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Dynamic Event-Triggered Quadratic Nonfragile
Filtering for Non-Gaussian Systems: Tackling
Multiplicative Noises and Missing Measurements

Shaoying Wang *“, Zidong Wang

Abstract—This paper focuses on the quadratic nonfragile fil-
tering problem for linear non-Gaussian systems under multi-
plicative noises, multiple missing measurements as well as the
dynamic event-triggered transmission scheme. The multiple miss-
ing measurements are characterized through random variables
that obey some given probability distributions, and thresholds of
the dynamic event-triggered scheme can be adjusted dynamically
via an auxiliary variable. Our attention is concentrated on
designing a dynamic event-triggered quadratic nonfragile filter in
the well-known minimum-variance sense. To this end, the origi-
nal system is first augmented by stacking its state/measurement
vectors together with second-order Kronecker powers, thus the
original design issue is reformulated as that of the augmented sys-
tem. Subsequently, we analyze statistical properties of augmented
noises as well as high-order moments of certain random parame-
ters. With the aid of two well-defined matrix difference equations,
we not only obtain upper bounds on filtering error covariances,
but also minimize those bounds via carefully designing gain
parameters. Finally, an example is presented to explain the effec-
tiveness of this newly established quadratic filtering algorithm.

Index Terms—Dynamic event-triggered scheme, missing measure-
ments, multiplicative noises (MNs), non-Gaussian noises, quadratic
filter.

Manuscript received November 11, 2023; accepted February 19, 2024. This
work was supported in part by the National Natural Science Foundation of
China (61933007, U21A2019, U22A2044, 61973102, 62073180), the Natural
Science Foundation of Shandong Province of China (ZR2021MFO088), the
Hainan Province Science and Technology Special Fund of China (ZDYF
2022SHFZ105), the Royal Society of the UK, and the Alexander von
Humboldt Foundation of Germany. Recommended by Associate Editor
Xiaohua Ge. (Corresponding author: Zidong Wang.)

Citation: S. Wang, Z. Wang, H. Dong, Y. Chen, and G. Lu, “Dynamic
event-triggered quadratic nonfragile filtering for non-Gaussian systems:
Tackling multiplicative noises and missing measurements,” [EEE/CAA J.
Autom. Sinica, vol. 11, no. 5, pp. 1127-1138, May 2024.

S. Wang is with the College of Science, Shandong University of
Aeronautics, Binzhou 256603, China (e-mail: shaoying2023@sdua.edu.cn).

Z. Wang is with the College of Electrical Engineering and Automation,
Shandong University of Science and Technology, Qingdao 266590, and also
with the Department of Computer Science, Brunel University London,
Uxbridge UB8 3PH, UK (e-mail: Zidong. Wang@brunel.ac.uk).

H. Dong is with the Artificial Intelligence Energy Research Institute,
Northeast Petroleum University, Daqing 163318, and also with the
Heilongjiang Provincial Key Laboratory of Networking and Intelligent
Control, Northeast Petroleum University, Daqing 163318, China (e-mail:
hongli.dong@nepu.edu.cn).

Y. Chen is with the School of Automation, Hangzhou Dianzi University,
Hangzhou 310018, China (e-mail: yunchen@hdu.edu.cn).

G. Lu is with the School of Electrical Engineering, Nantong University,
Nantong 226019, China (e-mail: lu.gp@ntu.edu.cn).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/JAS.2024.124338

, Fellow, IEEE, Hongli Dong

, Yun Chen ¥, and Guoping Lu

I. INTRODUCTION

AST several decades have witnessed the enthusiasm

towards researching stochastic state estimation or filtering
owing to the successful usage in a wide range of engineering
areas including target tracking, satellite navigation, industrial
automation and so forth. As is well known, for the exact lin-
ear Gaussian system, the famed Kalman filter is able to give
the minimum-mean-square-error (MMSE) estimate [1], [2].
Unfortunately, parameter uncertainties are inevitable in many
real-world applications due to random component failures,
environment changes and sensor aging.

Notably, the parameter uncertainties, in many cases, might
incur serious performance degradation [3]-[10]. In this con-
text, researchers have tried hard on designing multifarious fil-
tering strategies, see e.g., [11]—[17]. Particularly, robust non-
fragile linear filtering has been investigated in [16] under
norm-bounded uncertainties. In [14], the optimal H, filtering
issue has been addressed for continuous-time systems suffer-
ing from multiplicative noises (MNs) and multiple sampled
delay measurements.

It should be pointed out that in engineering practice, the
non-Gaussian noises are quite common as a result of the com-
plicated environments, and some representative examples
include the heavy-tailed glint noises [18] and the non-Gaus-
sian Lévy noises [19]. When it comes to the non-Gaussian
noises, the Kalman filter no longer works as the optimal
MMSE estimator and might produce unsatisfactory state esti-
mates. Accordingly, the non-Gaussian filtering has risen to an
active research topic in recent years with many feasible filter-
ing methods available in [19]—[26] and the references therein.
Among them, a modified Tobit Kalman filter and a polyno-
mial filter have been designed in [19], [22] so as to cope with
non-Gaussian Lévy noises and non-Gaussian singular sys-
tems, respectively.

Quadratic filtering, also known as the second-order polyno-
mial filtering, has proved to be an effective filtering tech-
nique to deal with the non-Gaussian noises [27], [28]. The
pivotal feature of quadratic filtering is to achieve system esti-
mation by taking full advantage of the information contained
in the second-order Kronecker powers with respect to original
states/measurements. Compared with polynomial filtering
schemes, the quadratic counterpart is able to provide a com-
promise between the filtering performance and computational
cost. As such, the non-Gaussian quadratic filtering has
attracted a lot of research interest.
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Recent literature has reported a number of elegant quadratic
filtering results. For example, a least-squares quadratic filter
has been novelly proposed in [29] for stochastic systems
under random parameter matrices, which can later be
extended to multi-sensor cases with MNs/fading measure-
ments. In [12], a novel linear quadratic filter has been devised
for non-Gaussian systems under MNs and quantization
effects. Nevertheless, different from the relatively mature
Kalman filtering theory, the design and analysis problems of
the quadratic filter have not been adequately investigated yet.

The phenomenon of missing measurements has been well
recognized as one of the major causes for performance loss in
a typical networked environment. Consequently, much atten-
tion has been deliberately focused on investigating effects
from such a phenomenon onto the filtering performance [30],
[31]. For instance, an optimal distributed and saturated filter
has been devised in [32] for nonlinear systems under the ran-
dom access protocol and missing measurements, where the
theoretical analyses in terms of boundedness and monotonic-
ity were also provided. In existing literature, there have
mainly been three models to characterize these missing mea-
surements, namely, arbitrary probability distribution (within
the interval [0, 1]), Bernoulli distribution and Markov chain
models. Particularly, the first kind of missing models is cus-
tomarily referred to as the multiple missing measurements
(MMMs) model. It is worth mentioning that, for the linear
non-Gaussian systems with MMMs, the corresponding
quadratic filtering problem is far from being fully examined,
which motivates this current investigation.

For the networked systems, a noticeable fact is that the com-
munication resources are usually constrained and hence it is
paramount to explore how to reasonably utilize the limited
resources [33]. In such a context, a huge amount of efficient
transmission strategies have been developed where the
dynamic event-triggered scheme (DETS) has now become a
popular choice, thus drawn an ever-increasing research atten-
tion [34]-[38]. In comparison with the static transmission
scheme, such a DETS (with a dynamically adjustable thresh-
old parameter) has greater potentials in reducing not only
resource consumption but also communication burden. So far,
some elegant results have been reported on the dynamic
event-triggered filtering problems [39]—[42]. For example,
this DETS has been used in complex networks [40] to devise
filters under sensor failures and switching topologies, and in
sensor networks [43] to design set-membership filters under
bounded noises.

In most existing literature, successful implementation of the
designed filters largely depends on a prerequisite that the
desired gain parameters can be exactly realized. Unfortu-
nately, such a prerequisite might not always hold in engineer-
ing practice due to gain fluctuations caused by the round-
oft/programming errors and the finite resolution of instrumen-
tation. Therefore, it is significant to design the filters with cer-
tain resilience against the potential gain fluctuations, and this
gives rise to an emerging filtering scheme called resilient or
non-fragile filter. Roughly speaking, there have been two pop-
ular models to describe the phenomenon of gain perturbations,
namely, the norm-bounded uncertainty model and the stochas-
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tic uncertainty model (governed by zero-mean matrices that
have bounded second-order-moment), see e.g., [16] and
[44]-[47]. 1t should be pointed out that, up to now, very few
quadratic nonfragile filtering literature has been given in case
of non-Gaussian systems, not to mention cases that consider
MNs, DETS, and MMMs.

We endeavor to design a linear quadratic nonfragile filter-
ing scheme for non-Gaussian systems subject to MNs, DETS,
and MMMs. Three challenging issues that need to be tackled
are identified as follows: 1) How to derive the high-order
moments for the parameters related to DETS and the random
variables describing the phenomenon of MMMs? 2) How to
analyze the statistics of augmented noises composed of origi-
nal noises and second-order Kronecker powers? and 3) How
to design a quadratic non-Gaussian nonfragile filter with
MNs, DETS, and MMMs?

Corresponding to the identified challenges, the main contri-
butions of this paper lie in: 1) The quadratic non-Gaussian
nonfragile filter is devised firstly under MNs, DETS, and
MMMs; 2) The statistics of augmented noises and involved
random variables are revealed; and 3) A new quadratic non-
fragile filter is designed by minimizing upper bounds on filter-
ing error covariances, which yields better accuracy than tradi-
tional filters only using original measurements.

Notations: o and ® represent, respectively, the Hadamard
product and the Kronecker power. zI/! represents the /th-order
Kronecker power of z, which is denoted by 7/l = z@zll=11(1 >
1) with z[% = 1. E{z} is the mathematical expectation of ran-
dom variable z. ¢§’> is the /th-order moment of z. [y, (x®2)
denotes x®z+z®x. sti(-) denotes an inverse operation that
transfers the vectorized matrix into the original one. Ayax(A)
and Sym{A} stand for the maximum eigenvalue of matrix 4
and A + AT respectively.

II. PROBLEM FORMULATION

Consider the following stochastic non-Gaussian system with
MNs and MMMs:

N
X1 = (Fr + Z ai,tFi,z)Xz + Byw;
i=1 (1)
yi = NeHyx + Dyvy
where x; € R” is the system state and its initial value is x,
y: € R™ denotes the measurement output, and «;; €R is the
multiplicative noise. w, and v, represent non-Gaussian noises.
A, =diag{dy,..., Ay} is the MMMs related variable, where
Aj:(j=1,2,...,m) satisfy certain probability distributions
within the interval [0,1]. Fy, Fi;, B;, H;, and D; are known
matrices.

Assumption 1: Random sequences xo, aj; w; and v, are
white, zero-mean, and mutually independent. In addition, their
second-order, third-order as well as fourth-order moments are
known.

Assumption 2: Mutually uncorrelated random sequences A ;
for j=1,2,...,m are uncorrelated with xo, @;;, w; and v;.
Moreover, the expectations ]E{/lé,’t} (1=1,2,3,4) are known.

Remark 1: In this paper, the involved MNs «;;, and noises
wy, vy are all non-Gaussian sequences with known high-order
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moments. In this sense, the existing results with respect to the
Gaussian filtering problems might be no longer applicable to
such a case. On the other hand, the random variables
Ajy (j=1,2,...,m) distributed over [0,1] are used to charac-
terize MMMs phenomenon of the jth sensor at time instant z.
Specifically, if A;; = 1, the jth sensor works normally, other-
wise the jth sensor suffers from the measurement degradation.
Obviously, the common Bernoulli distribution model is one
special case with respect to the considered MMMs model.

To reduce transmission, we adopt a DETS whose triggering
condition is

= % —r>0 )

where u; =y, —y;, ¥, and y; denote, respectively, the latest
(time ¢;) and current measurements. ¢ and ¢ are given positive
parameters. Moreover, the auxiliary variable 7, satisfies the
following recursion:

N+l = X7+ 0 — ||| (3)
with 79 > 0, 0 < y < 1 and 6y > 1. Based on the triggering con-
dition (2), the transmitted measurements can be described by

yt:yt," sti+1_1}- (4)
Remark 2: The threshold in the triggering condition (2) is
the time-varying parameter + o rather than the fixed scalar
o, which means that the DETS has greater potentials than its
static version in reducing the amount of successfully transmit-
ted measurements [43]. Notably, the threshold % +0— 0
when 0 —> co. In this sense, the considered DETS includes
the previous static version.

tef{t,t;+1,4,+2,...

III. THE QUADRATIC FILTERING PROBLEM

This section investigates the problem of quadratic filtering
for original system (1). To construct an augmented system, let
us first give the second-order Kronecker powers of x;, y, and
5 i 22 52 and 521

Based on the definition and properties of Kronecker powers,
we have

2
z+l (Ft+za'thlt) [] []

N
+ fn,n [(Fi+ Z @i+ Fi)x ® Bywy]

i=1
N
2 2) -[2 2 2
=(FP+ Y gD FE 4 BPeD v (5)

where

S s
~ A [T 2 2
W 2 [Fon(Fi® ) aigFig)+ ) (@, =G F

2
+Z:JIZ a’l[a'][Fl[®FJt]xt +B (W[]
1 J#I

s
¢(2)) + fn,l1[(Ft + Z @it Fi)x ® Biwy].
i=1

Recalling the expression of y, obtains
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= (AHpx + Dth) ® (AHix; +Dyvy)

= APVHP P 4 T (A Hexy ® Dyvy) + DTV

= B{APhH! xPJ +DPg? + (6)
where

72 (AP -EAPDEP A + D0 - 6
+ f‘m,m (A[H[.Xt ® Dtvl).

Similarly, 5152] can be described by

I= e +ur) ®()’t + ut)
= E(APHP + DPg? + il + 5, (7
where
Ve 20+ T (s ® uy).

In what follows, let us define the augmented state vector X;
and measurement vectors Y; and Y;:

Xt Vi N Vr
Xté[ 2}, %éLZ}, Y, = (3)
s S 7
then system (1) is converted into
X :ﬁxt"'ﬁ"'(wt ©)
yt H X+ 8+ U +V;
where
F; 0
A s
T o e S
i=1
S
W, 2 ;a’i,tFi,txt + Biw;
Wi
| BlAdH, 0
H, = [2]y 4121
0 E{A7}H,

>
>

t =

, 8t =
sty [ 54| o
| U (Ar —E{ADHx; + Dy,
(th :[ ulz] :|, [ .
t

Vt
By resorting to the available measurements Y, the non-
fragile filter for system (9) is

{/\A’Hllt = ﬁ-’?tlt +ft

N - - . (10)
=Xprip + L (Y41 = Hi1 X1 = 8i+1]

Xt l)r+1

where X r+1¢ and X +11+1 are, respectively, the prediction and
estimate of X,i. Gain L1 2 L1 +ALw1, where ALy
describes the gain parameter fluctuations satisfying the fol-
lowing statistical characteristics:

EIALi1} =0, BIAL 1 ALT, ) <61 (11

where 0 is a positive scalar. Moreover, we assume that all ran-
dom variables, i.e., ALs1, X0, @iy, Wi, v and A, are mutually
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independent.

Remark 3: 1t should be pointed out that, many excellent
non-fragile filtering algorithms have been proposed in the lit-
erature, see e.g., [16], [46]. Different from these two works
focusing on the design of the robust nonfragile Kalman filter
and the /5 — I, state estimator, respectively, this paper concen-
trates on the issue of the quadratic nonfragile filtering for non-
Gaussian systems. By utilizing the Kronecker powers with
respect to state and measurement vectors, the quadratic filter-
ing problem for system (1) has been successfully transformed
into a recursive filtering problem for the augmented system
(9). The computational or implementation error AL, is mod-
eled as (11), and the parameter § is dependent on the word-
length of the adopted computing device. The distinctive fea-
tures of (10) lie in: 1) The capability to deal with the effects of
the MNs, MMMs, DETS, and stochastic gain fluctuations
(SGFs); 2) The full use of information contained in second-
order moments of the non-Gaussian random variables (e.g.,

5,2,.),, {A[ZJ} ¢(W21), and ¢(Wz)) and the capability of improving the
filtering performance; and 3) The recursive form suitable to be
implemented online.

Let X1y = Xpp1 = Xppqpr and Xpyqppe1 = Xip1 = Xiqqp41. The
corresponding covariance matrices can be defined as follows:

PHIII = {Xz+l|tX,+1|l}
{Xt+1|z+1X,+1|t+1}

The main purpose is to design filter (10) to ensure there
exists an upper bound for #;;1).+1, and minimize this bound by
designing L.

Pretjp+1 =

IV. MAIN RESULTS

This section first presents a few preliminary lemmas, then
determines an upper bound for #;,j+1, finally minimizes this
bound by designing L.

A. Preliminary Lemmas
Lemma 1 [32]: Letting A = diag{a;,ay,...,a,} and C,
respectively, be random and real-valued matrices, we have

E{a}}  Elaa} E{aiay,)
E{azai}  E{a3} E{axa,}
E{ACAT} = oC. (12)
Elayai} Elayas} E{az}

Lemma 2 [40]: For any two given matrices 4 and B,

ABT + BAT < @AAT + o 'BBT (13)
holds where the scalar @ > 0.

Lemma 3: Define

(M) a
Q.= E{n},)

o) £ Eln,)

t+1

Q"D £ Bfluy41 )

t+1

2
QU2 2 Bflupa|1*)

then, the following conditions are satisfied:
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o oM

t+1 = "%+l

Q® <q®

t+1 t+1

(u,1) (u,1)
Qt+] < Ql‘+1
w2 . 52
Qt+1 = Qt+1 (14)
where

te]
-
Z

13

. 1+04=
= [ e+ ean’ + (1 +ern = |0

+|d+ernd+en+1+er A +67h]o?

i
=
=

>

- A2 = A1, —~ 4
B, ,Q( )+:2,,Q§ )+d3,z0'

QD » 1+

t+1

Q(1)

-1y, 2
o T(1+0 o

1+60
Q(u2)i( +6)? o

_1\2 4
141 i i T +07) 0

+2(1+9)—( 69 ) 29531
with
‘—‘lt—(1+elt) (1+€2t) (1+e3t)X
2(1+0)

+2(1+er)(1+e] [)(1 +ex )y

(1+06)?
¢

Eps 221+ e )1 +er o[ (1+ e )1 +67" )
N¢ 9)]

+(1+e;})2

)2(1+9—1)

-1
+(1+6h) +2(1 e

><(1+6)0

Bss 2 (I+e1)’(1+e5)) (1 +e5))
+2(1+el,t)(1+eit)(1+ei1)(1+9_l)
+(1+er > (1 +671%

Proof: See Appendix A. [ ]

Remark 4: In order to deal with the difficulties incurred by
the DETS, the second-order and fourth-order Kronecker pow-
ers of 17, and u, have been derived in Lemma 3. Obviously, it
is hard to exactly calculate in)l, Qﬁ)l, QEL] ). and Qﬁﬁ’r 12 )
mainly because of the introduced triggering condition (2). To
this end, we have established their respective upper bounds
(i.e., Qg)l, Qﬁ)l, QE:’_II ). and QEZIZ )) by means of Lemma 2.

Based on the above lemmas, we are ready to analyze statis-
tical properties of noises “W; and V;.

Lemma 4: Let us define

Q A E{W WT} _ lel,t Q(WIZJ
e e Q’Twlz,r Q(WZZJ

O, 2 E(V (VT} _ QV]l,/ Q(Vlz,z
Vi AR Q(TVIZJ Q(VZZ,I

Q_ N Q(Vn,, Qq’lz,t
" Q(TVlz,: Qva,
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where

lel,r =

QWJz,r

Qsz '

Q’Vl 1t
Q'Vlz,:

Qq/zz,z

with

s
2 Z(ﬁ%F SUGDIFT, + Bsti(po) BT

A
A 2
£ 80 Fusti(e(Fie Fi)' T,
i=1

* Z P Fisti(@S) ) FEDT + Bystia() ) (BT

N 2) “ NTET
5 n,
FMZ¢ (Fi® Fi)sti@ ) Fi @ Fi) T,

+ Z(«ﬁé‘ti o IF L sti(eS))(FENT
s N

0 O (Fi® F)stid ) (Fi
i=1 j#i=1

N
= 3
®F ) + 0 )t (F @ Fisti(@s) (FIh'
s
3 2] pio (4 ™
+ ) 00 Flsti@ ) (Fio Fi)' T,

2 2
+Tn (Z P Fiusti(@)F

+ Fisti(gS)F] ) © (Bysti(@;))B] )}f,{ ;

BP(sti(p3) - 65 (60H (B

2, o (Hysti(@2)HD ) + Dysti(p2)DF
2 (1-2p,)(M, + Dysti(¢5)(DI*H7T)

2 BTy o (Histi(@L)H] ) (Dysti(¢>)

sti(@s)(HH')
Asti@HEHT B

+ D (sti(ol)) - 417 (@) DD
+ Dol (Tr o (Histi@)H] ) + Dysti(¢(7)DY )

A
®((1 +9)_+(] +6” )0-2)1] mm

x DT+ Nyo(H?

m,m

_E{A[z]}

st Py HEHT

E(AHP st HPHTEAPT)T]
— 205 Ty 0 (Hysti(@S)HT )

+ Sym{—Zp,[N, o(H,

® (Disti(@\; D] )T, — 20D (sti(ey, )

— (@D

(15)

E; = diag(0,0,...,0,1,0,...,0}, 1;; = E{A;,}

T, & dlag{g{)(z) B8 =0

Z(¢<3>
DIWCES

i=1 1=j#i

2 .
A OVEHisti(¢ ) (H DT (BT

B EiHsti(e) ) (HT

X(EiQE;+E;®E)"

2 —_ —_ —_ —_
o0 Aoy At
2 —_ —_
Amu ¢< g 224 Ams
T, 2
3 3 5 3 2
| Al Anidoy e B
“4) (3) 2) ,(2)
¢/l| ' ¢/1| ' o ¢/11,x ¢/lm,t
3 2 2 5 3 2
¢ Ao ¢331¢§;, A,
N 2 . T
2 1 5 3 2 4
,¢3,3,¢” oy, O

Note that if the condition (2) is satisfied at time instant ¢,
p: = 0, otherwise p, = 1. Then, Q-, is an upper bound of Q-,.

Proof: See Appendix B. [ |

Remark 5: 1t is clear to see that great effort has been made
on the analysis of statistical properties of noises ‘W, and V;.
The essential difficulties result from the co-existence of the
high-order moments about non-Gaussian noises and the
parameters involved in MMMs and DETS when computing
the exact value of Q«,. To this end, the matrix decomposition
technique has been exploited to cope with the cross-terms
containing the high-order moments of A, (i.e., A; has been
decomposed into ., 4;.E;). Considering the DETS, much
attention should be devoted to the term y, ®u, since it equals
to zero when ¢ is the triggering time instant, and nonzero oth-
erwise.

Lemma 5: The state covariance matrix defined by J4; =

B{X;1 XT 1l satisfies the following recursion:

Tt = FTF + AT+ Ow, + IS + FKEFT (16)
where K; 2 B{X,} = [0, (62)717 .
Proof: Definition of 7,1 and (9) imply
T =FTF" + Fifl +BIW W] )+ Sym{FEX, £}

+ FEX W] ) +E(fFW)]. (17)
Assumption 1 indicates
E(X W/ ) = 0Bl W/} =0. (18)

Then, substituting (18) into (17) leads to (16).

In addition, we further know that 771 s+1 = sti(qﬁgal ), J12.441 =
sti(@))) and Jop 1 = Sti(e' ). m

Lemma 6: P41 satisfies

Pty :ﬁpthﬁT + Oy, (19)
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Proof: According to (9) and (10),

Xt+1|t =ﬁXt|t +W; (20)
which together with the definition of ;. };, yields
Prele :7—‘#)[”7’; +Ow, +G; +g;T (21)
where G, 2 B{F, Xy WT}.
From Assumption 1, we further have G, = 0, which implies
that (19) holds. [ ]

Lemma 7: Pyi1)1+1 satisfies

= (I = Lt Hes)Prorp = Loy Hie)"
+ Lot B(U UL VLD + Lo O, LT
+E{A£t+1(?l,+17>,+uﬂ{+l +‘L{t+1‘Ll,+,

Pz+ 1+1

+ Vi VI DALL )+ Sym{ My 1y

+ Mo+ M3 i } (22)

where

Ml,z+l = E{—(l—£t+17’{t+l)xt+l|tﬂ£1££1}

Mo i1 2 B(=(I = Lt Hes )Xoy VL LL )

Mgt 2B(L U Vi L)
Proof: Subtracting X 1je+1 from X4y yields

= Xt+l|t —-Z:t+1(j/t+1 —7'{:+1/\A’t+1\t _g't+1)
= XHIIZ _ZZ+I(WI+]XI+1\I + U1 +Vis1)

= (1—£t+17'{t+1)Xt+1|z—-zt+1(ut+1 —-Zt+1(Vt+1- (23)
Recalling P;11:+1°s definition, the recursion (22) can be
immediately obtained. [ |
It should be mentioned that the covariance recursion pro-
vided in Lemma 7 contains cross-terms M;j s+1, Mo 41, and
M3 41 (induced by MMMs, DETS, and SGFs), which put
extreme difficulties on exactly calculating P, y+1 via (22).
We are, thus, going to seek a bound for #;,1;+1 in the follow-
ing subsection.

Xz+1|t+1

B. Upper Bound

Theorem 1: Let scalars e;;41 >0 (i = 4,5,6) be given. Assu-
me equations

¢t+]|t =7_~t¢llt7jo + O, (24)
and
Protpr1 = (L+eair +es01)I = L1 Her)Priys
X(I= L Hi)" + (1 +e5 ), +e6ie1)

x Lo QWD + QW) LT

t+1 t+1

+(1+esy, +egr ) Lin1 Qv Ly
+ /lmax{(l +eqp1 + 65,t+1)7’{t+1¢)t+1|t7‘{17;1
+(1+ €5 +eamn) QU] + Q)T

t+1 t+1

+(1+ €51, +ore )0V, 01 (25)
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have solutions 7~>t+1\, and 73,+1|,+1 under conditions Pop =
7)()|() > 0. Then,

Pratlr < Pratl> Pratjpr1 < Protjee1-

Proof: This theorem is proved by the mathematical induc-
tion method. EV1dent1y, the condition Pop < P0|o holds.
Assuming Py < Pﬂ,, we will need to show Py 41 < SD,+1|,+1

According to Lemma 2,

M +M{
< e4,t+1E{(1_-Zt+1(]’{t+1)/\7t+1|t(\7t7;1|,(1_-zt+1(]’{t+1)T}
+ &t B L U UL L], ) (26)
Mo+ M3,
< 65,t+1E{(1—jt+17{t+1)/\~’z+1|tf\~’,T+1|,(1—£t+17{t+1)T}

-1 r T pT
+ eS,t+lE{‘£7+1(Vt+1(vt+1‘£t+l .

Similarly, the term M3 ;41 + M3T .+ are calculated as

@7

M3,t+] +M§,t+1 < 36,z+lE{£z+l(L{t+l(L{£1-Z,T+1}
+ 86 +1 {£l+1(vl+1(vt+1'£t+l}
Substituting (26)—(28) into (22) leads to
Prei+1 < (W +eq 1 + €50 1)T = List Hie ) Preaye

(28)

X(I= L Hi)" + (A +e)),, +e6ie1)

Q(u 2))‘['t+1

t+1

X L Q")

t+1

- - A T
+(1+ eS,tH + 66,z+l )Liv19v, Loy
+ /lmax{(l te441t €541 )WHIPHII[WH.]

_ ul 2
+(1+eyp, + e6r QL + QI

+(1+esh,, +egr )0, 01 (29)

Bearing in mind that Pﬂ,si),h, we can easily obtain
Pre1lr < Prse1pe- Utilizing the mathematical induction method,
we further have

7)!+l\t+1 SPI+1|I+1- ]

Now, we are in a position to minimize bound ¢z+l|t+l~
Theorem 2: Py.1)1+1 1s minimized by designing the filter gain
matrix as follows:

L= +eqr41t 6’5,1+1)Pt+llt7’( lII

t+1

(30)
Furthermore, the desired minimal upper bound can be
expressed by
Protpet = (1 +eq 1 +e5,01)Pr1p
+ Anax (Vs ) = L ¥ Ly, BD)

where

Wit 2 (1+easin +es ) He1 ProtH,

t+1

(u,1) +Q(“ 2))[

-1
+(1+e4,t+1+66st+1)(9z+1 ]

-1 -1
+(1+ €51+l +e6,t+1)Qq’z+| :
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Proof: Using the method of completing the square, we
rewrite (25) as follows:

Pritir1 = (1 +ea 11 +€5041)Pra1r + Amax (Pre1)0]

+[ L1~ +eqpn + 65,t+1)¢t+1|17'{T \P_ll ¥

t+1 "+

7 T -1 9T
X[Lx1 = (1 +eq41 +es,t+1)Pt+1|lq-{[+l\Pt+l]

~ (1 +eq 1 +es1) Pt HE P He1 Pro

(32)

which indicates that ¢z+1|z+1 is minimal when
L1 =1 +eqppr + 85,l+1)¢t+l|t7-{t]_;_1lyt_+11- -
Remark 6: We have now addressed the quadratic nonfragile
filter design issue for linear non-Gaussian systems with MNs,
MMMs, SGFs, and DETS. The original design issue has been
converted into the filter design issue for an augmented system
that stacks not only original vectors but also second-order
Kronecker powers. An upper bound on the filtering error
covariance and the filter gain matrix have been, respectively,
obtained in Theorems 1 and 2. Clearly, the effects from the
aforementioned factors on the filter performance have been
reflected in the designed quadratic filtering algorithm. To be

specific, ¢f,lz,(i =1,2,...,81=2,3,4) in Q, account for the

effect of MNs, gbyj)_t(j =1,2,...,m; [=2,3,4) in Qq, reflect the
influence from MMMs, 6, Qiﬁ’ll), and lez ) characterize the
impacts of SGFs and DETS, respectively. Moreover, in order
to further minimize the upper bound ¢,+1|,+ 1, the parameters
e41+1, €5.0+1 and egry1 can also be selected by means of opti-
mization algorithms in [4], [33] and the famous genetic algo-
rithm in [48]. In addition, the computation complexity of this
quadratic filtering algorithm is O((n +n?)?).

Remark 7: In comparison with existing literature, the main
novelties lie in: 1) A novel design framework of the quadratic
nonfragile filter is proposed to handle the complexities caused
by non-Gaussian noises, MNs, MMMs, SGFs, and DETS;
2) Statistical properties about the augmented noises and high-
order moments of certain involved parameters are discussed in
depth; 3) The newly proposed algorithm possesses a recursive
form that is suitable to be implemented online; and 4) The
designed algorithm has a higher filtering accuracy than the
traditional filter only using the measurements ;.

V. AN ILLUSTRATIVE EXAMPLE
Consider system (1) with parameters

B [0.75 0.3+ 0.4sin(0.1t)}
=

0.15 0.29
0.05 0 0.3
Fl,t = [ }, Br = [ ]
0 0.05 0.1
0.2 0.18
H[ =
0.7+0.5c0s(0.5¢) 0.3

/ll’[ 0
A~ o, _[01s]
0 Ay 0.1

In this simulation, xq is Gaussian distributed where Cov(xg) =

1133

10721,. Moreover, we set s=1, n=1, y=0.2, 0=0.3,
0=10, ¢;;=0.5(=1,2,...,6), and § = 1072, The probabilis-
tic distributions of 4; ; and Ay satisfy
P{,=1}=0.9, P{2,,=0.7} =0.1
P{r,=1}=0.8, P{1,=0.8}=0.2.
The non-Gaussian random sequences wy, v;, and @, are
chosen as follows:

w; = =147, +0.6(1 —1,,)
v, =077, -13(1-1y,)
iy = —I.STQU +0.5(1 —vat)

where 7, ), and 7,,, are independent Bernoulli variables
that satisfy

P(ty, = 1} =03, P(r,, = 1} =0.65, P{r,,, = 1} =0.25.

The corresponding second-order, third-order and fourth-
order moments of w;, v, @1, A1y, and Ay, are provided in
Table 1.

TABLE I
THE 2ND, 3RD AND 4TH-ORDER MOMENTS OF
RANDOM VARIABLES

E{(()%) E(()*) E(()*)
Wi 0.8400 -0.6720 1.2432
Vi 0.9100 —0.5460 1.1557
i 0.7500 -0.7500 1.3125
A1y 0.9490 0.9343 0.9240
A2y 0.9280 0.9024 0.8819

True states and their respective estimates are plotted in Fig. 1
where it is illustrated that the original states can be well
tracked. Fig. 2 shows the trajectories of upper bounds ¢’,+1|t+1,
which confirms that trajectories of actual errors stay below the
bounds. Fig. 3 depicts the mean square error (MSE) curves of
the designed quadratic filter and the recursive filter only using
9. Clearly, the developed quadratic filter is able to improve
filtering performance. All simulations have demonstrated the
effectiveness of this newly established quadratic filtering
algorithm.

1.5
1.0
0.5
0
-0.5
10}
-1.5

x,, and its estimation

0.4

02r

X,, and its estimation
(=}

— Xy,
—— Estimated state

0 10 20 30 40 50 60 70 80 90 100

Fig. 1. True state x; and the estimate ;.
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MSEs of the developed quadratic filter and the traditional filter only

VI. CONCLUSIONS

In this paper, the quadratic nonfragile filtering design issue
has been addressed for linear non-Gaussian systems under
MNs, MMMs, SGFs, and DETS. An augmented system has
been obtained by stacking the original system’ state/measure-
ment vectors together with second-order Kronecker powers,
thus the original design issue has been reformulated as that of
the augmented system. Subsequently, we have analyzed statis-
tical properties of augmented noises as well as high-order
moments of certain random parameters. With the aid of two
well-defined matrix difference equations, we not only have
obtained upper bounds on filtering error covariances, but also
have minimized those bounds via appropriate design of gain
parameters. Finally, an example has been presented to explain
the effectiveness of this newly established quadratic filtering
algorithm. Future research topics would include the extension
of the proposed quadratic non-fragile filtering scheme to more
general systems.
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APPENDIX A
PROOF OF LEMMA 3

Proof: Lemma 2 and (3) imply
12 = (e + o = llug))?
< +er )0 +0)* + (1 +ep Dl

< +er )1 +exy’m; + (1 +e5 )01+ (1 + ey Pl

(33)
and
o < +er)* O+ o) + (1 + 7 )P llugll*
+2(1+e1)(1+ ey D0yme + )l
< (L+er ) [(1+es)(1+ea )}
+(1+e3 (1 +e5)) 0]
+2(1+ e )1 +e DI +e2x’n;
+(L+ e o Ml + (L+ ey llud*. (34)
On the other hand, When te{t,t;+ l,ti+2,...,ti+1 —1}, one
has
772
lu* < (1 +9)9—; +(1+6 Ho? (35)
and
2
eI < [<1+9> +(1+6 o’
e +9)2’7—’ +(1+67" 20
o
772
+2(1+6)(1 +9*1)0—’2(r2 (36)
Substituting (35) and (36) into (33) and (34) leads to
0
P < [ +er )1+ ean + (1 + e D— i
+|d+ernd+en+U+erpd+oH]e?  (37)
and
77?+1 < By 01} +Epm; +E3,0 (38)
where =Z;;, 25, and =3, are defined in Lemma 3.
Moreover,
E 2
Efllul*} < (1+6) {9’;’} +(1+6Ho? (39)
and
E
Efllul*} < (1+6) Zf}+(1+9‘1>2 4
E 2
+2(1+6)(1 +9—1)%02. (40)
Based on (37)—(40), it can be concluded that conditions of
(14) are satisfied. [ |
APPENDIX B

PROOF OF LEMMA 4
Proof: Recalling the definition of Qqy,,, and Assumption 1,
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one has

Q(Wllt ZE

S
= > 80 Fusti(¢SVF], + Bisti(p() B

FixxI F }+ BE{ww! B!

(41)

Based on the expression of Wy,

N N
Ow,, =B{Q i Fix P (Fi® Y aiyFi)'T7,)
i=1 i=1

Za,,Fl»x,(xm)T Z( ~ar])
+ Bysti(¢)) (BT

N
2 3 =
= ) b Fusti@)Fi @ Fi)' T,

N
3 . 3 2
+ ) g Fusti@h(Fh"
i=1

+ Bysti(p5) ) (BT (42)

where the facts that E{ai,l(a?t—(ﬁfii)} = ¢Sl3i)t and ]E{a,-,t(oz? -~

62 =
For the sake of simplicity, let us define

0 (i # j) have been used.

s
Ft = Ft+201i,tFi,t
i=1
s s
I~ AT 2 2
AFt = Fn,n(Ft ® Z ai,tFi,t) + Z(az[ - Exi’),)F,'[’,]
— P

S s
+Z Z (Y[JQ’]JF[J@FJ'J.

(43)
i=1 1=j#i
Then, the term W, can be rewritten as follows:
=AF 2 + T (P @ Bw) + BIwlP = ¢0)). (44)

From Q4qy,, ’s definition, we know that Qqy,, =E{WwW]}.
In what follbws, we are going to calculate the terms
E{Am ! (xm)TAFT} BT (Fix, ® Bow)(Frx, ® Bow)) T}
and BB (w!! — sy w2 — 63T (BT} one by one.

Based on (43), we have

E(AF AP (PN AFT)

S
=E{fn ) od (F, @ F)xP P (Fo Fi)'TT,)
i=1

s
B[ (@~ @) FR G (FEY)
i=1

N S
2 2
+B(Y . > a3} (Fu o FixP Gl (Fu e F )"
i=1 j#i=1
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nnZO’H(Ft(X)F,,)x[z](x ) (Fzz) }}

i=1

+ Sym
5
~ 2 . 4 ~
= ) O (Fi@ F)stie) )(Fi@ Fi )T,

4 2 4 2
+Z 65 — @S IF D sti(el ) (F )T

N S
2
0N DD (Fir® Fisti@ ) (Fiy @ F )"

i=1 j#i=1

Sym{Ton D 6 F@F st @ ED).  @s)

i=1
On the other hand, we can further obtain that
E{fn,n(ﬁtxt @ Bw,)(Fix,® Bth)Tfr{,n}
= DonB{(Fixix] )@ (Bw,w( BDITT,

{(F,stl(qu[))FT + Z ¢f,21)rF, lst1(¢xt))F )

® (Brsti(y)B) )T, (46)

and
E(B wi™ - 912w [2]—¢$33)T<B[2]>T}
= B (sti(py)) - 2 ()T (B 47)

Then, from (45)—(47), we can acquire the expression of

Q’sz,z‘
Based on Assumption 1,
Oy, = B{(A —B(ADHxx! HY (A —E(AD"}
+DEvyT DI (48)
which, together with Lemma 1, implies that
Qw,,, =0 (Hsti())H ) + Dysti(gi)D] . (49)
For the term Q- ,, we can obtain that
Oy, = B{(Ar — EAADHx, )T (HP) (AP - (AP
+E{Dy, (1 = g (DY)
+E{(A; —~BIADH X (i @u) T, )
+E{Dv;(y;® Ut)Tl:;,,m}~ (50)
To handle the difficulties induced by the term AEZ] - E{A?] X
the matrix A; is rewritten as Z:’; 1 AisE;. Then, one has
m
AP = 3, - HER + Z Z (s
i=1 i=1 1=j#i
— iy dj)(Ei®E)). (€29)

Consequently, for (50), we have
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E{(A—E{ADHx (T (HPHT (AP - E(APT)T)

m
= B{ ) (i = i EiHpx, ) (HPH
i=1

m m m
-0 3 3
i=1

i=1 1=j#i
N Ty,
-l E®E)| | £ M, (52)
E{(A; —E{ADHx (3 ®u) TT ) = =20,M; (53)
and
E{Dzvt()’z@blt)Tfr];z,m} = —2p,D,sti(¢$§))(D£2])T (54)

where p; equals to O when ¢ is an triggering time instant, and |
otherwise. Then, substituting (52)—(54) into (50) yields the
expression of Qw,,, in (15).

Next, we are going to discuss the term Qq,, . It is straight-
forward to verify that

Qv = BN ~ (AP DHP R ()
< (HPYT AP - BAP)T)
+ T mBl(AHxix] HE A ® (D] DDOIEL
+E{DP 0P - o) - o) (DY)
+ o B{Oe @ u) (v @u) JT,
+Sym{E{(AP! - EIAP Y HP P (v @ u) T, )
+EB{Tm(AH X, ® D)y, ® ut)TINﬁ’m}

+E(DP 0 - o) i @) T, ) (55)
Based on Lemma 1, we can see that
E((AP-EAPTDH P g ?h
x (HHT (AP -E(AP) )
= N o (Hsti(p{)(HPHT)

~EIAP P st @EPDT BAPTYT. (56)
Meanwhile, we have
ComB{(AHxxT HT ATY® (DI DTH)TT

m,m

= Doum(T, 0 (Histi(@CHHD)) @ (Dysti(¢l?)DIT . (57)

and
E(DP I — )12 _ 62T (DI
= D(sti(gy) - oD (@ DD (58)
On the other hand,
Elyy!} = E{AHx;x! H' AT} + E{D,v»! DT}
=T, o (Hsti(¢)H! ) + Dysti(6)DI . (59)

Therefore, the following result holds:
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LBl 01 ®u) (i ®u)’ T,
= ConB{O0]) ® W T, ,
< Epn|(Ty 0 (Hysti(gSHHT)
+Dysti(py D] ) @ VT, (60)

Following the similar line of the derivation of (53) and (54),
one has:

E{(AP-EAPYHP P (@ u)TTT )

= —20,[N; o (Hsti(@)(HPHT)

~BAPY H sti(¢ ) HEPYT BAPDT] (61)
E{Tum(AHx, ® D) (v, ®u) T )
= — 20 Ll (T 0 (Hsti@2HH] )
® (Dsti(gy, YD), (62)
and
E{DP W - )5 @u)'TT )
= -2, D (sti(@})) - 6D (DT (63)

Substituting (56)—(63) into (55), it is straightforward to see
that the term Qq/m can be expressed as in (15). [ ]
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