via the stochastic maximum principle.

5) Last but not least, this work significantly improves the
description and resolution of the mean-field game with partial
observation. In addition, this work compensates for the defi-
ciencies and flaws, and the results obtained are more elabo-
rate and rigorous than some existing works. See [32] for more
results regarding a mean-field game with partial observation.

The rest of this paper is structured as follows. We formu-
late a mean-field game problem in Section II. We investigate a
limiting control problem associated with an individual agent,
providing a decentralized control strategy via the consistency
condition and optimal filter in Section III. Section IV is dedi-
cated to the e-Nash equilibrium property of a decentralized
control strategy. We give a financial example and provide
some remarks in Sections V and VI, respectively.

II. PROBLEM FORMULATION AND PRELIMINARY

Let N ={1,...,N}. Let (Q,F,(F)o<i<T,P) denote a com-
plete, filtered probability space, where {W(-),W;(-) :ie N}isa
(N + 1)-dimensional Brownian motion on it. Let E be the
expectation with respect to P, and ?}W =c{W(r):0<r<t).
Let S be an Euclidean space with norm |-|. Let A7 be the trans-
pose of matrix 4. For any stochastic process x(-), we call x(-)
is £%bounded, if ]EIOT |x(1)|?dt is bounded. For convenience,
we introduce two spaces as follows.

.Eé(O,T;S) ={&:[0,T]xQ — S|&(-) is the G,-adapted stoch-
astic process satisfying EIOT lE(@)2dt < +oo);

L20,T;S)=1{£:[0,T] — S|&(-) is the uniformly bounded
stochastic process}.

In this work, we investigate a mean-field game involving N

agents, where the dynamics system of agent (A; satisfies an
FBSDE

dX(t) = [A([)X,‘(t) + B(H)u;(t) + G(t)X(N)(t)
+ GO d-+ o (0aWio) + W)

—dYi(0) = [01 (OYi(1) + C2( Zi(1) + C3(Xi(1)

(1)
+ DOuit) + FOXN (1) + F (1) |dt

N
= ) Zij0dW () - Zi()aw @)
j=1
Xi(0) =ap, Yi(T)=HX(T), ieN

where the coefficients A(-), B(-), G(), G(-), o(-), &(-), C1(-),
Ca(+), C3(), D(), F(-), F(-) are deterministic functions on
[0,T1, a; is a random variable, H is a constant; u;(-), X;(-) and
WYi(), Zin(),...,Zin(-), Zi(+)) represent the control strategy,
the forward and backward components of state of agent A;,
respectively; XM() =1+ ¥V X;(-); Wi() and W(") stand for
the individual and common random noises, respectively. Here,
the common noise W(-) can be interpreted as some global
uncertainties, such as the macro-economic scenario, tax pol-
icy and interest rate, which influences all agents’ states in a
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large-population system. Different from the common noise,
the individual noise W;(-) can be regarded as some local
uncertainties, which only influences agent A;. The full infor-
mation is denoted by F; = o{W(r), Wi(r),aj0 : 0 <r<t,ie N}.
Let U = {ui(lui(-) € L0, T;R)}, i€ N.

The observation process and cost functional are

{dY,-(z) = [fOXi(0)+ gOX N (0) + h(r) |t + dWi(0) o

Y;(0)=0, ieN
and

Fituu10) = 33 [ o - XM
+201(0)(Xi(1) - XN (@) + R (1)

+ 2r(t)u,-(t)]dt + K1 X3(T) + 2K X«(T)

+sz,-2(0>+21'<2%(0>} 3)

where u_;(-) = (u1(-),. ..,u£_1(~),u,-+1(~),...,uN(~)), the coeffi-
cients f(-),g(-),h(-), Q1(-), OQ1(-),R(:), r(-) are deterministic func-
tions on [0, T], and K, K1, K>, K» are constants.

Assumption 1: 1) The coefficients of (1)—(3) satisfy

A(), B(),G(-),G(),0(-),5(-) € L7(0,T;R)
C1(),C2(),C3(-), D(-), F(-), F(-) € L7(0,T;R)
F(),8(),h() € L2(0,T;R), HeR

01(), 01(),R(),r(-) € L¥(0,T;R)
01(),R()>0, K,K;>0, K ,K;€eR.

i) {aio}f\; , are mutually independent and have the same dis-
tribution with Elajp?> < +c0, mean a¢ and variance o >0,
independent of {W(-), W;(-),i € N}.

Remark 1: Note that the partially-coupled forward-back-
ward stochastic system (1) and observation process (2) rely on
control via X;(-) and X™(-), which makes the large-popula-
tion game problem more challenging and has more important
theoretical significance, compared with [5], [8], [13], [15],
[18], [32]. Moreover, due to the fact that XM (-) is F7-adapted,
the terms Z?lzlz,-j()dw,-() and Z;(1)dW(-) are introduced in
the second equation of (1) to ensure the adaptiveness of V;(-).
However, Z;;(-) is not introduced in the drift term of the sec-
ond equation of (1). Otherwise, it will be extremely difficult to
design a decentralized control strategy. Hereafter, we will
drop the time variable ¢ for simplicity.

Lemma 1: Under Assumption 1, for any u; € U; (i e N), (1)
and (2) admit unique solutions (X;,Y;,Zit,...,<in.Zi) €
£2T(0, T:RN +3) and Y; € L;(O, T;R), respectively.

Proof: See Appendix A. [ |

Now we state an FBSDE mean-field game problem.

Problem I: Seek i(-) = (it1(),...,an(+)) such that

Ji(@i(-),a-(-)) = inf_ Fi(ui(-),i-i(-))
ui(-)eU;
where ii_; = (ity,..., i1, di+1,...,0y), and U; (i€ N) is given
in Definition 1 below.
In this paper, our aim is to seek an e-Nash equilibrium of
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game Problem I, whose main process is addressed as follows.
Employing the mean-field method, we convert the game Prob-
lem I into a limiting control Problem II. Decoupling the opti-
mality system, we propose a decentralized control strategy via
the consistency condition, whose approximate Nash equilib-
rium property is also verified with FBSDE theory.

III. A LIMITING CONTROL PROBLEM

This section aims to investigate a limiting control problem
associated with Problem I. Due to the common noise W, we
employ an TIW-adapted and £2-bounded stochastic process xo
to approximate X¥) as N — +oo.

Introduce a limiting state equation

dx; = (Ax,- + Buj+Gxq + G) dt +odW; + 5dW

—dy; = (Clyi + Cazi + C3xi + Du; + Fxq + F)dt
- z;idWi—zidW
xi(0) = aio, y(T)=Hx(T), ieN
a limiting observation process and a limiting cost functional
dY; = (fx;+gxo+h)dt+dW;
{f’i(O) =0

“4)

)

1 T _
Hu) = 5B [ [0165= 70 +201 (= x0)
+ Ruf +2rug|dt + Ky x} (T) + 2K, x(T)

+K2(0) + 2122y,~<0>}.

As for the stochastic control problem with observation pro-
cess, it is natural to select the strategy u; based on observation
process ¥;, where ¥; relies on u;. Then, the classical varia-
tional approach is unavailable due to the circular dependence
between u; and ¥;. In order to overcome this obstacle, employ-
ing the decomposition technique, we split the state equation
and observation process into

0 0 1
(xi,)’i,Zii,Zi)—( '5yl9 ”, ) ( ,,y,, ”, )

and
Y = Yl.o + Yil

where (x?,)9,29.20) and ¥? are independent of u; (i € N).

Define the processes (x?,)%,29,2%) and ¥? by

dx? = AXVdt + odW;

—dy) =(C1y) + Co2) + C3x?) dt - 0dW; - 0dW  (6)
) =apn, Y(T)=HXNT), ieN
and
{d)?? = fx)dt+adw; -
77(0) = 0.

Let u; € L2 " w(O,T; R) (ie N) be a control process. Fur-
ther, we deﬁne (x!,ylz}.z}) and ¥ by
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dx} = (Ax! + Bu; +Gxo + G)dt + 3dW

—dy} =(Ciy} +Caz} + Cax} + Du;+ Fxo + F)dt

(®)
—ZLdW;—zlaw
x(0)= 0, y(T)=Hx/(T), ieN
and
inl = (f)cil + gxo + h)dt ©)
710)=0.

It is easy to determine that (6)—(9) are uniquely solvable.
Introduce

0 1 0 1 0 1
Xp=X; +X;, Vi=Y; +V;» Zii = 2; T 3

z=20+z, V=70 + 7L (10)
1t6’s formula and (6)—(10) imply that (x;,y;,z;,z;) and ¥; are

the unique solutions of (4) and (5).
Let

7 = o [P0, W 0 < r <)

FrW = oV, W) :0<r<tf.

70
U; = {u,-(-)l u;(+) is T,Y" ’W-adapted, and

T
2 .
Efo ui(Pdr < +oo), i€ N.

Then, we define u; € ﬁyi’w as the admissible control. Note
that the limiting process xg is ’FtW-_adapted, which results in
the presence of W in the filtration F,"""

Definition 1: A control u; (i € N) is called admissible for
agent A;, if u; € 7_1? is TIY"’W-adapted. We denote by U; the
admissible control set.

Lemma 2: For any u; € U; (i € N), F, Y W—?" P

Proof: For any u; € U;, since u; is T W -adapted, then it

0
follows from (8) thatx is F, v -adapted so 1s Y ! Then, ¥; =
P+v!is Tt” 7' CT”
way, we obtain 7-' Ve 7—;}/ v, [ |

We address a limiting control problem of Problem I.

Problem II: For agent A; (i € N), seek u; € U; such that

Ji(u) = inf Ji(u;).

ui€U;

—adapted ie., . In a similar

(11)

Then u; is an optimal (decentralized) control strategy of
Problem II, (xl’f, y;f,z;."i,zf) and Yi* denote the state and observa-
tion associated with u;. .

Note that since U; (i € N') depends on u; via Y;, the classical
variational approach is not proper for investigating Problem
II. It follows from Definition 1 that U;C ’L_(?, then
infut/_E,L-,[, Ji(u) > infu,-ef[l@ Ji(u;). On the other hand, similar to
Lemma 2.3 in [34], itt holds inf,, g, J,-(ulf)ginfuieﬂg Ji(u;).
Then, ' '

inf Ji(u))= inf J;(u;).

ue f uG(LI

Based on Lemma 1, we can investigate the optimality of
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Ji(u;) on UY. Moreover, since U is independent of control,
employing the classical variational method, we establish sta-
tionarity condition (16) and Hamiltonian systems (17) and
(18) in Lemma 3 below.

Lemma 1 implies
it = B[ (ol | = 5ol .

In what follows, we give the filtering equation of the first
equation of (4) with respect to 7—',Y"’W. Set

F=007, =207, h=(h,0)
Yi= (Y, W), W = (W, W)T,
Then the first equation of (4) and (5) are written as

b =(o,0).

{dxi = (Axi + Bu; + Gxo + G)dt + 5dW; 1)
x(0)=ap, ieN

dY; = (fx; + 8xo + h)dt +dW;

{~ i (fxl 8X0 ) i (13)
Y;(0) = (0,0)".

Applying Theorem 2.1 in [35], the optimal filtering %; of
(12) with respect to Y; yields

d; = (A% + Bu; +Gxo+G)dt + (o + fP)

X [dY; — (f &+ gxo + h)dt] + 7AW (14)
%i(0) = ag
where P is given by Bernoulli equation
P+2(cf-AP+f*P* =0
{ +2cf-AP+f (15)
P0) =09

which admits a unique solution.

To investigate Problem II, we present the following lemma
first, which tells us that Problem II is uniquely solvable with
Assumption 1.

Lemma 2: Let Assumption 1 hold. Then, Problem II has a
unique decentralized control strategy.

Proof: See Appendix B. [ ]

Employing the classical variational method, we get

Lemma 3: Under Assumption 1, we have

u; =R (Dp; - Bg; =r), ie N (16)
where (x7,y?,2},27) and (pf, ¢}k, k7) satisfy

dx} = (Ax} + Bu} + Gxo+G)dt + odW; + ¢dW
—dy! = (Cly}k +Crz] + C3x} + Du’ + Fxp +F)dt

- 2;;dW;—z:dW
x;0) =aw, y{(T)=Hx;(T)

(17)

dp; = Cipidt+Cyp;dW
—dg; = |Aq} - Csp; + Qi(x; = x0)+ 01 | dt

— K dW; —k;dW (18)
pi(0)=-K2y;(0)- K>
gi(T) = —Hp}(T)+ K1 x}(T) + K.
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Equations (16)—(18) are called the optimality system of
Problem II. By Lemma 2, Problem II is uniquely solvable,
which signifies the unique solvability of (16)—(18). In what
follows, we aim to decouple (17) and (18).

Assumption 2: 1+ m(t)ma(t) # 0, where m,m4 are given by
(24) and (27) below, respectively.

Theorem 1: Under Assumption 1, (17) and (18) admit
unique solutions with (16). Moreover, we have the relations as
follows:

)
q; =ap; +Bx; +y, IeN
k;; = Bo, ki = aCrp; +pF
where
3+2AB8-R'B?8*+ 0, =0
B+2AB B+ 01 20)
(T) = K1
{a+(c1+A—R—132ﬁ)a+R—1BD/3—C3=o N
ao(T)=-H
7+(A-R"'B*B)y+(BG - 01)Exo+BG + 0
—-R'BBr=0 (22)
y(T) =K.
if)
y;.k = ﬂlp? -i—ﬂ'z)c;F +m3, 1EN
zj; =m0, z; =mCopl + MG
where
{7’12+(A+C1—R‘1B2,6’)7r2+C3—R_lBDﬁ=O 23)
m(T)=H
. 2 -1 _
{m + (zcl + Cz)m +R™Y(D-Ba)(Br, +D) =0 29
m(T)=0
73+ Cimz + [-R™' B+ By) + G + Co0| ma
+(Gmy + F)Exg+ F—R™'D(r+ By) = 0 (25)
73(T) = 0.
iii)
pi =-my; +n5, ieN (26)
where
. 2 -1 2 _
{m —2C 14 +|C3my + R D(D - Bay)| 3 = 0 o7
m4(0) = K>
#ts + [C3mims + R Dra(D - Ba) - C, | ms
- p-l =
+[Cr0m—R "D(r+By)+ F (28)
+(F+C3-R 'DBB)Exylns =0
7T5(0) = —I_(Q.
iv) With Assumption 2, we have
yi=a +yma)” (mox; +m3+mims), i€N. (29)

Proof: See Appendix C. [ |
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Remark 2: Note that (20)—(24) are independent of Ex, in
the light of Proposition 4.2 in [36], Riccati equation (20) is
uniquely solvable. Then (21), (23) and (24) are uniquely solv-
able. Moreover, Bernoulli equation (27) results in a unique
solution. However, (22), (25) and (28) depend on Exy, whose
solvability will be given in Lemma 4 below.

Theorem 2: Under Assumptions 1 and 2, we get

uf = Ao%i + Ay + Agns —R™ Y (By+1),ie N (30)

where
d} = (A%} + Bu} +Gxo+G)dt + (o + fP)
x|d¥;—(f5 + gxo+h)dt| +5dW
- {(A + BA)S, + BlAyms + Asts —R™ By +1)

+Gxo+G+(a+ P (%] —fc;)}dr

+ (o + fP)AW; +5dW
with £7(0) = ao, and

€2))

{A1 =R 'u(Ba- D)1 +my7s)”" 2
A2 = A]ﬂ'z —R_lBﬂ,A3 = A]ﬂ'] +R_1(D—Ba).

Proof: Inserting the first equality of (19), (26) and (29) into
(16), we obtain feedback form (30) with (32). Moreover, it
follows from (5) and (14), (31) holds. [ |

Remark 3: We point out that Problem II is distinguished
from [27] mainly in two aspects. i) The admissible control set
contains the common noise . Due to the presence of W, we
construct the admissible control set U/; depending on W in
Definition 1. Otherwise, once W is absent from ¥/;, Lemma 1
will not hold. Without such equivalence, it turns out to be
really difficult and challenging to study Problem II. ii) Intro-
ducing eight ODEs shown in Theorem 1, we get the decentral-
ized control strategy in a feedback form, instead of an open-
loop form given by [27].

In what follows, we analyse the limiting process xy and
(22), (25) and (28). Introduce the decentralized control strat-
egy:

U} = AgR} + Ay + Asms —R™'(By +7), i € N.

Inserting (33) into the first equation of (1), we have

(33)

dX; = [AX; + B[Ask! + Ay + Agms —R™ By +1)]
+GX* N +G_}dt+a-dW,~ +adW
X;(0)=ap, ieN
which implies that
dX*™ ={(A+G) XM + BA ™ + B[ A3

+ Azms — R_I(By + r)] + G}dl‘

N
1 -
+0'N ;dWi+0'dW
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with X*M(0) = & 3N, aip, and p™) = & 3| p; with p = X*, £*.
Taking N — +co, we arrive at

dxo = |(A+ G+ BAg)xo + B(A s + Asrs)

—R™'B(By +r)+Gldt+GdW (34)

x0(0) = ag

where we approximate £*™) by xo, and it will be proven in
Lemma 6 below. Equations (20)—(25), (27) and (28) together
with (34) are called the consistency condition.

Taking E[-] on both sides of (34), it yields

dExy = [(A +G + BA2)Exo + B(A 73

+Asms)—R™'B(By+1r)+Gldt (35)

Exp(0) = ap.

Assumption 3: We assume that U(-) is invertible, where U(-)
is given in Appendix D.

Lemma 4: Under Assumptions 1-3, (22), (25), (28) and (35)
are solvable.

Proof: See Appendix D. [ ]

According to the analysis above, limiting equation (34) is
solvable, and its solution xo is 7," -adapted and L2-bounded.

IV. ¢NASH EQUILIBRIUM OF PROBLEM I
Now we focus on verifying the e-Nash equilibrium property
of (u“'l‘, e u;‘v) obtained in Section III.

Definition 2: (uj,...,uy) is called an e-Nash equilibrium of
Problem 1, if there exists € = €(N) >0 with limy_,;« €(N) =
0 such that

Jiu; ) < Ji(upu’)+e, ieN

when an admissible alternative strategy u; € U; is taken by
agent A;.

Theorem 3: Under Assumptions 1-3, u = A%} +Ajms+
Asms —R™'(By+r) (i€ N) is an e-Nash equilibrium of Prob-
lem I with €= O(VLN), where £1,A; (j=1,2,3),73,75 are
given by (31), (32), (25) and (28), respectively.

The proof of Theorem 3 will be addressed later.

Under the e-Nash equilibrium, the system of Problem I is

dX: = {Ax;‘ + B[Azx;f + A+ Asms — R (By
+ r)] +GX*WN 4+ G'}dt+o-dWi +adW
—dy;ﬁ = {C]\y;k +C2Z;ﬁ +C3X? +D[A2)?;ﬁ +Am3

+A37r5—R_l(By+r)]+FX*(N)+F}dt (36)

N
-3\ Z5dw;-Zrdw
j=1

J

X:0)=ap, Yi(T)=HX!T), ieN

and the corresponding system of Problem II is

dx; = {Ax;‘ + B[Agfc;‘ + A3+ Ays — R (By + r)]
+Gxg +G_}dt+a-dW,- +adW

—dy; = {C1y} + Coz] + Cax} + D[ Agf] + Ayms a7

+ Az —R_I(By+ r)] + Fxo+ F}dt
- Z:fidWi —Z;ﬂdW

x;(0)=ap, y;(T)=Hx(T)

where

d} = (A%} + Buj +Gxo+G)dt + (o + fP)

x|d¥; - (f5; + gxo +h)de|+dW
_ {(A + BAY)S; + BlAyts + Asts —R™ (By

+r)]+Gxo+G_+(0'+fP)f(x:f_fC;>}dt

+ (o + fP)AW; +5dW
with £7(0) = ao.
Lemma 5: sup,eo71Elo@)P and E [ [5(r)?dt are bound-

ed, where o = xo,x;f‘,fcj.‘,y;‘ and g = ul’f,z;f‘l.,zl’.‘, ieN.

(3%

Proof: See Appendix E. [ ]
Lemma 6.
1
sup E X*(N)(t)—xo(t)|2 = 0(—) (39)
1€[0,T] N
sup E|x*™ (1) -xo0)| =0 < (40)
1€[0,T] N
~x(N) 2 _ 1
sup E|#* M) - x| = 0| - (41)
1€[0.T] N
where ¢V) = %Zﬁil ¢; with ¢ = X*, x*, %",
Proof: See Appendix F. [ ]
Lemma 7:
1
sup sup E|Xi()-x: (0| = 0(—) (42)
ieN te[0,T] N
. RNT: 1
sup sup E|Yi() -y ()| = o(ﬁ). (43)
ieN t€[0,T]
Proof: See Appendix G. [ |
Lemma 8:
1
|Ti(ui u”,) = Ji(u))| = 0(—), ieN. (44)
I L \/N
Proof: See Appendix H. [ ]

In what follows, we proceed to give the asymptotic analysis
of (uj,...,uy). For any fixed 7, suppose that agent A; takes a
perturbation strategy u; € U; and the corresponding state is

dl; = (Al,- + Bu; + GIV) + G‘)d; +0dW; +5dW
—dm; = (Cym; + Con; + Csl+ Du; + FIY) + F) dt

- n,-,-dW,- — I’lidW
1;(0) = ajp, mi(T)=HI(T),

(45)

ieN
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whereas agent A (k # i) keeps optimal strategy u; with the
state

dly = {Alk + B[ gk + Ay + Agms —R™ (By
+ r)] +GIM 4 G}dt+ odW, + 5dW

—dmy = {Clmk+C2nk+C3lk+D[A2fCZ+A17T3 (46)

+ Agms =R (By+r)]+ FI™ + F}dt

—npdWi, — ndW
Ik(0) = aro, mp(T)=HI(T), keN.
If (u’{,...,u}‘v) is an e-Nash equilibrium of Problem I, con-
sider the perturbation u; € U; satisfying

Jilui,uZ) < Ji(u;,uZy).

(47)
Recall

Ji(ui,uii)—i {f [Q1 (,\f X(N)+gl)

1

2 2
——1+R(u,+ )——]dt+K1(X(T)+—)
1
K B\ K
_E+K2(yl(0)+ —2) _E} (48)

Applying (47) and (48) with Lemma 8, it holds

T 5 K} K3
Ejo R( ) dt < 2 (uj u’ )+—1+K2

T r ) K‘Z sz
+Ej0 dt = J(u)+f+K
T Ql r2 1
+]Ef0 (a + E]dHO(W)
where

1 ;
+ R} + 2m;‘]dz + K1 (x}(T))* + 2K, x}(T)

+ Ko (37 (0)* + 2Kay; (0)} <c
Hence,
T
Efo W2(Hdt < c.

Correspondingly, in Problem II, assume that agent A; takes
u; € U; and the corresponding state is

did = (Alo + Bu; + Gxp + G) dt +odW; +5dW

—dm? = (Clm?+C2n?+C3l?+Dui+Fxo+F)dt “9)

- n?l-dW; - n?dW

P0)=ap, md(T)=HIT), ieN
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whereas agent A (k # i) keeps optimal strategy u; with the
state

Iy = { A+ Bl Ao + s + Agrs - R\ By
+ r)] +Gxo + G}dt+ ocdWy +5dW
—dm) = {clm,‘g +Con) + C3I + D] Ao + Ay (50)

+ As7s —R_I(By+r)] +Fx0+F}dt

- ngdek - ngdW

R0)=aw, m)(T)=HINT), keN.

Lemma 9: sup,eqo 1) EIR(R, supyepo, 1y EIm{ (P, B [ ()Pt
and B fUT In?(1)|dt are bounded, i € N.

Proof: See Appendix L. [ ]

Similar to Lemmas 6-8, we draw two lemmas as follows.
Adopting the similar arguments addressed in Lemmas 68, we

can prove Lemmas 10 and 11 below, where the detailed pro-
cedures are omitted to save space.

Lemma 10:
1
sup Bl (0 x| = 0(—) (51)
1€[0,T] N
0 2 1
sup sup E|l(t)- 1) = 0= (52)
ieN 1€[0,T] N
0 2 1
sup sup E|mi()—md(n)| =0 (53)
ieN 1€[0,T] N
where [V) = %Z?’Zl L.
Lemma 11:
. 1 .
| (i, u” ) — Ji(u;)| = O(W)’ ieN. (54)

Proof of Theorem 2: According to (44) and (54), it holds

1

$(u?’ ’4:) <Jiu, u:) + 0(_\/]—\[) .

Taking € = O(—= ), we complete the proof. [ |

Now we summarlze the process of seeking an e-Nash equi-
librium of Problem I, which also shows the process of search-
ing for the optimal (decentralized) control strategy (see Fig. 1
below for convenience): i) Firstly, employing mean-field
method, we obtain an auxiliary Problem II. ii) Secondly, by
virtue of optimal filter technique, decomposition technique
and dimensional-expansion technique, we obtain an optimal
(decentralized) control strategy. iii) Finally, applying the
FBSDE theory, we verify the decentralized control strategy
obtained is an e-Nash equilibrium of Problem I. Moreover, the
process of verifying asymptotic optimality can be illustrated
by Fig. 2 below.

V. A FINANCIAL EXAMPLE
In this section, we discuss a financial problem, which facili-
tates the study of mean-field game Problem 1.
Suppose that there are N counties in province £, in general
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| Problem I |%' Auxiliary Problem II

Optimal filter
L
Decomposition technique
LH
Dimensional-expansion
technique

Optimal (decentralized)
control strategy

Asymptotic optimality

Fig. 1. The research route.
1
=00y
Ty |- - | T (10"
1 1
O(— —

(\N ) 0(\ N )

<
Ji () | J;(u;)
Fig. 2. The process of verifying asymptotic optimality.

they are closely related with each other. Suppose that the ini-
tial wealth level of county A; (i € N) is denoted by a;p, which
is positive. Let X;(-) (i € N) denote the wealth level of county
A;, let u;(-) denote the control strategy of county A;, such as
attracting investment and talent policy, and let X™())=
% Zf\i 1 Xi(-) stand for the influence of the average wealth of
province . Moreover, each county plans to spend HXi(T)
(ie N) on educational infrastructure at time 7, where
H € (0,1) is a positive constant and 7 > 0. We denote by Y(-)
(i € N) the expense of the educational infrastructure of county
A;, which is affected by the wealth level of province £ and
the control strategy of county ‘A;. Meanwhile, each county
hopes to minimize its own cost functional J;, i € N. Under
the notations and interpretations above, X;(-) and Y;(-) are
modeled by

dXi(t) = [AXi(0) + Bui(t) + GX™N (1) |dt + -d W)
+3dW(t)

—dY (1) = [C1LYi(0) + C3Xi(t) + Dui(r) + FXN (1) |ar 55

N
= D Zij0dW(D) = ZindW ()
j=1

J

Xi0)=ap, MY(T)=HX{(T), ieN
where XV = L ¥ X, Z;; and Z; are some adjustment fac-
tors, which guarantees the well-posedness of the second equa-
tion of (55); W; stands for some local uncertainties, like popu-
lation mobility, household consumption and resource con-
sumption; W denotes some global uncertainties such as natu-
ral disaster; the coefficients in (55) are constants.

Assume that each county can only observe a part of the total
wealth level of province #, such as produced capital. In fact,
the total wealth level of province P is difficult to access. On

the one hand, accurate calculation of wealth costs significant
time and energy; on the other hand, some wealth can not be
measured, like intangible capital. For county A; (i € N), let
Y;() represent the observable part of the wealth of province P,
where fp,go € (0,1) represent the proportions of the observ-
able parts of the wealth of county A; and the average wealth
of other counties, respectively. Then

Yi(t) = foXi)) + g0 XV V@) + Ni(r), i€ N (56)
where ¥; is also affected by the white noise process N;. Inte-
grating on (56), we get

t t
Vi) = |, [oXi(9) + goX ¥ D(s)]ds + [ dNiGs).

Let W;(r) = fot dN;(s). Then, W; is a Brownian motion.
Employing It6’s formula to (57), it yields

(57

{dy,m = [ foXi(0) + 2o XNV (0) |t + aWicr) 5
Y;(0)=0, ieN.
Let
f=h-805
_ &N
CN-1

Then, (58) is written as
{dY,-(t) = [£Xi0)+ XN (0) |+ aWicr)

Yi(0)=0, ieN.
Problem III: Each county hopes to select a suitable control
strategy ii; € U; to minimize

Fitu,146) = 35 [ 01 (%0 - X))

+ Ru,?(r)]dt +K; (X,-(T) - M)2 + sz?(O)} (59)

where it_; = (ity,...,0_1,0i41,...,0N), i€EN, O1,R, K|,M,K;
are positive constants; U/; is given in Definition 1 above.

In (59), the running cost implies that each county wants to
minimize the departure of the wealth level X; from the “aver-
age”, in order to achieve coordinated development; the termi-
nal cost (X;(T) — M)> measures the deviation between the ter-
minal wealth level of county (A; at time 7 and the terminal tar-
get M; the initial cost measures that each county wants to min-
imize its initial expense of educational infrastructure.

To be more intuitive, we consider Problem III with 100
counties. TakeT =1,A=1,B=-1,G=03, 0=0.5,0=0.8,
C1=02,C3=05,D=05 F=08 H=03,f=05,¢=
05 01=05R=1,K;=0.1,M=0.1, K, =0.5, ajp ~ U(1,5)
(1 <i<100).

Employing the Euler method, we plot the curves of
(P,B,a,m,my,m4) shown in Fig. 3(a). Note that Exg,y,n3,75
given by (22), (25), (28) and (35) are coupled. Employing the
decoupling method used in Appendix B, we obtain the curves
of (Exp,y,m3,m5) shown in Fig. 3(b). Based on Fig. 3 and
applying Monte Carlo method, we obtain the curve of e-Nash
equilibrium strategy (u7,...,uj,,) shown in Fig. 4, which also
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0 01 02 03 04 05 06 07 08 09 1.0
Time
(a) The curves of (P, B, a, m,, m,, 1)
507 Ex
4 H—7
3 T3 i
2 s
1
0
_1 L
ot
3t
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0 01 02 03 04 05 06 0.7 08 09 1.0
Time
(b) The curves of (Ex,, vy, 73, 75)
Fig. 3. Numerical solutions of (P,8,a,m,71,74) and (Exg,y,73,75).

illustrates the efficiency of Theorem 3 obtained. According to
Theorem 3, u is represented by £, where £ is the solution of
SDE (31). Therefore, the trajectory of u; is related to the trend
of SDE. Besides, from Fig. 4, it can be seen that the control
strategy u; gradually tends to 0, which means that govern-
ment intervention is decreasing. It is worth pointing out that if
u; <0, it implies that county A; takes some negative actions,
like reducing staff. Besides, the wealth level X and the
expense of the educational infrastructure Y} corresponding to
(uj,...,uj,,) are shown in Fig.5. As shown in Fig. 5(a),
wealth levels are on the rise overall, which is consistent with
reality. Inversely, Fig. 5(b) shows that the expenses of educa-
tional infrastructure are on the decline, which means that
counties spend more money on educational infrastructure at
the initial time 0, and less expense is needed as the educa-
tional facilities become better.

_2 n n n n 1 1 1 1 "
0 0.1 02 03 04 05 06 0.7 0.8 09 1.0
Time

Fig. 4. Numerical solution of u; (1 <i < 100).
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Fig. 5. Numerical solutions of X} and Y} (1 <i < 100).

Furthermore, it follows from (39) in Lemma 6 that the dif-
ference between X*™) and x is small enough in the sense of
expectation when N is big enough. Based on the curves of
(Exo,y,m3,7m5) shown in Fig. 3(b), the curve of xy can be
obtained. As a result, one sample trajectory of each of the
stochastic processes xo and X*(190) = 1—(1)0 Z}B? X is shown in
Fig. 6. As we see in Fig. 6, it is possible that the two trajecto-
ries coincide well at some times and have some slight devia-
tions at the other times.

6.0 T T T T T T T T T
Xo

5.5 [ l=arao

50+

451

32

40F O

2.8
35t / 0

3.0

0.005 0.010
Time

0.7 08 09 1.0

25—
0 01 02 03 04 05 06

Time

Fig. 6. Numerical solutions of xp and X +(100),
VI. CONCLUSION AND OUTLOOK

This paper discusses a mean-field game of FBSDE in the
framework of partial observation. Employing the filter tech-
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nique to solve a limiting control problem, a decentralized con-
trol strategy is obtained, which is further verified to be an e-
Nash equilibrium of mean-field game. We also show a finan-
cial example with some numerical results.

We point out that the results established in this work are
based on Definition 1, where the admissible control set Zf;
depends on the common noise W. In reality, /' may not be
observed by all agents. That is to say, W is absent from ;,
which results in the unavailability of Lemma 1. In this case,
how to solve Problem II will face many technical challenges.
We will come back to this topic in our future work.

APPENDIX A
PROOF OF LEMMA 1

Proof: Set
X=Xy XN u= (i, ouy)’, G=(G,....G)
W=Wi,...,Wy)", Xo = (a10,....ano)"

- ~ ~ G -
A=Aly, B=Bly, G = ﬁlNXN’ E=(F,...,0)

where Iy and 1yxy represent N X N identity matrix and N X N
matrix with all entries equal to 1, respectively. Then the first
equation of (1) is

{d)? = [(A+G)X+Eu+(?] dt + cdW + EdwW
5 3 (60)
X(0)=Xp

which is uniquely solvable with X € £2 (0,7;R"). Similarly,
by virtue of [37] and (60), the second equation of (1) and (2)
produce unique solutions (Y;,Zi1,...,<in.Zi) € .E;(O, T;

RV+2yand ¥; € L;(O, T;R), respectively. [ |

APPENDIX B
PROOF OF LEMMA 2

Proof: We first prove that J;(i;) (i € N) is strictly convex.
For simplicity, we drop the subscript i here. For any two dif-
ferent controls Vv,veUY and any A;,4,€(0,1) with
A1+ A» = 1, we have

ﬂ/llv’-%—/lzv — /l]ﬁ‘/ +/1219V
where ¢ = x,y. Then

T + Av) = 1 J(V) = 12 J(v)

= —%/11/1215{ foT [Ql (x", - x")z +R( - v)2] dt

K ()= (D) + K27 0=y )} <0

which implies that J(v) is strictly convex. Moreover,

1 p s A2 2 2 R2
PRTOR Y YOS Rl PR 1
2 0 R 01 R K K>
which shows the coercive property of J(v). Thus, by convex
analysis theory, Problem II is uniquely solvable. [ |

APPENDIX C
PROOF OF THEOREM 1

Proof: 1) Noting the fourth equality of (18), we assume that

q; =ap; +Bx;+y, IeN (61)
where a(T) = —H, B(T) = Ki, y(T) = K. Using It&’s formula
to (61), we arrive at

dg; = [(a+Cra)p; + (B+AB)x; + R~ BB(D - Ba)p;
~R'B**% +7 - R B*By — R BBr +BGxo
+BG|dt +BodW; + (aCop; +p7)dW.
Comparing the above equality with the second equation of
(18), it yields that
k. = Bo, ki = aCap; + B0
(@ +Cra+Aa—Cs)p; +R™'BB(D - Ba)p; +7
+(B+2AB+ Q)X —R ' BB + (A-R™'B*B)y
+(BG - Q1)x0+BG-R'BBr+ Q; =0.
Taking E[-] on both sides of (62), we get

(62)

(@+Cia+Aa—C3+R 'BDB-R'Bap)Ep; +7
+(B+2A8-R'B*B*+ 01)Ex; +(A-R™'B*B)y

+(BG - 0Exo+BG+01 -R 'BBr=0 (63)

which implies (20)—(22).
ii) We conjecture that

*_

Y; ieN
where m((T) =0, m(T) = H, m3(T) = 0. Then we obtain

TP} +MoX; + 73, (64)

dy; = [(7%1 +mC)p; + (mBR™'D —ﬂzR_leoz)ﬁ;‘
+ (72 + M A)x} — MR~ BXBR} + 113
—mR'B>y —mBR ' r + 1Gxo + nzG_]dt
+m0dW;+ (11 Cap; +m25)dW.

Comparing the above equality with the second equation of
(17), we have

Z; =m0, 2 =mCap] + M0 (65)
(711 +2C1m1)p; + R (Bry + D)(D - Ba)p; + 73
+[f2+(A+Cmy+ C31x; — R BB(my B+ D)
—R 'B(m:B+ D)y —R ' (myB+ D)r+(Gm + F)xg
+mG+Cim3+ F+Cyzf = 0. (66)

Putting 7z given by (65) into (66) and taking E[-] on both
sides of (66), we obtain (23)—(25).
iii) Set
pi=- ieN 67)
where 714(0) = K»,75(0) = —K,. Taking E[-] on both sides of
(67),

7T4Y7 + s,

Ep; = —m4Ey; +7s. (68)

Differentiating on (68), we get
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dBp; = {[ 74— (C3m +R™' D(D - Ba));
+C74]By; + 715 + ma[m2Cr — R'D(r+ By)+F]
+(m1C3 + R D* = R DBa)nyns
+m4(C3 — R~ DBB)EX +m4 FExo|dt.
Utilizing Theorem 4.2 in [38], it holds

(69)

7).

N
xo = 1\]1_i)rfr100 % ;x:‘ = E(x
Replacing Ex? by Exg in (69), we have
dBp; ={[ - 7t4 — (C3m1 + R™' D(D - Ba)m;
+C1 7y By} +7ts + w4[m2CaG — R D(r + By)
+F]+(n1C3 +R'D* — R™' DBa)myns
+m4(C3 — R™' DBB + F)Exodt
= (=C1mEy; + Cins)dt,

which suggests (27) and (28).
iv) Finally, we proceed to give the relationship between y
and x}. By virtue of i) and iii), we have

¥
i
* * *
y; = m(=may; +7s) +mox; +m3
which implies

yi= +myimg)”! (ﬂ'zx? + 73 +7T17T5).

APPENDIX D
PROOF OF LEMMA 4

To prove Lemma 4, we first present a lemma (Lemma B1).
Let

0, =A-R'B’B, 0,=pG-0Q

03 =BG+ 0, -R'Bgr

04 =(-R'Br+G+Cr5)m+F—R'Dr
@5 =Gm+F, Og=—-R'B(Bm,+D)
07 =—(A+G +BAy)

Og = Camia + R ' Dry(D - Ba) - C

@ = (Co5my—R ™' Dr+F)my

©10=—-R"'DBry, O =(F+C3—R 'DBB)n4

014 =(03,04)", O5=(K;,0)
®15 = (@9,R'Br=G)", O19=(~Kz,a0)"
®=(y,m3)", ¢=(n5,Exp)"

0, 0 0 6,
®12=[®6 C ] ®13=(0 @5]

Oy O B1o 0
6“’2( ~BA; ©; ) ®”=( R'B® -BA, )
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1 0 . -0 -0Op3
=0 1) 77| ey -0
and let 0 be a zero matrix (or vector). Introduce

P+@16P— PO, — PO13P+0@17 =0, P(0)=0 (70)

0+(@16-PO13)0- PO +O15 =0, 0(0) = Oyo.
Inspired by Theorem 5.12 in [39], we introduce

U _ (U® U(0) I
v )= v )} v )= ()

whose unique solution is

[ u ]:ejgﬁ(r)dr( 1 )
\% 0 )

Lemma Bl1: Under Assumptions 1-3, (70) and (71) admit
unique solutions.
Proof of Lemma B1: Let P = VU™, which satisfies

(71)

f’ =-07- @16P+ P@lz + 13®1313.
Then (70) is solvable. Assume that Py, P, are two solutions
of (70). Set P = P — P,. Then P satisfies

{ﬁ+(®16—ﬁz®13>ﬁ—ﬁ<®u+®13P1) 0
P(0) = 0.

Gronwall’s inequality implies P=0. This proves the
uniqueness for (70). Hence, (70) is uniquely solvable. Based
on this, (71) is uniquely solvable. [ ]

Proof of Lemma 4: With the above notations, (22), (295),
(28) and (35) are written as

{d>+®12<1>+®13¢+®14 =0, O7T)=0s )
$+0160+0170+013=0, ¢(0)=09.
Consider
{(?+®12®+®13(P®+Q)+®14 =0 73)
O(T) =015

where P and Q are given by (70) and (71). Then (73) admits a
unique solution @. Define ¢ = P® + Q. Then ¢ satisfies

#(0) = Oy9.

Thus, our claims follow. [ |

{($+®16(z+ @17&) + ®18 =0

APPENDIX E
PROOF OF LEMMA 5

Proof: It follows from (34) that:
2 2 (T 2
BlroF < Blaol + | (1Bla1ms + o)
+|R BBy +0f +|G +10 e <. (4)

Here ¢ represents a constant independent of N. Similarly, we
get
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T
Bl < cE{Iaiolz SN |x0|2)dt} (75) (X~ x) = [(A +G) (XM —xo)
and 1 &
. o + Bhg (£ —xo)]dt+o-ﬁ Maw, D
Els0)| < cE{|a0|2+fO (x;.* +|x0|2)dt}. (76) Py
5 N
Based on (74)—(76), we derive X" M(0)~ x0(0) = ag '~ay
e P a2
E[ X[ +[5 @) ] d(x™ - x0) = [A(x*<1v)_xo)
T
< CE[|a,’()|2 +aol? + fo (I +|; Z)dz].

N

1
e o # By (¥ xo)Jar v Y awe 9
Gronwall’s inequality indicates that sup,eorjElx; (@), N —

SUP;(0.7] ]Elfcjf(t)l2 and EIOT Iu;‘(t)lzdt are bounded. Further,
applying the basic estimates of BSDE to the second equation

M(0) - x0(0) = 4 — ag

of (37), we obtain and
T A A
]E[ o + | (z;;. il 2)dt] < cE{|x;.*(T)|2 d(#*™ ~xo) = [(A +BAY) (3N —x0) + (o
LI S ST e 1Y
+J;) (xi +|u; 17 + |xol +|F| )dt}. +fP)f(x*(N)—)?*(N))]dl+(0'+fP)NZdWi (79)
On account of the £2-boundedness of x;,u;, xo, i=1
s (Tl 1 F(0) = x0(0) = 0.
B biof + [ (|l + [z )ar| <.
i )| jO Gl Tl Taking squares and mathematical expectations on both sides

Then, we draw the desired conclusion. B of (77)«(79) in integral forms, we arrive at

=)

APPENDIX F
PROOF OF LEMMA 6 E

Proof: By (36)—(38), we get

X

X*(N)(t)—xo(t)|2 <c —x0|2

N N —~) +E™ |2)ds+E'a(N)—a ‘2+r (80)
ax"® = {4+ QX + Blaox " + A 0 o —dof +Ti
N
+Asns—R™'(B +r)]+G_}dt+crlZdW~ #(N) 2 ) 2
375 Y N 2 1 i E|x (t)—xo(t)| <c Ejo( X —x0|
p
. (V) m_ 1Y s _ 2 ~_
roaw, X M0)=al = NZ“Z‘O e ® = x| s+ Ela - ao| +T (81)
i=1
«(N) _ %(N) ax(N) t
dx = {Ax +B[A2x + A1+ Asms E fc*(N)(t)—xo(t)|2 < C[EJ‘O( £ _x0|2
1 N
-1 = .
-R (By+r)]+Gx0+G}dt+0'NzldW, +EX*(N)—xo|2)ds+Fl 82)
p
+aaw, x™0)=da}" where
2
e FEIZIidW 0(1)
t -~ il = ~
dF' ™) = {(A+BA2))%*(N)+B[A1713 + Aars 0N & N
i 2 1
~R'(By+n|+Gxo+G E'a(()N)—a()’ :0(ﬁ). (83)
Py (™ _ 5™\ g e -
+(o+fP)f(x X It follows from Gronwall’s inequality and (80)—(83) that
(39)~(41) hold. n
N
1 o
+(o+ fP)ﬁZdWﬁd’dW, F™(0) = ay. APPENDIX G
i=1

PROOF OF LEMMA 7
Recalling (34), it yields that Proof: In accordance with (36) and (37), we get
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(-l

X:(0)—x5(0)=0
a(;-5) =l (i) (2 -2)
+C3 (X5 = x7) + F(X*™ = xo)|ar
N
-2 ZydWi~(Z5i-
J#i

V(1) =y} (T) = H|X{(T) - x{(T)].

2)dWi—(Z; —z)dw

(85)
It follows from (84) and Gronwall’s inequality that (42)

holds. Applying some estimate techniques of BSDE to (85),
we obtain

Y0 -y < cE[ Xz (1) - x: ()

(o

X0 =)t

(%

Since

sup EJX* ™M@ - x| =0

1€[0,T] N

(%)
(%)

sup sup E|X;-"(t) —)c;‘(t)|2 =0
ieN t€[0,T]

Gronwall’s inequality suggests that

1

sup sup E|yf(t)—y?(t)|2 =0 N

ieN 1€[0,T]

APPENDIX H
PROOF OF LEMMA 8
Proof:
m(u?,uii) - Ji(u;-k) — %E{ J‘OT [Ql((X;‘ _X*(N))Z
—(x; - XO)Z) +20; ((Xf - X*(N))(xf - xo))]dt
(XD = 0| 2R3 [ - D)
(0 0107 128 ;0010

where i € N. Utilizing (39) and (42) with Holder’s inequality,
we have

2 1
su E' X=X M) —(xf - x0)? :0(—).
0.r) ( ) ’ VN (86)
Evidently,
1
sup B|(X* = X*™)(x* = xo) =0(—). (87
Jup B -2 ) - = 0| 7 )

Similarly, (42) and (43) imply
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:0(L

)

* 2_ i 2
E|(x; ) - ) -

. 1
E|X*(T) - x5 (T)| = 0 —
iD= ) (\/N)

| (88)
2
E|(Y;(0) - i*02=0—)
(EHO RO o
1
E|Y;(0)—y (0)|=0[—]|.
\Y; (0)~; 0)] («/ﬁ)

Based on (86)—(88), our result holds. [ |

APPENDIX |
PROOF OF LEMMA 9

Proof: 1t follows from the first equations of (49) and (50)
that:

B[00 < cE[m,@P + fOT (|1?|2 +uil? + |xol? )dt]
and

*
u:

2
I+ |x0|2)dt]

E]l?(t)f < cE[Ia o2 + fOT (‘1?]2 +

where i, j € N, j#i. Then we obtain
EN Lol <k 2 (TN o
DIl < Bl ma o+ [ (1A

k=1
N
",

k#i
By the L2-boundedness of xq, u;, u’; (j # i) and Gronwall’s
inequality, we arrive at

.
Uy

2 i +N|xo|2)dt}.

N 2
EY ‘l(}(t)’ —ON)
J=1

and sup; <y Sup;cpo.ry BIP()I* < c. Analogously, by the esti-

mates of BSDE, we derive that for any ieN,
2

sup,co.r E[m0@|, Ef) n00Pdr and E ) n%()Pdr are

bounded. ]
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