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Abstract— In this paper, an adaptive control law based
on hierarchical sliding mode is addressed for under-actuated
systems with 2 degrees of freedom. By capturing the physical
nature, the class of systems can be considered to be made up of
two subsystems so that the hierarchical structure of the sliding
surfaces with double layers is constructed. From such kind of
hierarchical structure, the adaptive law and the control law
are deduced from Lyapunov direct method. The asymptotic
stability of all the sliding surfaces is proven by Barbalat’s lemma
and Lasalle’s invariance principle. Simulation results show the
feasibility of this method.

Index Terms— Adaptive control, siding mode control, under-
actuated systems.

I. INTRODUCTION

Under-actuated systems are rich in applications, such as
space and undersea robots, mobile robots, flexible robots
and so on [1]. There has been an increasing interest in
control problems of such systems in recent years. In this
paper, we focus on a class of second-order under-actuated
systems with 2 degree-of-freedom (DOF) and 1 control input.
The class is often used for researches on various control
methods and education on various concepts, because they
are simple enough to permit complete dynamic analysis and
experiments, but there exist strong nonlinearities and dynamic
couplings [2].

Many papers concerning the control problems of the class
of systems have been published in the last few years. Ho,
Tu, and Lin [3] achieved stabilization control of a wheel-ball
system setup by utilizing the full-state-feedback-linearization
technology. Márton et al [4] utilized three approaches (com-
paring LQR, subspace stabilization, and combined error
metric) to stabilize a beam-ball system setup. Siuka, and
Schöberl [5] solved the control of the inverted pendulum
on a cart on the basis of an energy approach. The impulse-
momentum approach for swinging up a Pendubot was studied
by Albahkali et al [6]. The comprehensive unified control
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for an Acrobot and the output regulation for a translational
oscillations by a rotational actuator (TORA system) were
also reported in [7] and [8], respectively. In the mentioned
literature, almost all of those methods were proposed for an
under-actuated system in the class. Actually, a canonical state
space expression can depict this class. Thus, we work at the
development of a universal control method for the class, other
than a given method for a given system.

Sliding mode control (SMC) is a robust nonlinear control
method [9], which provides a candidate for the control design
of under-actuated systems. Nikkhah et al [10] introduced a
control method by combining nonlinear predictive control
and sliding mode for a single inverted pendulum system. In
[10], the time-invariant parameters of the subsystem sliding
surfaces were selected to achieve some optimal performance
objective of predictive control. Xu and Özgüner [11] pro-
posed a SMC approach to stabilize a class of second-order
under-actuated systems that existed in cascaded form. Chen
et al [12] designed an adaptive fuzzy sliding model controller
to simultaneously stabilize and control a single inverted
pendulum. In [12], GA was utilized to optimize the system’s
fuzzy model. However, parameters of the sliding surface
of under-actuated systems can not be calculated as linear
systems by Hurwitz condition so that designing a single
layer sliding surface for the the control of nonlinear under-
actuated systems is not suitable [14]. Thus, associating with
the control problems of under-actuated systems by the sliding
mode approach, those methods either combine with other
approaches [10], [12] or adopt a special model [11].

By capturing the physical nature of under-actuated sys-
tems, a hierarchical sliding mode control (HSMC) scheme
[13]–[16] is addressed. Wang et al [14] [16] designed a
HSMC law with stable double-layer sliding surfaces for a
class of under-actuated systems with 2 DOF. In [15], structure
design of the incremental HSMC with multiple layers and
the aggregated HSMC with double layers was presented for
under-actuated systems with multiple DOF and 1 control
input. Qian et al [13] also proposed an aggregated HSMC
with multiple layers for under-actuated systems with multiple
DOF and 1 control input. During Wang’s and Qian’s control



designs [13]–[16], there often exist some strict assumptions
that decrease the applications of these approaches in practical
accounts since some under-actuated systems with 2 DOF
do not satisfy their assumptions. For instance, a beam-ball
system belongs to under-actuated systems with 2 DOF. But
the class defined in [13]–[16] excluded it since its mathematic
model contains a zero term compared with their canonical
state space expression of under-actuated systems with 2 DOF.
Thus, it is necessary to modify the HSMC to extend the
applications of the HSMC. Further, Wang and Qian [13]–
[16] only focused on the structure designs of the hierarchical
sliding surfaces. They did not consider the adaptive law
design of the HSMC.

In this paper, an adaptive control law based on hierarchical
sliding mode is addressed for a class of second-order under-
actuated systems with 2 DOF. The remainder is organized
as follows. Section 2 describes the proposed control method.
The stability analysis is presented in sections 3. Simulation
results is shown in section 4. Finally, conclusions are drawn
in section 5. under-actuated systems with 2 DOF.

II. CONTROL DESIGN OF UNDER-ACTUATED SYSTEMS

A. Dynamic model

The general dynamic model of a class of second-order
under-actuated systems with 2 DOF can be expressed as

D(q) q̈+ C(q, q̇) q̇+ G(q) = τ (1)

D(q) =
[

D11(q) D12(q)
D21(q) D22(q)

]

C(q, q̇) =
[

C11(q, q̇) C12(q, q̇)
C21(q, q̇) C22(q, q̇)

]

where q = [q1, q2]T ∈ R
2 is the vector of state variables,

D(q) is the 2 × 2 inertia matrix, q1 ∈ R
1 represents the

actuated unit variables, q2 ∈R
1 represents the under-actuated

unit variables. C(q, q̇) q̇ ∈ R
2 is the vector of the Coriolis

and centripetal torques, G(q) ∈ R
2 is the gravitational term,

τ = [τ1, 0]T ∈ R
2 is the vector of control input, τ1 ∈ R

1 is
the control input scalar and Di j and Ci j (i = 1, 2; j = 1, 2)
are the scalar functions of q and q, q̇, respectively.

This class of systems possess the property that the inertia
matrix D(q) is symmetric and positive definite for all q,
which means the matrix D is reversible [1]. Let x1 = q1,
x2 = q̇1, x3 = q2, and x4 = q̇2. The canonical state space
expression depicting this class is obtained as⎧⎪⎪⎨

⎪⎪⎩
ẋ1 = x2

ẋ2 = f1(x)+ b1(x)u
ẋ3 = x4

ẋ4 = f2(x)+ b2(x)u

(2)

Here the state vector x = [x1, x2, x3 x4]T , f1(x), f2(x)
and b1(x), b2(x) are the nonlinear scalar functions of x,
abbreviated as f1, f2 and b1, b2 in the following description,
and u = τ1 is the control input.

B. Design of hierarchical sliding surfaces

The system as (2) can represent 2 subsystems with a
second-order form in terms of the physical structural char-
acteristic. The two group of state variables (x1, x2) and
(x3, x4) can be treated as the states of the two subsystems,
respectively. Further, each group depicts each DOF. The state
space expression of each subsystem is described as{

ẋ2i−1 = x2i

ẋ2i = fi + biu
(3)

Here i = 1, 2. To stabilize the sliding surfaces of the two
subsystems, they must be in the second and fourth quadrants
by the axes x2i−1 and x2i. Thus define the sliding surfaces of
the two subsystems as{

s1 = c1x1 + x2

s2 = c2x3 + x4
(4)

Here c1 and c2 are positive constants. Defining both the
subsystem sliding surfaces as the first layer, we pick the
second layer sliding surface as

S = αs1 + s2 (5)

Here α may be a positive or negative constant, even a
time-varying parameter. So far, we have constructed the
hierarchical structure of the two-layer sliding surfaces by
capturing the physical nature of the class of systems.

Comment 1: Both the subsystems couple each other
although we divide the whole system into two parts. This
design idea is different from decoupling control that works
at compensating or eliminating the coupling between the two
subsystems as [18]. Here we still make use of the coupling
between two subsystems to guarantee the state variables
simultaneously achieve the desired performance. The reason
that we split the whole system into two subsystems is to
design the hierarchical structure of the sliding surfaces.

Comment 2: Why do we define ci (i = 1, 2) with
positive sign but α with any sign? It is obvious that x2i is
the derivative of x2i−1 with respect to time t. So that the
subsystem sliding surfaces must be in the second and fourth
quadrants by the axes x2i−1 and x2i to stabilize si. As far
as α is concerned, S could be in any quadrant in the phase
plane by the axes s1 and s2 since there does not exist such
differential relationship between s1 and s2 to keep a stable S.

C. Control design

Generally speaking, the SMC law includes two parts:
switching control law and equivalent control law [9]. The
switching control law is employed to drive the system states
moving towards a specific sliding surface. The equivalent
control law guarantees the system states to keep sliding on
the sliding surface and converge to zero along the sliding
surface. During the control design based on the hierarchical
structure, we still adopt such the approach. In order to make



sure the total control law contains both the subsystems, we
define the total control law u as

u = ueq1 + ueq2 + usw (6)

Here usw is the switching control and ueq1, ueq2 are the
equivalent control laws of the two subsystems, which are
deduced below. Differentiating s1 and s2 with respect to time
t in (4) and substituting (3) into it, we have{

ṡ1 = c1ẋ1 + ẋ2 = c1x2 + f1 + b1u

ṡ2 = c2ẋ3 + ẋ4 = c2x4 + f2 + b2u
(7)

Let ṡ1 = 0 and ṡ2 = 0 in (7), the equivalent control laws of
both the subsystem are gotten as{

ueq1 = −(c1x2 + f1)/(b1 + Δ1)
ueq2 = −(c2x4 + f2)/(b2 + Δ2)

(8)

Here Δi (i = 1, 2) are a large positive constant to prevent
bi = 0 in (2), defined as

Δi =
{

Const. i f bi ≡ 0 is at denominator
0 else

(9)

For deriving the switching control law usw by Lyapunov
direct method, we define the Lyapunov function as

V = S2/2 (10)

Differentiating V with respect to time t obtains

dV
dt

=
dV
dS

dS
dt

= SṠ = S
d(αs1 + s2)

dt
(11)

Here we treat α as a time-varying parameter for deducing its
adaptive law from Lyapunov method, thus we have

dV
dt

= S(α̇s1 + α ṡ1 + ṡ2) (12)

Substituting (3), (4), (6), and (8) into (12) obtains

dV
dt

= S[α̇s1 + α(c1ẋ1 + ẋ2)+ c2ẋ3 + ẋ4]

= S{α̇s1 + α[c1x2 + f1 +(b1 + Δ1)u]
+ c2x4 + f2 +(b2 + Δ2)u}

= S{α̇s1 + α[c1x2 + f1 +(b1 + Δ1)(ueq1 + ueq2 + usw)]
+ c2x4 + f2 +(b2 + Δ2)(ueq1 + ueq2 + usw)}

= S{α̇s1 + α(b1 + Δ1)ueq2 +(b2 + Δ2)ueq1

+ usw[b2 + Δ2 + α(b1 + Δ1)]}
(13)

Here in order to have the stability of the second-layer sliding
surface, let{

α̇s1 = −α(b1 + Δ1)ueq2 − (b2 + Δ2)ueq1

usw = −κ̄S− η̄sgn(S)
(14)

here κ̄ = κ
b2+Δ2+α(b1+Δ1)

and η̄ = η
b2+Δ2+α(b1+Δ1) , where κ

and η are positive constants, sgn(•) is the sign function.

So that we have the adaptive control law and the switching
control law. Further, we modify the adaptive control law as

α̇ = −α
(b1 + Δ1)ueq2s1

‖s1‖2 + δ
− (b2 + Δ2)ueq1s1

‖s1‖2 + δ
(15)

Here δ is a small positive constant, which avoids s1 equal to
zero. Finally, we get the total control law and the adaptive
law as

u = ueq1 + ueq2 + usw

=
[α(b1 + Δ1)+ b2 + Δ2](ueq1 + ueq2)

[α(b1 + Δ1)+ (b2 + Δ2)]
− κ̄S− η̄sgn(S)

= ueq1 + ueq2 − κ̄S− η̄sgn(S)

α̇ = −α
b1ueq2s1

‖s1‖2 + δ
− b2ueq1s1

‖s1‖2 + δ
(16)

Comment 3: Based on the hierarchical sliding mode with
double layers, the total control law and the adaptive law
(16) have been deduced. Our design is more universal for
the 2-DOF under-actuated systems with b1 = 0 or b2 = 0 in
(2). From (16), both u and α̇ could guarantee V̇ = S(−κS−
ηsgn(s)) ≤ 0 so that the total control law and the adaptive
law could guarantee the sliding motion of the second layer
sliding surface S is reachable in finite time. We assume the
sliding mode takes place at t f .

III. STABILITY ANALYSIS

The stability analysis of the control systems with hierarchi-
cal structure is also an interesting but challenging problem.
In the earlier hierarchical structure designs by sliding mode
approach, they often gave a comment in considering the
stability of the subsystem sliding surfaces [17] or omitted
their stability at all [18]. The stability analysis in [13],
[14], [15] often exists some assumptions decreasing the
applications of their methods. In this section, we will analyze
the stability of all the sliding surfaces.

Theorem 1: Consider a class of second-order under-
actuated systems as (2), design the hierarchical sliding sur-
faces as (4) and (5), adopt the total control law and the
adaptive law as (16). Then, the second-layer sliding surface
S are asymptotically stable.

Proof: From (13), we have

dV
dt

= S[−κS−ηsgn(S)] (17)

Integrating both sides of (17) yields∫ t

0
dV =

∫ t

0
S[−κS−ηsgn(S)] dt

V (t)−V(0) =
∫ t

0
(−κS2 −η |S|) dt

(18)

Thus,

V (0) = V (t)+
∫ t

0
(κS2 +η |S|) dt ≥

∫ t

0
(κS2 +η |S|) dt (19)



Then, we have

lim
t→∞

∫ t

0
(κS2 + η |S|) dt < ∞ (20)

From (20), there exist

lim
t→∞

∫ t

0
(κS2) dt < ∞ and lim

t→∞

∫ t

0
(η |S|) dt < ∞ (21)

We can conclude that

S ∈ L2 and S ∈ L1 (22)

From (18), we can get

1
2

S2 = V (t) = V (0)−
∫ t

0
(κS2 + η |S|) dt < V (0) < ∞ (23)

so that we have
S ∈ L∞ (24)

From (17), we have

dV
dt

= S
dS
dt

= −κS2−η |S|< ∞ (25)

so that we have
Ṡ ∈ L∞ (26)

In term of Barbalat’s lemma, we can conclude that the second
layer sliding surface S is of asymptotic stability from (22),
(24) and (26). �

lim
t→∞

S = 0 (27)

Theorem 2: Consider a class of second-order under-
actuated systems as (2), design the hierarchical sliding sur-
faces as (4) and (5), adopt the total control law and the
adaptive law as (16). Then, the first-layer sliding surfaces
s1 and s2 are asymptotically stable.

Proof: The time dimension could be divided into two parts
by the time point t f . In the time interval [0, t f ], the system
state trajectory moves toward the second layer sliding surface
S. In the subsequent time interval (t f , ∞), the system state
trajectory maintains on this surface and converges to the
origin as we have proven in theorem 1.

For checking the stabilities of s1 and s2 in [0, t f ], let us
define a truncated function as

ft f (t) =
{

1, t ≤ t f

0, t > t f
(28)

Thus, we have

sit f = si · ft f (t) and ṡit f = ṡi · ft f (t) (29)

where i = 1, 2, so that we have that no matter whether si and
ṡi are bounded or not in the time interval [0, ∞), sit f and
ṡit f are bounded in [0, t f ] and both of them can converge
to the sliding surface when the sliding mode is reached at
the time t f .

In the subsequent time interval (t f , ∞), the system
state trajectory maintains on the surface S and becomes a

autonomous system. From (17), we have V̇ = 0. Define a
positively invariant and compact set

Sc =
{

S ∈ R
2 | dV

dt
≤ 0

}
(30)

Further, define

S =
{

S ∈ Sc | dV
dt

= 0

}
(31)

So by LaSalle’s principle the trajectory tends to the largest
invariant set inside S as t →∞ in Sc ∩ S. Now, let us calculate
the largest invariant set in Sc ∩ S. Note that Sc ∩ S =
Sc ∩ {S = 0, Ṡ = 0} so that we have

Sc ∩ S = Sc ∩
{

αs1 + s2 = 0,
d(αs1)

dt
+

ds2

dt
= 0

}
(32)

We have proven that S is asymptotically stable, which means
the trajectory of the second layer sliding surface S will enter
the neighborhood of the coordinate origin constructed by the
axes s1 and s2 as t →∞. This case will ensure each subsystem
states move towards its own subsystem origin. Thus, we can
obtain (33) from (32).{

s1 = (αs1)′ = 0

s2 = ṡ2 = 0
(33)

So the largest invariant set inside Sc ∩ {s1, s2 | dV
dt = 0} is

the coordinate origin constructed by the variables s1 and s2.
According to LaSalle’s principle, we can conclude that both
the first layer sliding surfaces s1 and s2 are asymptotically
stable. �

Comment 4: If (33) did not hold, the second layer sliding
surface would converge to a point except the coordinate
origin by the axes s1 and s2. In the phase plane by s1 and
s2, this case can be expressed as

lim
t→∞

S = Const. �= 0 (34)

which means the second layer sliding surface S is only
bounded and does not possess the asymptotic stability. This
contradicts theorem 1. In term of proof by contradiction, (33)
can be gotten from (32).

IV. SIMULATION RESULTS

To assess the proposed adaptive control law by the hierar-
chical sliding mode with double layers for the class of under-
actuated systems with 2 DOF, a simulation example will be
demonstrated in this section. The ball-beam system in Fig. 1
is a classical second-order under-actuated system. The control
objective is to automatically regulate the position of the ball
to the midpoint of the beam by changing the angle of the
beam. But the task is difficult because this system possess
the properties that it’s open-loop unstable and nonlinear. The
symbols in Fig. 1 are defined as θ is the beam angle with
respect to the horizontal axis; x is the ball distant along the



Fig. 1. Structure of beam and ball system

beam with respect to the midpoint; the red cross is the beam
midpoint. The state space expression of this system [17] can
be written as ⎧⎪⎪⎨

⎪⎪⎩
ẋ1 = x2

ẋ2 = u
ẋ3 = x4

ẋ4 = −Bgsinx1 + Bx3x2
2

(35)

where x1 = θ ; x3 = x; x2 = θ̇ is the angular velocity of
the beam; x4 = ẋ is the ball velocity; g is the gravitational
acceleration; B = MR2

Jb+MR2 ; Jb is the moment of inertia of the
ball; M is the ball mass; R is the ball radius. Note that here the
angular acceleration of the beam is the control input. One can
also choose the motor torque T as the control input, which
is related to u by T = 2Mx1x2x4 +Mgx1 cosx3 +(Mx2

1 +Jb)u.

The structural parameters of the beam and ball system
picked from [17] are ball mass M = 0.05 kg, ball radius
R = 0.01 m, gravitational acceleration g = 9.81 m · s−2, the
ball moment of inertia is calculated by Jb = 2× 10−2, and
B = 0.7143. Compared with (2), (35) is its special case with
f1 = 0, b1 = 1, f2 = −Bgsinx1 + Bx3x2

2, and b2 = 0. Since
b2 = 0, the HSMC methods in [13]–[15] can not deal with
its control problem although it is with 2 DOF and 1 control
input. But Our presented method can solve this problem. The
modification in (8) expands the applications of the HSMC.

Let Δ2 is equal to a large positive constant to avoid infinite
ueq2 and Δ1 = 0 in (8). The parameters of the adaptive
controller with double layer hierarchical sliding mode are
picked as c1 = 2, c2 = 0.24, κ̄ = 0.6, η̄ = 0.03, Δ2 = 100,
δ = 0.0005 and the initial value of α , α0 = −7. Figure 2
shows the angular curve and the positional curve from the
initial condition [π/3, 0, 10, 0]T to the desired objective
[0, 0, 0, 0]T . Both the initial and the desired conditions are
the same as [17]. Figure 3 displays the curve of the angular
acceleration that is the control action applied to the beam.
As proven in theorem 1 and theorem 2, the entire sliding
surfaces possessing the asymptotic stability is given in Fig.
4. The adaptive portrait of parameter α is demonstrated in
Fig. 5.

Comment 5: Why do we select a small δ and a large Δ2
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during the control design? From (17), we know δ is to avoid
s1 equal to zero. If we choose δ as a large value, then α̇ will
trend to zero meaning α is a constant or it is almost fixed.
Similarly, if b2 = 0, there exists no equivalent control of this
subsystem. But the special case is with 2 DOF and 1 control
input indeed So we apply a large Δ2 in the denominator
of ueq2 to solve this puzzle, which makes the presented
method more universal for the class and expand the HSMC.
This idea can also be comprehended as the boundary layer
method of the SMC. Our modification about ueq2 expand the
applications of the HSMC, meanwhile the robustness of the
HSMC is slightly decreased.

Comment 6: In Fig. 4, it is obvious that the system
trajectory arrives at the second layer sliding surface S at the
time t f . In the following time interval (t f , ∞), the system
trajectory keep sliding along the surface and move towards
the origin by the axes s1 and s2. Because of the asymptotic
stability of S, the system trajectory is constrained at the
origin by the axes s1 and s2. This ensures limt→∞ s1 = 0 and
limt→∞ s2 = 0.

Comment 7: The system trajectory remain on the surface
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after the reaching time t f in Fig. 4. At this time, the
subsystem sliding surfaces s1 and s2 are still in the reaching
mode. But the reaching mode of s1 and s2 moves along the
second layer sliding surface and towards the subsystem ori-
gin. Under this condition, the motion of both the subsystems
is governed by the second layer sliding surface. If and only
if the trajectory of either of the subsystems deviates from the
second layer sliding surface S, the discontinuous switching
control works and draws the system trajectory to S.

V. CONCLUSIONS

This paper have addressed an adaptive control method
based on hierarchical sliding mode for under-actuated sys-
tems with 2 DOF. By dividing the whole system into two
parts, the hierarchical sliding mode with double layers is
designed. The adaptive law and the control law are deduced

from Lyapunov method. The asymptotic stability of all the
sliding surfaces is proven by Barbalat’s lemma and Lasalle’s
invariance principle. Simulation results shows the feasibility
of the presented method through the stabilization control of a
beam-ball system. The main contribution of the paper is the
adaptive control law based on the hierarchical sliding surfaces
has been deduced and our modification in (8) expands the
applications of the HSMC.
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