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Abstract—In this paper we propose an effective method to
design a Single-Input Single-Output (SISO) Unnormalized In-
terval Type-2 Takagi-Sugeno-Kang (TSK) Fuzzy Logic System
(UIT2FLS) for noisy regression problems based on multi-source
knowledge which includes here the information from sample
data and the prior knowledge of bounded range, symmetry and
monotonicity. The sufficient conditions are given which ensure
that the prior knowledge can be embedded into the UIT2FLS,
and then the UIT2FLS is designed so that the target function
can be approached as accurately as possible via constrained
least squares algorithm. The performance of the UIT2FLS is
verified through comparisons with unnormalized type-1 Fuzzy
Logic Systems (FLSs) and normalized interval type-2 FLSs under
three different noisy circumstances. Simulation results verify the
correctness of the sufficient conditions, and demonstrate that the
UIT2FLS has the best overall performance.

Keywords - interval type-2 fuzzy logic system; constrained least
squares algorithm; prior knowledge

I. INTRODUCTION

In the past decades, there had been many excellent studies
on the theory and application of type-2 FLSs [1] — [5]. Type-2
FLSs are extensions of type- FLSs, and more complex than
type-1 FLSs due to using type2 fuzzy sets in the antecedent
and the consequent part of fuzzy rules. Interval Type2 Fuzzy
Logic Systems (IT2FLSs), a special case of type2 FLSs,
have obvious advantages for handling different sources of
uncertainties, such as noisy data.

Although interval type2 FLSs provide a powerful frame—
work to represent and handle the uncertainties, the problem
of how to design interval type2 FLSs is still a heavily
researched issue, especially when sample data are insufficient
and noisy. In order to overcome the problem, we can utilize
some prior knowledge of plants or systems, such as bounded
range, symmetry, monotonicity, etc., to compensate the insuf—
ficiency of the information from sample data or to make the
data invalid which are out of accord with the known prior
knowledge. Recently, many researchers have incorporated prior
knowledge into neural networks [6], type- FLSs [7] — [10]
and normalized IT2FLSs [11], [12]. Lindskog [7] proposed a
fuzzy model structure to ensure monotonic gain characteristics
in identified models. In [8], Won gave sufficient conditions
of monotonicity for normalized type-1 TSK fuzzy systems.
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In [11], [12], Li and Yi gave sufficient conditions to ensure
that the prior knowledge of bounded range, symmetry and
monotonicity can be incorporated into normalized IT2FLSs.

Unnormalized type-1 TSK FLSs are employed by K.Tanaka
[13], and then Liang combined unnormalized TSK fuzzy
systems with type2 fuzzy logic in [4]. Unnormalizing the
output of a TSK FLS can provide fast inference, reduce com—
putational complexity, and may achieve the same performance
as the normalized TSK in some specific applications [13]. At
present, there are a few studies in the literature that incorporate
prior knowledge. In [14], Wang and Yi gave the sufficient
conditions to ensure that the prior knowledge of monotonicity
and convexity can be integrated into UIT2FLSs, but did not
present the method of designing an UIT2FLS. In this paper,
we propose an effective method to design an UIT2FLS based
on multi-source knowledge, and demonstrate the advantages
of UIT2FLSs over type- FLSs and normalized IT2FLSs in
simulation.

II. SISO ZEROTH-ORDER UIT2FLS

Consider an SISO zeroth-order type-2 FLS whose fuzzy rule
base consists of M fuzzy rules. The ith rule R’ is denoted as

R': IFzis A, THEN Y’ = [w’, w'], (1)

where ¢ = 1,2,...,M; z is an input variable; Als are
the antecedent IT2FSs which can be completely depicted
by the lower and the upper membership functions — A (z)
and i 7, (z), which are the trapezoidal membership functions
formulated by (4) and (5) shown in Fig. 1, or the quadratic
polynomial membership functions formulated by (6) and (7)
shown in Fig. 2. The firing set F* of rule R’ is an interval

type set, i.e., F' = [f'(x), ['(x)], in which f*(z) = p 5, (v)

and f'(z) = iz (2).
Definition 2.1: If the computation method of the SISO
zeroth-order type-2 FLS described by (1) follows that

~ 1
y(a:):/ / / / o
yley! yMeyM Jricpt FMeFM sz\il iyt
(2)

then we refer to the fuzzy system as UIT2FLS.
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According to Theorem 13-2 in [1], the final output y(z) of
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the UIT2FLS is inferred as
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Interval type2 polynomial trapezoidal membership function.

Mo i PN
) =5 (' + @), (3)
0 » < a,
MELY) df <a <V,
py(x) =4 h b <z<c “4)
ME=E) d<z<d,
0 x>d.
0 - r<d,
W(EFEL) a <z <
Br(@)=4¢ h v b<z<c (5)
E(j:_c”ﬁ) d<zr<d
0 x> d
2h(§=%)? o <z <t
h—2h(3=5)? =4F <a <V,
b)) =14 h b <z<d, (6)
h=2h(5=5)? ¢ <w< L
2G5 A <z<d,
0 xz>d.
0 v r <a, o
(=)t <w< g
h—2h(f=5)? 4 <a <,
Bg(x) =< h V<z<c, (7)
h — 2h(£=5%;)? ci§x<&2dl,
2h(4=2)2 etd < g < d
0 x> db
where a' < d% b < mt <t and
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Fig. 3. Interval type2 fuzzy partition of trapezoidal membership function.
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Interval type2 fuzzy partition of polynomial trapezoidal membership

III. CONSTRAINT CONDITIONS OF PRIOR KNOWLEDGE

In this section, we will give some sufficient conditions to
ensure that some prior knowledge can be integrated into an
UIT2FLS. We will consider the prior knowledge of bounded
range, symmetry and monotonicity.

A. Prior Knowledge of Bounded Range

For the prior knowledge of bounded range, we have the
following results for an SISO zeroth-order UIT2FLS.

Theorem 3.1: Assume that the input domain U = [u, ] is
partitioned by M IT2FSs A!, A%, ... AM shown in Fig. 3 or
Fig. 4. Then, the output g(z) of the UIT2FLS is bounded on
[b, b], if the following conditions are satisfied:

1) No more than two fuzzy rules are fired.
2) Inequalities (8) and (9) hold.

1
S0 min (o) min {u')
2 p=1,...M—-1" """ =1,2,..,
+ 1min 1{ mm} Imn {w 1) > b, (8)
p=4i,...,M— 1,2,.
1 .
— D (2
5 (FI{{}% {Uhasl f,%?fM{w }
<7
+ _max  {Tne,}, max (W 1) <, ©)
where
yﬁmaz = Sup{ﬁgp (I) +H;{p+1($) HEUNS Sp}v

Qfm'n = inf{ﬁgp (‘T) +ng+1 (;C) HEAES Sp}7

00z = SUp{i 1, () + L g1 (@) : @ € SP},

Ufnln = inf{ﬁgp (:E) +ﬁ;{p+1 (:E) Txr e Sp}7
SP = [mP,mP* (p=1,2,...,M —1).

Proof: Suppose that no more than two fuzzy IT2FSs are fired,
and the ordinal numbers of the two fired rules are p and p+ 1.
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Fig. 5. Interval type-2 fuzzy partition symmetrically around a with trapezoidal
membership functions.

Then, from (3), the final output can be rewritten as

1 p+1

g(@) =5 Y (pg(@)w® + 7z (@)w"), (10)

k=p

When 2’ is an input to the UIT2FLS, we get
p+1 i
=3

/ ’ . :
Z(HAA$)+ﬁgﬁ+Ax))ﬁiggaM{w}
2 ymzn i—1 {u} }

- | 11
o PZIT.I.l.l,%_l{ mzn} mln {’LU } ( )

and
= Zp:: B (@)’
< (1 @) + 1z @) m
vvvvv JRiry
1{ym} _max {w'}. (12)

AT Ay
and

—p _4
Tt _max (@' a9

i(pZIm.l,Ijlw {ymm} Hgm {w'}
[ Whin},_min {w})

< 9l < =
<yle) < (p:g}%_ {ymax} _max  {u'}

(@ }). (15)

As a result, if (8) and (9) hold, then b < y(x) < b.
Hence, the theorem holds. O

_Phast _pax

B. Prior Knowledge of Symmetry

For the prior knowledge of symmetry, we have the following
results for an SISO zeroth-oerder UIT2FLS.

Theorem 3.2: An UIT2FLS is even symmetry around a, i.e.
y(x) = y(2a — z), if the following conditions are satisfied:

u a u

Fig. 6. Interval type2 fuzzy partition symmetrically around a with quadratic
polynomial membership functions.

1) The input domain of x € [u,u] is partitioned symmet—
rically around a by IT2FSs A, A2, ...  AM shown in
Fig. 5 or Fig. 6, where M is an odd number.

2) The consequent interval weights of the rules R's sat—
isfy that [w’,w'] = [wMTI= WM for ¢ =

M-—1
1,2,..., M1,

Proof: when 2’/ is an input, assume that ¢ fuzzy IT2FSs
can be fired, and the ordinal numbers of the fired rules are
11,12, ...,10t, here t is a positive integer.

As the fuzzy rule base is complete, and the input domain is
partitioned symmetrically around a. Therefore, when 2a — 2’/
is input to the UIT2FLS, the ordinal numbers of the fired rules
iSM+1—il,M—Fl—iQ,...,M—Fl—it.

The conditions of Theorem 3.2 can also be stated as follows:

B, (@) = firaria, (20 — 1), (16a)
ﬁgip (113/) = ﬁgM+17ip (2(1 - ZZ?/), (16b)
and
w'r = WMt (17a)
wr =Mtz (17b)

where p =1,2,...,t
Since

y(@)=>" pg, (@'

p=1—

and

t .
y(2a—2a') = Z Py (20 — )M,

p=1

according to (16a) and (17a), we can derive that y(z') =
y(2a —2').
Similarly, according to (16b) and (17b), we can derive that

y(a') = 7y(2a — 2').

Therefore,
y(o') = 5 () + )
= %(g@a —2") +7(2a — x’))
= y(20— /) (18)
From (18), Theorem 3.2 holds. [l
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C. Prior Knowledge of Monotonicity

We consider the monotonicity of an SISO zeroth-erder
UIT2FLS. Firstly, the definition of SISO monotonic fuzzy
systems is given as follows.

Definition 3.1: Let x be an input of a fuzzy system defined
on U = [a,b], where U C R. And, y = F(x) be the output of
the fuzzy system in the set V' C R. Then, F': U — V is said
to be monotonically increasing if a < x;7 < z9 < b implies

If Inequality (19) is reversed, we obtain the definition of SISO
monotonically decreasing fuzzy systems.

For the prior knowledge of monotonically increasing prop—
erty, we have the following results for an SISO zeroth-erder
UIT2FLS.

Theorem 3.3: Assume that the fuzzy system is single-input
single-output, and that the input domain U = [u,u] which
consists of M — 1 intervals S* = [m‘,m**'] is partitioned by
M IT2FSs A', A2%,..., AM shown in Fig. 3 or Fig. 4. Then,
the UIT2FLS monotonically increases with respect to z, if the

following conditions are satisfied:

1) No more than two fuzzy rules are fired, i.e. a' = a’

I iS]
Il

bl:blzmlzg,mM:CM:QM:d]w:dM 1,
at <al, b <b, < d<d b <m < ¢ for
2<i<M-—1,;

2) For any z € S, bit! = 4, b'™' = &', o'l = ¢,

a™ = ¢ so that i 5, () + 1 5.4 () = h, and B (@) +
ngl(‘?) =h(@=12,...,M-1;

3) w <wtland @ <w(i=1,2,...,M —1).
Proof: Assume that no more than two fuzzy IT2FSs can be
fired, and the ordinal numbers of the fired rules are k and k+1.

Let

Fa) =3 g, 20)
7 (z) = Zk:kl ()@ @

Hence, we have g(z) = 1 (y*(z) + 7" (z)).
1) When z € S*, 2/ € S* 2/ > z, from the second
condition of this theorem, (20) can be rewritten as

v (@) = p (@w® + pg, ., (@)

=(h- oy (x))w” + H Zresa (z)w* !

= ﬁwk + H Tkt (CL‘) (wk-’_l - ﬂk)' (22)
Then, we get
y (") —yf (@) =
(Hngrl (x/) - Hngrl (x))(ﬂk—’—l - wk)' (23)

Notice that f 5, ., (x) monotonically increases when z €
Sk ie.,

oy (s (I/) T H gk (I) 2 0.
If the third condition of this theorem holds, we can

deduce that
(24)

In the same way, we can also obtain that
7 (2) = 7" (x) > 0. (25)

According to (24) and (25), when = € S*, we can deduce
that
y(@') > y(z) (26)
2) When =z € S*, o/ € S¥, k' > k, and kK =
1,2,..., M, it is clear that ' > z holds.
From Equations (20) and (21), when = € Sk, we can

see that
hw" < y*(z) < hw",
Lt < yk(a:) < Bkt
With Condition 3) of this theorem holding, it follows
that
y'(ah) <y*(@®) <. < yM M),
7o) <7 <. <7 M),
where ' € S, i = 1,...,M — 1. So, in this circum—

stances, we can deduce that
y(a) = y(x)
Therefore, from the discussion above, we can conclude that
the theorem holds. O

Next, we give the sufficient conditions on the prior knowl-
edge of monotonically decreasing property.

Theorem 3.4: Assume that the fuzzy system is single-input
single-output, and that the input domain U = [u,u] which
consists of M — 1 intervals S* = [m’,m'*!] is partitioned
by M IT2FSs A', A% ..., AM as shown in Fig. 3 or Fig. 4.
Then, the UIT2FLS monotonically decreases with respect to
z, if the following conditions are satisfied:

1) No more than two fuzzy rules are fired, i.e. a' = a'

27)

I IS]
Il

Qlzblzmlzg,mM:cM:gM:c_iM:d u,
at <a' b <V, < d < dL b <mf < for
2<i<M-—-1;

2) For any = € S, bit! = di, v'™! = 4, @it! ¢

a'tt = ¢, so that i g, (2) + T g (x) = b, and p 4, (2) +
Biiva(@)=h(@=12... M-1)
3) w'>wttand w' > w (i =1,2,...,M —1).
Proof: The theorem can be proved in the similar way as
Theorem 3.3. (]

IV. DESIGN OF UIT2FLSs USING MULTI-SOURCE
KNOWLEDGE

Suppose that there exist r input-eutput data pairs (z1,y1),
.., (@r,yr). And our objective is that the parameters of the
above-mentioned UIT2FLS can be optimized subject to the
following training criteria (28) such that overall error measure
E' is minimal.

min B = min Yy (fzr) — ) (28)
k=1

Then, according to the objective, we design the UIT2FLS
based on sample data and prior knowledge via constrained
least squares algorithm.
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A. Design of UIT2FLSs Using the Constrained Least Squares
Algorithm

Firstly, we should determine whether the output of the
UIT2FLS is linear with its consequent parameters.
Since (3) can be written as

y(z) = ¢ (v)w, (29)
where
_ lﬁ"w('r) 1fZ:1327 7Ma
#i(@) _{ TGt @) ifi= M4 1,...,20M,
¢(1’) = [(bl (‘T)u 2(:@), <. 7¢2]\{[($)]T7
w=[w,.. oM@, . oM

)

we can deduce that the output of the UIT2FLS is linear with
its consequent parameters. Then, the overall error measure £
can be rewritten as the following form:

E = (dw—y)"(dw —y), (30)

where

Y=y, 92, YUrl,
® = [¢(21), 4" (x2),.... 8" (z,)] .

Since the sample data should satisfy one or several kinds of
prior knowledge such as bounded range, symmetry and mono—
tonicity, we can use the sample data to train the consequent
parameters of the UIT2FLS when the antecedent parameters
are determined beforehand. From (30), according to our objec—
tive, the UIT2FLS design problem can be transformed into the
following constrained least squares optimization problem (31).
Therefore, we can solve (31) to design the UIT2FLS utilizing
the multi-source knowledge which includes the information
from both sample data and prior knowledge.

in(dw — y)T (dw —
{H};n(w y) (Pw y), 1)

subject to w €
where () represents the constrained feasible parameter space.
Next, we will show that how to transform different kinds

of prior knowledge description into the constraints of the
consequent parameters of UIT2FLSs.

B. Constraints for Bounded Range

The constraints on the consequent interval weights of
bounded UIT2FLSs in Theorem 3.1 can be expressed as

where
Umin = :1?1111\471{2%1’11}5
Umin = 71?1111\471{5211‘11},
Umap = _ max  {n,}
Umaz = . 1T%§4_1{5£1az}7
i=1,2,..., M.

Therefore, there exist the 2M linear inequality constraints. It
is convenient and brief to formulate these constraints as the
following linear matrix inequality:

_1 . _1 _
2ymanM Q’UWHnIM:| w < |:Eb:| , (32)

%QmazIM %QmamIM
where I is the M x M identity matrix, b = [b, ..., bt € RM,
andb=[b,...,bT € RM,

C. Constraints for Symmetry

The constraints on the consequent parameters of symmetri—
cal UIT2FLSs in Theorem 3.2 can be expressed as

=0, (i=1,...,2-1)
w <@, (j=1,...,M).

wz _ w]w-i—l—z

w’L _ EMJrlfl

Hence, there exist M —1 equality and M inequality constraints
for these parameters, and the matrix form of the constraints can
be expressed as

Do Ouoy —18 0 Ous Ousy Ous
Ous Ouay Oun T Ouoy —T%
Xw=0p_1x1, (33)
(I —In]w < Onrxr, (34)

where I, denotes the M x M matrix obtained by rotating 5/
90 degrees clockwise.

D. Constraints for Monotonicity

The constraints on the consequent parameters of mono-—
tonically increasing UIT2FLSs on U in Theorem 3.3 can be
expressed as

w' —w' <0
w —wtt <0, (i=1,2,...,M—1),
Hence, there exist 3M — 2 inequality constraints for these

parameters, and the matrix form of the constraints can be
expressed as

Y Onr—1)yxm
Or—1)yxm Yoo w < 0@3r—2)x1,  (35)
Iy —Iy
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where

1 -1 0 0 0
0O 1 -1 0

Yi1 =Y = € RM-DxM,
0 O o ... 1 -1

In a similar way, based on Theorem 3.4, there exist 3M — 2
inequality constraints for the consequent parameters, and when
UIT2FLSs monotonically decrease, the matrix form of the
constraints can be expressed as

Z11 Orr—1)yxm
On—1)yxm Z22 w < 0i3p-2)x1,  (36)
Iy —In

where Z11 = Zyo = —Y11 € RM-1)xM

Remarks: Assume there exists a function y = f(z), which
is monotonically decreasing when x < 0, and monotonically
increasing when x > 0. If the input variable x is partitioned
as shown in Fig. 5, then we can deal with the circumstances
as follows:

zY Orr—1)yxm
Orr—1)yxm zY
Iy —In

w <03pm-2)x1,  (37)

where

Z11 OM—IXZ\/I—I

I (Y=
2

7Y c R(Z\lfl)xl\ll

M-—1
X3

M+1

M—-1
where Z11,Y11 e R72 X2

, and M is odd number.

V. SIMULATION

In this section, we use a simulation example to illustrate
the advantages based on multi-source knowledge, as above
mentioned, when the output of a target function is corrupted
by white noise.

Consider the following SISO nonlinear function

2 2
y= (g) tanh(|x|), (38)
where € U = [—3, 3]. It is obvious that the function is even

symmetry with respect to x = 0, bounded on interval [0,1],
monotonically decreases on interval [3,0], and monotonically
increases on interval [0,3].

We can create 500-raining-data set © whose elements
(x5,9:) (i = 1,...,500) are generated by ¥ = y + Noise,
where Noise € [—ny, np] is the uniformly distributed additive
noise. From Equation (38), we can obtain 500 input-output
data pairs (x;,y;) (¢ = 1,...,500) which are the elements
of test data set &. In this simulation, we test three different
levels of noisy disturbance including n, = 20%, 30%, 40%.
For each level of noisy disturbance, five cases are considered.
In case k (k=1,...,5), the elements of training data subset
®; and test data subset € are randomly chosen from ® and
€, respectively. The numbers of the training data subset and
the test data subset r; are 25, 40, 60, 80, 100, and all the

Fig. 7. Type- (dashed line) and type=2 (solid line) fuzzy partitions of the
input domain.

values of input variable z; in ®j, and & are different in each
case k.

In order to demonstrate the superiority of prior knowl—
edge and type2 FLSs, we use the following six FLSs to
identify the target function: UIT2FLS with the monotonic,
symmetric and bounded constraints (T2PFLS), UIT2FLS with—
out the constraints (T2NPFLS), unnormalized type-l FLS
(UTTFLS) with the constraints (T1PFLS), UT1FLS without
the constraints (TINPFLS), normalized interval type2 FLS
(NT2FLS) with the constraints (NT2PFLS) and NT2FLS with—
out the constraints (NT2NPFLS). For each FLS, we use seven
membership functions equally distributed on input domain,
and the fuzzy partitions which are shown in Fig. 7 satisfy
the conditions on the parameters of the antecedent parts in
Theorem 3.1 — 3.4.

Based on the training data and the test data, we use the
following two RMSE performance indices in case k,

13 o\ ?
apy, = (EZ (F(zk) —yk)2> ; (39)

=1

Tk 3
9Pk = (i > (@a) - yk)2> , (40)
"k =
where apy can reflect the approximation performance of the
fuzzy systems for the training data, and gp, can reflect
the generalization performance of the fuzzy systems for the
test data. From (39) and (40), we know that the less both
indices are, the better the corresponding performances are.
Furthermore, in order to avoid particularity, we calculate the
statistical indices of the approximation performance and the
generalization performance, apsr and gpsi, which are the
arithmetic mean of the corresponding indices obtained from
50 runs.

As mentioned above, three different levels of noise and five
cases for each level of noise are considered. The comparisons
between the six FLSs are drawn with respect to the size
of data subsets and the noise level for the statistical RM—
SEs of the approximation performance and the generalization
performance, ap;s and ¢p;s, which are shown in Fig. 8§,
Fig. 9 and Fig. 10, respectively. When the training data subset
is comprised of 25 sample data, and the noise distributes
uniformly in [—40%, 40%], we obtain one of the identification
results shown in Fig. 11. We can note that the data shown in
Fig. 11 are consistent with the corresponding data in Fig.10
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Fig. 8. Performance comparisons of six different FLSs when n; = 20%:
(a) approximation performance (b) generalization performance.
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Fig. 9. Performance comparisons of six different FLSs when n; = 30%:
(a) approximation performance (b) generalization performance.

on the whole.

From these figures, we can compare and analyze the approx—
imation performances and the generalization performances in
terms of both the size of the data subsets and the level of noise
for the six FLSs as follows:

(1) About approximation performance, from Fig. 8(a),
Fig. 9(a) and Fig. 10(a), we observe that the unnormalized
interval type-2 FLS without the prior knowledge constraints
(T2NPFLS) performs better than the other five FLSs listed in
the descending order of approximation performance, in gen—
eral, as follows: NT2NPFLS, TINPFLS, T2PFLS, NT2PFLS
and T1PFLS. Also, it is can be observed that the FLLSs without
the constraints have better approximation capabilities than the
FLSs with the constraints, whose performance indices are
almost the same apparently. There exist the following two rea—
sons to explain this. For one thing, the consequent parameters
of T2NPFLS, NT2NPFLS and TINPFLS are not constrained
by the prior knowledge, so the three FLSs have a larger degree
of freedom than the counterpart of T2PFLS, NT2PFLS and
TIPFLS. For another, type-2 FLSs have more parameters than
type FLSs. Thus interval type2 FLSs without constraints
have best approximation capabilities among the six FLSs.
In terms of the size of a training data subset, note that the
smaller the size of the subset is, the better the approximation
performance is in each case. As the level of noise increases,
the approximation performances deteriorate for the six FLSs
in each case.

(2) About generalization performance, from Fig. 8(b),
Fig. 9(b) and Fig. 10(b), we observe that the unnormalized
interval type2 FLS with the prior knowledge constraints
(T2PFLS) outperforms the other five FLSs listed in the
descending order of generalization performance, in general,
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Fig. 10. Performance comparisons of six different FLSs when n, = 40%:
(a) approximation performance (b) generalization performance.

as follows: NT2PFLS, T1PFLS, TINPFLS, T2NPFLS and
NT2NPFLS. Also, it is can be observed that the FLSs with the
constraints, whose performance indices are different slightly,
have better generalization capabilities than the FLSs without
the constraints. The reason for this is that the prior knowledge
makes the FLSs with the constraints not be overitted to the
target function so that their feasible parameters spaces are
smaller than the counterpart of the FLSs without constraints.
Thus, to some extent, T2PFLS, NT2PFLS and T1PFLS can
overcome the effect of noise to approach better the original
noisefree function. In terms of the size of a test data subset,
note that the bigger the size of the subset is, the better the
generalization performance is in each case. As the level of
noise increases, the generalization performances deteriorate for
the six FLSs in each case.

(3) About T2PFLS, NT2PFLS and T1PFLS, from Fig. 8
— Fig. 10, we observe that the performance curves of the
three FLSs are in close proximity both for approximation
capability and for generalization capability, and as the level
of noise increases, they become closer. The following reasons
can explain the fact. Since the consequent weights of the three
kinds of FLSs are constrained identically, the performances
of T2PFLS and NT2PFLS are almost the same as that of
T1PFLS. However, the interval type2 FLSs are formed by
the linear combination of the two type-l bounding FLSs [3].
This implies that type2 FLSs have more parameters and more
freedom degrees than type- FLSs. Thus, the approximation
performances and the generalization performances of the two
kinds of FLSs are better slightly than the counterpart of
T1PFLS.

(4) From Fig. 8 — Fig. 10, we observe that unnormalized
interval type2 FLSs perform slightly better than normalized
interval type-2 FLSs, and as the level of noise increases,
the difference between the unnormalized T2FLSs and the
normalized T2FLSs became smaller and smaller. On the other
hand, since unnormalized T2FLSs do not need the operation
of normalization, i.e., division operation, its elapsed time is
less than that of normalized T2FLSs. Here, elapsed time of
a type-2 FLS is defined as the time spent on computing the
output y(x) of the type2 FLS for a data subset. Without loss
of generality, in the simulation, we use arithmetic means of all
the elapsed time obtained from 50 runs. For each case k of
T2NPFLS and NT2NPFLS, the average values of the elapsed
time are shown in Table I. From the table, we can know that if

1980



Estimated output /
= = = Original output ./

RMSE of ap;=0.2030! ,
RMSE of gp;=0.074197 %
.

RMSE of ap;=0.20451
RMSE of gp1=0.07628
+

RMSE of ap;=0.16689
RMSE of gp;=0.16948
+

|
|
'
<
“

\ Estimated output /|
= = = Original output +
©  Test value

+ Noise value

RMSE of ap1 020611+,
RMSE of gp—0.077833 2
B 2

RMSE of ap;=0.1942
RMSE of gp1=0.08058
-

|
|
'
<
“
!
|
i
'

(e ®

Fig. 11. one of identification results of the six FLSs when the r1 = 25
and ny, = 40%: (a) T2PFLS (b) T2NPFLS (c) NT2PFLS (d) NT2NPFELS (e)
T1PFLS (f) TINPFLS

TABLE I
ELAPSED TIME OF DIFFERENT SAMPLE NUMBER

FLS sample number

type 25 40 60 80 100
T2NPFLS 0.0052  0.0076 0.012 0.015 0.019
NT2NPFLS | 0.0060 0.0088 0.013 0.017 0.021

we utilize UIT2FLS, we would save about 11% of the elapsed
time of normalized IT2FLS.

In conclusion, based on multi-source knowledge, not only
can the UIT2FLS obtain better performance than unnormalized
type FLSs on the whole, but also the UIT2FLS slightly
outperform and need less computation time than normalized
IT2FLSs.

VI. CONCLUSIONS

In this paper, we give some sufficient conditions on ensuring
that the prior knowledge of bounded range, symmetry and
monotonicity can be incorporated into UIT2FLSs. And then,
we design an SISO zeroth-order UIT2FLS for noisy regres—
sion problems via constrained least squares algorithm. The
simulation results have verified the validity of Theorem 3.1
— 3.4. The FLSs with prior knowledge description have better

1981

performances than the FLSs without prior knowledge descrip—
tion on the whole. In contrast with T1PFLS, T2PFLS have
better overall performance for approximation capability and
generalization capability. In contrast with NT2PFLS, T2PFLS
can save more computation time, and have slightly better
performance. Therefore, we can conclude that based on multi—
source knowledge, the UIT2FLS performs best among all the
six fuzzy logic systems.

ACKNOWLEDGMENT

This work was supported by the National Natural Science
Foundation of China under Grant No. 60975060.

REFERENCES

[1] J. M. Mendel, Uncertain Rule-Based Fuzzy Logic Systems: Introduction
and New Directions, New Jersey: Prentice-Hall, 2001.

[2] J. M. Mendel, “Advances in type-2 fuzzy sets and systems,” Information
Sciences, vol. 177, pp. 84-110, Jan. 2007.

[3] J. M. Mendel, “A Quantitative Comparison of Interval Type2 and Type—
1 Fuzzy Logic Systems: First Results” 2010 IEEE World Congress on
Computational Intelligence, Barcelona, Spain, July. 2010, pp. 404-411.

[4] Q.Liang and J. M. Mendel, “Equalization of nonlinear time-varying
channels using type-2 fuzzy adaptive filters,” IEEE Transactions on Fuzzy
Systems, vol. 8, pp. 551-563, Oct. 2000.

[5] O. Castillo and P. Melin, Type-2 Fuzzy Logic Theory and Applications,
Berlin: Springer-Verlag, 2008.

[6] Wayne H. Joerding, and Jack L. Meador, “Encoding a priori information
in feedback networks,” Neural Networks, vol. 4, pp. 847-856, 1991.

[7] Peter Lindskog and Lennart Ljung, “Ensuring Monotonic Gain Character—
istic in Estimated Models by Fuzzy Model Structures,” Automatica, vol.
36, pp. 311-317, Jun. 2000.

[8] Jin M. Won, Sang Y. Park and Jin S. Lee, “Parameter conditions for
monotonic Takagi-SugenoXKang fuzzy system,” Fuzzy Sets and Sysems,
vol. 132, pp. 135-146, Mar. 2002.

[9] Jinwook Kim and Jin S. Lee, “Single-input Single-ouput Convex Fuzzy
Systems as Universal Approximators for Single-input Single-output Con—
vex Functions,” 2009 IEEE International Conference on Fuzzy Systems,
Jeju Island, Korea, Aug. 2009, pp. 20-24.

[10] Tae-Wook Kim, Sang Y. Park and Jin S. Lee, “Parameter Conditions and
Least Squares Identification of Single-input Single-output Convex Fuzzy
System,” SICE Annual Conference 2007, Kagawa University, Japan, Sep.
2007, pp. 568-573.

[11] Chengdong Li, Jianqiang Yi and Dongbin Zhao, “Analysis and design
of monotonic type2 fuzzy inference system,” 2009 IEEE International
Conference on Fuzzy Systems, Jeju Island, Korea, Aug. 2009, pp. 1193—
1198.

[12] Chengdong Li, Jiangiang Yi and Dongbin Zhao, “Design of Interval
Type2 Fuzzy Logic System Using Sampled Data and Prior Knowledge,”
ICIC Express Letters, vol. 3, pp. 695-700 , Sep. 2009.

[13] K. Tanaka, M. Sano and H. Watanabe, “Modeling and control of
carbon monoxide concentration using a neuro-fuzzy technique,” IEEE
Transactions on Fuzzy System, vol. 3, pp. 271-279, Aug. 1995.

[14] Tiechao Wang, Jiangiang Yi, and Chengdong Li, “The monotonicity and
convexity of unnormalized interval type2 TSK fuzzy logic systems”,
2010 IEEE World Congress on Computational Intelligence, Barcelona,
Spain,July, 2010, pp.3056-3061.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /WorkingCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 400
        /LineArtTextResolution 1200
        /PresetName <FEFF005B9AD889E367905EA6005D>
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed true
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


