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Dear Editor,

In this letter, the multi-objective optimal control problem of non-
linear discrete-time systems is investigated. A data-driven policy gra-
dient algorithm is proposed in which the action-state value function
is used to evaluate the policy. In the policy improvement process, the
policy gradient based method is employed, which can improve the
performance of the system and finally derive the optimal policy in
the Pareto sense. The actor-critic structure is established to imple-
ment the algorithm. In order to improve the efficiency of data usage
and enhance the learning effect, the experience replay technology is
used during the training process, with both offline data and online
data. Finally, simulation is given to illustrate the effectiveness of the
method.

Introduction: The multi-objective optimal control problems have
become a growing research field in recent years, due to its wide
application in autonomous driving [1], smart grid [2] and other
autonomous intelligent systems [3]. In some cases, the multi-objec-
tive optimal control problems can be converted to solve the Hamil-
ton-Jacobi-Bellman equation (HJBE), which need accurate system
model parameters. However, it is hard to find optimal controllers for
systems without accurate models. At present, reinforcement learning
as a model-free multi-objective optimal control method, which is
widely used to learn policy from the process that interacts with the
unknown environment.

In recent years, ADP is introduced in order to solve the problem
that HIBE cannot solve directly. The generalized policy iteration
algorithm was proposed by combining the policy iteration algorithm
with the value iteration [4]. Under the framework of policy iterative
algorithm, the policy gradient adaptive dynamic programming
(PGADP) is an important policy-based method. It used the gradient
descent in step of policy improvement [5]. In [6], the experience
replay was used in combination with ADP, using the past and cur-
rent data concurrently. In [7]-[9], the adaptive optimal controller was
designed by the online actor-critic learning, in order to solve the
robust optimal control problem for a class of nonlinear systems. In
[10], a model-free A-policy iteration (1-PI) was presented for the dis-
crete-time linear quadratic regulation (LQR) problem. However, the
above results only consider the solution under a single goal. In engi-
neering practice and scientific research, many problems need more
performance indices to describe the goals of the system. In [11], the
policy iteration algorithm was extended to solve dynamic multi-
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objective optimal control problem for continuous-time systems.
There are few results using policy gradient based methods with expe-
rience replay mechanism to solve multi-objective optimal control
problems. It inspires the motivation to extend the related methods
from single objective optimal control to multi-objective optimal con-
trol.

Thus, the objective of this letter is try to find the optimal controller
in the sense of Pareto for a discrete-time system with multiple con-
trol objectives. The contributions of this letter can be summarized as
follows. Firstly, the action-state value function Q instead of the state
value function is used in multi-objective optimal control. The poten-
tial dynamic constraints can be separated from the actual controller
parameters by using the action state value function. Secondly, the
dependency on the model can be removed completely. The experi-
ence replay technique is incorporated into multi-objective optimal
control problem, which improves data usage efficiency with fixed-
size offline dataset and single-frame real-time data received from the
environment. Third, the policy gradient method is extended from sin-
gle-objective optimal control to multi-objective optimal control. This
method can make the learning process smoother and reduce the
amount of computation. The convergence of PGADP with multiple
objectives is guaranteed in this letter.

Problem statement: First, the related concept of Pareto optimal is
introduced.

Definition 1 (Pareto optimal): A Solution #* is said to be a Pareto
optimal solution if J(u*) < J(u) for all ue U. J(u*) is said to be
Pareto optimal.

Consider the autonomous intelligent systems with following dis-
crete-time general nonlinear form:

X1 = F (g, ug) (1
where m,n,k € Z,, R and Z, denote the set of real numbers and non-
negative integers, respectively. x; € R" and u; € R™ are the state and
control input of the system, respectively. Assume that F(x,u) is Lips-
chitz continuous. In a multi-objective optimization problem, infinite
horizon performance indices J;(xo,u) = X °R;(xp,up), j=1,...,N,
are used to evaluate the performance of system (1), where R ;(x;, ;) is
a utility function that satisfies R;(x,u) 4 Wi(u)+S j(x). Wi(u) and
S j(x) are positive definite functions of x and u, respectively. Define
the vector J = [J1,...,Jy17, with J ; represents the j-th performance
index, and the state value functions for an admissible control policy
u(x) are defined as V() (xp) 2 YR G ulx)), j=1,...,N, and
Viu=Vaus-- V(N,u)]T. Then, the above optimization problem is
min,, V,,(xg).

Main results:

Policy gradient adaptive dynamic programming for multi-objec-
tive nonlinear systems: The value function V,(x) can be expressed
as

Vija () = Rj o (o) + Y R (x1,u(x))
I=k+1
= R;j (x, u (xi)) + Vijuy (K1)
= R (xpe, u (xx)) + V(juy (F (xge, ug.)). @)
In order to describe the reward of each action more directly, the Q-
function, also called state-action value function is defined as
A (&)
Ou (xtopt) S R(xi )+ ) RCap,u(x) 3)
I1=k+1
where u(x) € U(X) and Q,(0,0)=0. In (3), Q, (xx,u) represents the
value of the performance index of system (1) by using control policy
u after taking action u at state x;. Then the j-th Q-function can be
expressedas Q) (xk, 1) = Rj(xp, 1) + X124 11 R i, u(xp) = R j(xp, p)+
Ociany (Xp1,u) = R (X, 1) + Vi iany (Xgw1). For

0} Gopt) = Rj (e )+ Q)

0 (e, u®) @)
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where j=1,...,N and i refers to the iteration index. Update the con-
trol policy u(x) with gradient descent as

() = () - aZw] V.00 (o) (5)
Jj= =u (x)

where a and w; are constants, a represents the learning rate. w; is the
weight of the j-th performance index, which can generally be set
according to the importance of each target. Thus, the weight vector

= [w],w2,...,wN] can be constructed, which satisfies Z?’:l wj=1.
If u*(x) reaches the optimal control policy, the j-th Q-function is

given by

Q" (X pt) = R (g, ) + V™ (X41) (6)

where Q" (x,40) £ Q) (x.p2), and V() 2 Ve (x).

Theorem 1: Let the initial control policy 49 (x) be admissible, that
is, u® (x) € U(X), and the learning rate « satisfies (4). The Q-func-
tions for Vj € {1,2,..., N} and control policy are given in (4) and (5).
Then, u® (x) is admissible and the system is asymptotically stable.

Proof: The following proof can be carried out by mathematical
induction. At first, there is an initial policy u© (x) e UX) when
i=0. Assuming that ¥ (x) € U(X) holds when i = I, then the situa-
tion when i=17+1 needs to be discussed. With the control policy
u*D(x), the system is given by

Xyl = F(Xk,u(l+])(xk))~ @)

The state-value function Vj(l) (xy) can be selected as the Lyapunov
function. Then the difference of V j(l) (xy) along the state trajectory of
system (7) can be obtained as

AV () = Vi (F (o1 D)) - v, 00
=H; (xk, u+h, Vj(l)) -R; (xk, u(“'l)(xk)).

Then, H;(xu’™D, V;®) <0 holds. Thus, AV;D(x) < -
R j(xk,u(l“)(xk)) < 0 with x,u # 0, which shows the asymptotic sta-
bility of system (7). |
Neural network implementation of PGADP algorithm with
actor-critic structure: The online data set is z; = {xz_1, ux—1, X%} and
the offline data set is defined as Zy; = {x;,u, X" j|x;, X' 1€ X,y € U,
I=1,2,...,M}, where M is the data set size. Denote ¥ ;(x,u) 2
{sz(x,u)}‘;il, and ®(x) = {¢s(x)}§i1 as complete sets of linearly inde-
pendent basis functions. According to (4) and (5), Q;(xk,u) and u(x)
can be expressed as

L
JEINE Ze(”w,f(x MER Paeanty

s=1

i) £ ZA% () = 0T (2 ®)
where W;L(x,u) a [y j1 (), W jp (6 1),y (s wlT s the activa-
tion function of j-th critic network, and (DLT(x) [¢1(x, ),

do(x, ), ..., 01, (x y)]T is the activation function of the actor network.
The vectors 0(') [9('1),05'2), 9&'21]T and 9O 2 [A(’) A('),. ,f/(L')]T are

estimated welghts of the actor and critic networks, respectlvely

There are errors in the approximate estimation process using neu-
ral networks. Based on (4), the error function of critic network can be
calculated as

k A Ak NG
e () 2 0P (e = OFF (+.40) = R, (x,p0)
— LIJT (X ”)g(k) _ \P;'L (X’, (DZ (x')f/(k))éj'k) _ R](X,/l) (9)

The main basis for residual weight method to solve 8™ is that the

weighted integral is zero in the sense of weighted average, which can
be expressed as
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[ Co,(xmey) (eop ¥ N ) = 0 (10)

A
where Co,(x,p) = [cg,,1(x,11),c0,2(X 1), .., €01, (x, )17 represents
a weight function vector with respect to (x,u). For simplicity, denote

W ip (X i) = W]}p Co; (xie, i) =

AL Zc’ (¥7,)

Ck and

BO 2 ZCT \PJTL (x‘r’ (DL (xr )770)

=1

M
AL A+ (W), 02

-
A M
k B T T
Bj—Z;CQj‘P
=

C‘éjﬂj (xT7/JT)

—

" (fo LD (x") nk) + Ckg_jl (‘II];L)T
a Tx
T M+1

where [y 2 I'K d(x,u). Then, 95.0) and @;k) are written as
-1

A - —_
=8 +Ch Ri(erm-n), E

50 _|Tx g0 T ol Tx 00 40 _[mak =gk =ik
b, [ A== B x5 8 = [zAt-284 " xELh.
(11
The weight vector p¥ and pk of j-th critic network are computed
W]thp (ﬂo BO) 140 (ﬂk Bk) lzk

Next the update rule for Nk 1S exported Wthh represents the
weight of the actor network. Denote S(x)= CT(x)ZN WiV

‘-I’jT.L(x, d){(x)ﬁ(k)). Similar to the weight vector of critic network, the
weight vector of actor network p**1) is written as

-1
‘;}(k+]) — (\}(k) _ a[J‘(\/ CMT(X)q)LT()C)dX] (12)

The Monte Carlo integration method is also used to calculate the
integral, that is

A
x fx S0P dx.

Iy
M+ 15"/{
K g _ kg, _

jX S(x)Gj dx = L\’ S(x)pjdx =

[ Cu" LT (dx =

r
712 h)

where

Pi Po+cT<xk)cI>T(xk)—ZCT(xz)QT(xIHCT(xk)cD (%)

=1

Di(h) 2 ZS<x1)p,+S<xk)p, (13)
Summarlzed from (12) to (13), the update rule for 7; can be

obtained
— -1 k
Mt =1k — P Dy (o). (14)

Theorem 2: For V (x,u) € K, £1; >0, &; > 0, there exists a posi-
tive integer K that for Yk > K, there are

00— 0P| <1

and

|00 - 0, | < e

Proof: The detailed proof process is similar to the proof of Theo-
rem 2 in [5]. For brevity, it is not described in detail here. |

Simulation: In this section, the effectiveness of the PGADP-based
multi-objective control method will be tested through the simulation
of a discrete-time nonlinear system.

Consider the multi-objective optimal control problem for the fol-
lowing system:

2
(xk,] + xk’z + uk) cos (xk,Z)

X+l = 05 (x]%’l + X+ uk) sin (xk,z)
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Fig. 1. The weight vectors of the critic network when a = 0.02. (a) The weight vectors for the first critic network p;,1 —p1,12; (b) The weight vectors for the sec-
ond critic network p2 1—p2,12; (c) The weight vectors for actor network 7; (d) The state trajectories xx 1, X2, the control policy trajectories uy, and the perfor-

mance index Ji, 1, Ji2-

where the state x; = [xk,l,xk,z]T, and the initial state xo = [0.2,0.7]7.
Here, the case of two goals is considered. The simulations are car-
ried out separately from the perspective of different learning rates
and different value functions. The value functions can be given by
Vi x0) = 2005  x+w wy and Voo (x0) = 2520 27 xy+ T wy.
Collect 40 frames of offline data and select @ =0.02, w =[0.2,0.8],
and 179 = [—1.5,0.5,0,0,0]T. Then the simulation results are shown in
Figs. 1(a) and 1(b) represent the trajectories of the critic network
weight vector pg 1 and py 2. Fig. 1(c) demonstrates the convergence of
the critic network weight vectors 7,. Select @ = 0.06 as a compara-
tive experiment, and the results are shown in Figs. 2(a)—2(c). It can
be seen from the figure that although the convergence is finally
reached, the process is more oscillating compared with the case of
a=0.02.
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Fig. 2. The weight vectors of the critic network when a = 0.06. (a) The weight
vectors for the first critic network p;1—p1,12; (b) The weight vectors for
the second critic network p21—p2,12; (c) The state trajectories xx 1, X2,
the control policy trajectories uy, and the performance index Ji 1, Ji.2.

Conclusion: In this letter, by using data from real system instead
of calculating by the mathematical system models, a PGADP-based
control algorithm is proposed to solve the multi-objective optimal
control problem. The optimal control policy is designed to ensure the
multiple objective functions converge to the optimal vectors in the
Pareto sense, and the stability and convergence of the algorithm is
proved. The policy gradient method is used to reduce unnecessary
calculations. In addition, the experience replay technique is used to
derive the rules for updating actor-critic network parameters. Finally,

a simulation example is given to verify the performance of the
method. The future works can be extended to the multi-objective
optimization problem with conflicts and more actual situations.
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