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Abstract— A robust feedback linearization controller is pre-
sented for attitude control of an Unmanned Aerial Vehicle
(UAV). The objective of this controller is to make the roll
angle, pitch angle, and yaw angle track the given trajecto-
ries(commands) respectively. This design is developed using
dynamic inversion and extended state observer (ESQO). Firstly,
dynamic inversion is used to linearize and decouple UAYV attitude
system into three single-input-single-output (SISO) systems,
then three proportional-derivative (PD) controllers are designed
for these linearized systems. Extended state observers are
used to estimate and compensate unmodeled dynamics and
extern disturbances. Simulation results show that the proposed
controller is effective and robust.

Keywords— attitude control; dynamic inversion; extended state
observer; robustness.

I. INTRODUCTION

Attitude tracking is the purpose of UAV’s inner loop
control which determines the handling qualities of UAV.
The major problem in the design of attitude control system
comes from high nonlinearity and undesired strong coupling
between axes of UAV. With traditional methods it is difficult
to design high-precision attitude controller. Because of UAV’s
nonlinearity, using nonlinear method can better meet the
nature of the problem. Feedback linearization is a very
important nonlinear control method. The main idea of feed-
back linearization is to cancel system’s nonlinearity directly
using nonlinear state feedback transformation or coordinate
transformation. Dynamic inversion is one of the widely used
feedback linearization methods in engineering fields and has
been applied successfully in flight control [1], [2]. However,
to perform exact linearization, the precise system model is
needed for dynamic inversion, and this requirement usually
can not be satisfied because of the existence of unmodeled
dynamics and extern disturbances. Some robust control meth-
ods combined with dynamic inversion have been proposed in
order to improve robustness in flight control, such as neural
network [3-5], loop shaping [7], fuzzy control [6], and other
adaptive control methods. The main idea of most of these
methods is to estimate the uncertain factors and eliminate
them. Extended state observer (ESO) [8-10] can be used
to estimate uncertainties and disturbances, which is the key
part of active disturbance rejection controller (ADRC) [8—
10]. ESO takes the disturbances that can affect the system
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outputs as a new state variable, and uses a special feedback
mechanism to establish the extended state. This observer
doesn’t depend on the mathematical model of disturbances.

In this work, we use the well-known dynamic inversion
combined with extended state observer to establish an attitude
controller for UAV. Simulation results are presented to show
good performance and robustness of this controller.

II. UAV DYNAMIC MODEL DESCRIPTION

The dynamic model of an unmanned aerial vehicle is as
follows [11]

¢=p+tan6(qsin¢+rcos¢) 6 = qcos ¢ — rsin ¢

QL: qsinzbjsrgcosq5 ;z'):(c1r+czp)q+03L+C4N
q = cspr — C(;(p2 - 7‘2) +crM 7= (cgp—car)g+cal +coN
I,—1,)I,—1I? Io—I,+1.)1,.
whereclz(” %z “,02:( "g )",03:%,
D o S P A 1 .=
4 — s 66— I, > 6 — I, 7 I,° 8 -
I, (I,—1,)+12
Llaltle: og — Loyt = [, — I2,. ¢,6,¢ are roll,

pitch, yaw angles respectively. p, g, r are body-axis roll, pitch,
yaw rates respectively. L, M, N are total roll, pitch, yaw
moments produced by aerodynamic control surface or thrust
respectively. I;, I, I, are roll, pitch, yaw moments of inertia
respectively. Iy, I, I,. are product moments of inertia.

Because of the undesired strong coupling between axes of
UAV and the existence of unmodeled dynamics and extern
disturbances, a robust attitude controller is needed to make
the UAV’s attitude track the given commands quickly and
steady.

III. DYNAMIC INVERSION AND EXTENDED STATE
OBSERVER
A. Dynamic Inversion

Consider the multivariable affine nonlinear system with
state vector x € R", input vector v € R™, and output vector
y € R™ described by following equations

&= f(x)+ Y gi(r)u; = f(x) + G(z)u (1)
i=1
y = h(z) )
where f,g1, -, gm are smooth vector fields in an open set

of R, G(z) = (q1(z), -+, gm(x)) is a n x m matrix,
h(z) = col(hi(x), - -+, hm(x)) is a smooth m-vector.

978-0-7695-3804-4/09 $26.00 © 2009 IEEE

|IEEE
@) computer
DOI 10.1109/ICICTA.2009.212 Soclef

ty

Authorized licensed use limited to: INSTITUTE OF AUTOMATION CAS. Downloaded on January 19, 2010 at 03:46 from IEEE Xplore. Restrictions apply.



Let L¢h; stand for Lee derivative of h; along the vector
field f and L’}hi stand for taking k times iteration Lee
derivative of h; along the vector field f. Considering the i-th
output of the above affine nonlinear system, differentiating
with respect to time, we get y; = Z? 1 ght Z;. Substituting
the i-th equation of (1) into it yields

Z +Zza%k

k=1j=1

)+ > Lo, hi(x)ux
k=1

6@

If Y00, Ly, hi(z)uy equals to zero, that is u doesn’t appear
in y;, then differentiating g; with respect to time successively
until the input appears in the derivative expression, we get

m
i i i—1
u" = L hi(e) + 3 Lo LY~ i)
k=1
where 7; is the smallest times we must derivative the expres-

sion until the input appears in yl('”). Then we can rewrite the
output equation (2) as follows [1], [12]

Yy = A(z) + B(z)u 3)
where
yg"r’l) L}l h1
y(w) = : Az) = :
yGm) LY b,
Lo L} ™' Ly, L} 'ha
B(z) = :
Lo L7 hn Loy L} hin

Therefore, the decoupling and linearizing control law can be
set as

u= B(z)(v — Ax)) O]
where Bf(z) is the pseudo-inversion of matrix B(z), v is
the pseudo-input. Substituting (4) into (3) yields 3 = v.

However, the system equation (3) is only an approximation
of the actual nonlinear system. Supposing the real model of
the system is described by y(?) = F(x u), then it can’t be
decoupled and linearized exactly by the control law @
Bi(z)(v — A(x)). Letting A(z,4) = F(z,4) — (A(z) +
B(z)a), then y) = F(z,4) + Az, 4). A(x, @) stands for
unmodeled dynamics or extern disturbances.

The effect of A(z,4) to system needs to be estimated
and eliminated. ESO is suitable to play this role, which
can be used to deal with unmodeled dynamics and extern
disturbances [8-10].
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Fig. 1. Block diagram of attitude controller based on dynamic inversion
and ESO

B. Extended State Observer

Consider a second order SISO system

y:f(t7y7y7w)+bu

where f represents the real system dynamics, w represents
the unmodeled dynamics and disturbances. Letting z3 =
f(t,y,y,w) and 25 = a(t), we call z3 an extended state
of this system. Then the system can be described as

1:1 = X2
‘T.Q = T3 + bu
i = alt) (5)
Y = X
A nonlinear observer of the from
e = zn1-Y
21 = 2z —pe (6)
2':2 = 23 7ﬁ2f{1l(€,0{1,6) +bu
z3 = —Bfal(e, az,9)

can be designed for system (5), where

Fal(e, ,6) é{ le|“sign(e)

s

le] > ¢
le| <6

‘ [e]
€

60>0,0<ax<l

If the parameters o, s, 01, B2, 83,0 are properly choosed,
then this observer can estimate real-time values of
x1(t), z2(t) and the extended state x3(t) of system (5),
that is, Zl(t) — l‘l(t),ZQ(t) — IQ(f),Zg(t) — .l‘3(t). This
observer is called the extended state observer (ESO) [8-10] of
system (5) If f(tvyay7 w) = fO(tayvva) + fl(t’yvyaw)’
where fy and f; are the known and unknown parts of f
respectively, then f; can be estimated as f; = z3 — fo.
Usually the unknown parts are unmodeled dynamics or
extern disturbances, which can be dynamically estimated and
compensated by ESO.

IV. UAV ATTITUDE CONTROLLER DESIGN

Now consider the attitude control problem described in
section II. The block diagram of our proposed attitude
controller is described in Fig.1. Letting
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and differentiating y with respect to time twice, we get
= A(x) + B(x)u

where A(z) = col(ay,as,as3),
c3 +cacosptan@ c7sin¢gtanf
—cq 8in ¢ c7 cos ¢ —cg sin ¢
cq cos ¢ sec c7 sin ¢ sec 0 cg cos ¢ sec 0
The expressions of aj,as,as are omitted because of their

complexity. Choosing u = @ = B (x)(v — A(x)), then

¢4 + c9 cos ¢ tan @
B(x)

(8)
It can be clearly seen that system (7) has been linearized and
decoupled into three SISO systems, which are simple to deal
with.

However, because of the existence of unmodeled dynamics
and extern disturbances in system model, the real system
under the control @ is

j=v

J=v+ Az, ) (9)

where A(z, @) stands for unmodeled dynamics and extern
disturbances. System (8) also can be viewed as three SISO
systems with disturbances. Supposing the attitude commands
are given by (¢,0.,¢.), we design three proportional-
derivative (PD) controllers for each SISO channel of system
(8), that is, we set pseudo-input v as

vy kp1 (6 — @) — kar¢
v = Vg = k'pz(ec — 9) - k‘dgel
L] kp3 (e — ) — kazyp

Then (9) becomes

{b. kp1(¢c_¢) _k:dl.q;'f'Al(xaﬁ)
9.. = I{?pz((gc - 9) - kd26 + Ag(x, ﬁ) (10)
¢ = kpS(wc - 1/)) - kdB’L/J + AS(‘T7 ﬂ)

Because of the similarity in the form of the three systems in
(10), we just take the first equation of (10) into consideration.
Viewing ¢. as the control input and letting x1 = ¢, x5 =
b, x3 = —kpidp — k¢ + Ai(x,4),43 = a(t), the first
equation of (10) can be expressed as follows

T T2

Ty = w3+ kpide
:1';3 = a(t)

Yy = 1

According to (6), an extended state observer (ESO) for this
system can be designed as follows

e = Zl¢ )

Z"l¢> = 22¢ — Bie

Zap = z3¢ — Pafal(e,a1,0) + kpide
Z3y = —[Pafal(e,az,0)

If the parameters are choosed appropriately, then z14(t) —
z1(t), 224(t) — x2(t), z36(t) — wx3(t). We can get an
estimate of A (z,4)

Ay (z, 1) = 239 + kp1 & + ka1 ¢
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Fig. 2.  Attitude angle response of single channel without unmodeled
dynamics. Attitude angle command 6. is a square wave with amplitude
10deg and frequency 0.1Hz, ¢. = Odeg, 1. = Odeg.

Suppose the required damping and the frequency of ¢ channel
are &1, wq respectively. If we set vy = k1 (¢ — ¢) — kdlgﬁ -
Ay (z,a) instead of v1 = kp1 (¢ — @) — kdlq'ﬁ and choose PD
gains as k,1 = wi, ka1 = 2§ w1, then the closed loop transfer
function of tgle first SISO system of system (9) becomes
% = m This is a second order system that has
the desired frequency and damping. We design corresponding
ESO for the other two SISO systems respectively to estimate
the unmodeled dynamics and extern disturbances

AQ(CE, 11) = z39 + kp29 + kdg(i).
As(x, @) = 239 + kp3) + kazp

where z39, 23, are the output of corresponding ESO. ko,
kps, ka2, ka3 also can be choosed as kpz = w%,kdg =
26owa, kps = w3, kaz = 2&3ws, where &2, wo are the desired
frequency and dumping of 6 channel respectively and &3, ws
are the desired frequency and dumping of 1) channel respec-

tively. We also set vy = p2(0c.—0)— ka0 — Ag(z, ), v3 =
kps(tpe — ) — kazyp — As(x,@). Finally, under the control

2

of v, v9,vs, system (7) is equivalent to f = MQW
c 1

0 _ w3 v

B, = TGl b T . The real control

can be expressed as follows

2
w3
s24+2€3wzs+w3

L wipe — 234
M | = Bf(z)(v — A(z)) = Bf (z) w50c — 239 — A(z)
N Wg'wc — Z3¢

V. SIMULATION RESULT

In this section, some examples of attitude tracking are
given to demonstrate the proposed method. Suppose the three
channels of UAV have the same frequency and damping
requirements w = 4 rad/s, £ = 0.8. The aerodynamic control
surfaces that provide moments are modeled as first-order
inertial systems. Set kp1 = kp2 = kps = 4%, kg1 = kao =
kqs = 2%4%0.8. The parameters of three ESOs can be set to
be the same, that is, 3; = 100, 32 = 3000, 33 = 5000, =
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Fig. 3.  Attitude angle response of three channels without unmodeled
dynamics. Attitude angle command ¢. = 10deg, 6. = —10deg, . =
10deg.
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Fig. 4. Attitude angle response and control moment with unmodeled
dynamics. Attitude angle command ¢. = 10deg, . = —10deg, . =
10deg.

0.1,a7 = 0.9,a0 = 0.3. Fig.2 and Fig.3 are obtained in
the situation of no unmodeled dynamics. In this situation,
the response of the controller with ESOs and without ESOs
are nearly the same. Fig.2 shows the attitude angle response
of single channel, where the attitude angle command 6, is
a square-wave with amplitude 10deg and frequency 0.1Hz,
¢. = Y. = 0. From these response curves, we can see that
the pitch angle 6 tracks the command quickly and steady
without overshot, and the other two attitude angles hold
on Odeg. Fig.3 shows the attitude angle response of three
channels, where the attitude angle command ¢. = 10deg,
0. = —10deg, 1. = 10 deg. It can be seen that individual
angle command can be well tracked in each channel. The
nonlinear system is fully decoupled.

However, if there exist unmodeled dynamics in system
model, the importance of ESO is demonstrated. Fig.4 gives us
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an example, which is obtained in the presence of unmolded
dynamics by more than 10% perturbation in each moment
of inertia of UAV. The dash lines show the attitude response

without using ESOs to estimate and compensate model errors.
The solid lines show the attitude response with model errors
estimating and compensating using ESOs. It is obvious that
the effects of the controller with ESOs are much better
than that without ESOs. The controller with ESO has robust
performance.

VI. CONCLUSIONS

An attitude controller for UAV using dynamic inversion
and extended state observer is presented. This controller uses
dynamic inversion to linearize UAV’s dynamic equation. The
unmodeled dynamics and extern disturbances are estimated
and compensated using extended state observer. Numerical
simulations are performed for an UAV. Simulation results
show that the proposed controller is effective and robust.
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