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Nested Saturated Control of Uncertain Complex
Cascade Systems Using Mixed Saturation Levels

Meng Li

Abstract—This study addresses the problem of global asymp-
totic stability for uncertain complex cascade systems composed of
multiple integrator systems and non-strict feedforward nonlinear
systems. To tackle the complexity inherent in such structures, a
novel nested saturated control design is proposed that incorpo-
rates both constant saturation levels and state-dependent satura-
tion levels. Specifically, a modified differentiable saturation func-
tion is proposed to facilitate the saturation reduction analysis of
the uncertain complex cascade systems under the presence of
mixed saturation levels. In addition, the design of modified differ-
entiable saturation function will help to construct a hierarchical
global convergence strategy to improve the robustness of control
design scheme. Through calculation of relevant inequalities, time
derivative of boundary surface and simple Lyapunov function,
saturation reduction analysis and convergence analysis are car-
ried out, and then a set of explicit parameter conditions are pro-
vided to ensure global asymptotic stability in the closed-loop sys-
tems. Finally, a simplified system of the mechanical model is pre-
sented to validate the effectiveness of the proposed method.

Index Terms—Differentiable saturation functions, global stabiliza-
tion analysis, mixed saturation levels, nested saturated control, uncer-
tain complex cascade systems.

I. INTRODUCTION

ONSTRAINTS on control inputs are common in practi-
Ccal systems [1]. The stabilization issue of control sys-
tems subject to input constraints has gradually received a lot
of attention [2]—[6]. At the same time, a saturated control
method is developed, which takes the saturation factor into
account in advance [7]—[11]. As the study of saturation stabi-
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lization has evolved, it has gradually been found that the
application of nested saturation is suitable for dealing with
feedforward nonlinear systems that are in an upper triangular
form [12]-[14]. An elegant solution for the global stabiliza-
tion problem of multiply integrators systems is provided in
[15], where a family of state feedback control laws based on
nested saturation is constructed for the first time. For multiply
integrators systems subject to input saturation, a class of
nested saturated controllers has been proposed in [16]. In par-
ticular, nested saturated controller can be used to deal with
multiply integrator systems with uncertain parameters. In
addition, the nested saturated controller has been utilized to
globally stabilize the multiply integrators systems in [17],
which contains multi-type nonlinear perturbed terms in a strict
feedforward form and uncertain parameters.

Feedforward nonlinear systems come from engineering
practice. Many realistic models of mechanical system can be
described as feedforward systems with multiple integrators or
multiple oscillators as the nominal. It seems that related stud-
ies for strict feedforward nonlinear systems are more general
and common. In [18]—[21], saturated control has been shown
to be an effective tool for the strict feedforward nonlinear sys-
tems. In contrast, the results on the stabilization for non-strict
feedforward nonlinear systems are very scattered. From
[22]-[26], state-dependent saturated control design has been
proposed and used to realize the stabilization of non-strict
feedforward nonlinear systems.

Modeling uncertainties are inherent in practical mecha-
tronic systems and cannot be easily disregarded, as they can
significantly compromise the robustness, stability and track-
ing performance of such systems [27]—[34]. Uncertain param-
eters contained in control system equations will not only
affect the control performance, but also will bring problems to
the analysis and computational. Related research results in
[12], [16] and [17] show that the nested saturated controller
design is suitable for dealing with the uncertain parameters
system.

Through a review of the above works, we have found that
the nested saturated control design can be used to solve a vari-
ety of stabilization problems of strict feedforward nonlinear
systems whose normal dynamics are multiple integrators.
However, there are fewer works dealing with the stabilization
problems of non-strict feedforward nonlinear systems with
uncertain parameters by using nested saturated control
designs. More importantly, little or no research has consid-
ered the global saturation stabilization problems of uncertain
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complex cascade systems that are cascaded by multiple inte-
grator systems and non-strict feedforward nonlinear systems.
However, some simplified models of practical mechanical
systems can be transformed into uncertain complex cascade
systems with such structures, so it is necessary to design
robust controls for such uncertain complex cascade systems.

In this paper, we endeavor to solve the challenging problem
of designing a class of saturated controllers that can guarantee
global asymptotic stability for uncertain complex cascade sys-
tems, which are composed of multiple integrator systems and
non-strict feedforward nonlinear systems.

For the global stabilization problem of the uncertain com-
plex cascade systems, a class of nested saturated control
design is proposed in this paper, which contains both constant
saturation levels and state-dependent saturation levels. Inspi-
red by the relevant literature [26] and [35]—[39], our paper
incorporates a modified differentiable saturation function,
facilitating the saturation reduction analysis of uncertain com-
plex cascade systems. Specifically, by utilizing the differen-
tiable saturation function, the saturation reduction analysis of
some subsystem can be carried out smoothly through the usual
saturated control analysis method. Additionally, combined
with the method in [25], by directly calculating inequalities,
the non-integrability and slowly-varying property of the state-
dependent saturation levels can be ensured and utilized to
complete saturation reduction analysis of the remanent sys-
tem. Subsequently, the convergence analysis can be carried
out by calculating the time derivative of the boundary surface
and simple Lyapunov function.

In comparison with existing works, the main contributions
of this paper are summarized as follows:

1) The proposed uncertain complex cascade systems con-
sist of uncertain parameter, multiple integrator systems and
non-strict feedforward nonlinear systems. Compared with
existing results [13], [16], [17], and [25], the considered
uncertain complex cascade systems have a more intricate and
comprehensive structure that better reflects the actual mechan-
ical system.

2) A novel nested saturated control design is proposed,
which incorporates both constant saturation levels and state-
dependent saturation levels. The proposed control design is
different from the nested saturated control design in [18]—
[26], which only contains saturation levels or state-dependent
saturation levels. Such a proposed control design helps to
achieve stabilization of uncertain complex structural systems.

3) Inspired by [26] and [35]-[39], modified differentiable
saturation function is proposed to facilitate the reduction anal-
ysis of such uncertain complex cascade systems. Based on the
modified differentiable saturation function, the saturation
reduction analysis will be divided in two steps. Then the state
of systems converges globally to small domains by layering.
This design has strong robustness, and there are no similar
features in the mentioned literature.

The rest of this article is organized as follows. In Section I,
problem formulation and preliminaries are given. In Section
III, the main results are presented. In Section IV, an applica-
tion of the proposed control design to a mechatronic model is
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presented, and Section V draws conclusions to this paper.
II. PROBLEM FORMULATION AND PRELIMINARIES
Consider the following uncertain complex cascade systems:
X =c1x2+q1(x, %)

Xy = c2x3 +q2(x, %)

Xn = CnXn+1 + (X, X) €))

Xn+1 = Cn+1Xn+2

Xn+m = Cn+mU

X)) %= (Xue1se s Xnem)! and u are the sys-
tem states and control input, respectively. For i=1,...,n,
n+1,...,n+m, the bounded uncertain parameters satisfy
O<ci<¢< clf'. The structure of nonlinear disturbance terms
q1(x,%),...,qu(x,%) are in the form of |gi(x,%)| = a;|x||%’ and
satisfy the following assumption. Without loss of generality,
along the relevant conditions in [24], [25], the disturbance
vector field (¢1(x,%),...,q,(x, %)) is homogeneous of at least
order one with respect to the dilation (1) in [25].

Assumption 1: For i =1,2,...,n, there exist know constants
a; such that

where x = (xq,...

lgiCe, O < ai(xi [+ -+ a1+ + X)) (2)
Under Assumption 1, we know that subsystem (xi,...,x;,)
of systems (1) is in a non-strict upper-triangular form. The
homogeneous property of (ql(x,i),...,qn(x,i))r can also be
converted to (2).

The structure of systems similar to system (1) can be
observed in practical mechatronic systems, such as the ball
and beam system. Therefore, it is of potential practical signifi-
cance to study the global saturation stabilization of systems
(D).

Remark 1: Some studies consider strict feedforward nonlin-
ear systems whose normal dynamics are multiple integrators,
similar to the subsystem (x+1,...,Xy+m,) Of uncertain complex
cascade systems (1) with nonlinear terms in a strict upper-tri-
angular form or the subsystem (x,...,x,) of systems (1), such

s [17]-[21]. Fewer works deal with the stabilization prob-
lems of non-strict feedforward nonlinear systems, similar to
the subsystem (xp41,...,Xs+m) Of uncertain complex cascade
systems (1) with nonlinear terms in a non-strict upper-triangu-
lar form, such as [22]—[25]. However, little or no research has
considered the global saturation stabilization problems of
complex cascade systems that are cascaded by multiple inte-
grator systems and non-strict feedforward nonlinear systems
[25] and [26]. Furthermore, taking into account the uncer-
tainty in the control system and the application in mechanical
systems, the uncertain complex cascade systems (1) subject to
non-strict upper-triangular form of Assumption 1 have a more
general structure.

The objective of this paper is to design a class of saturated
controllers that can be used to achieve the global asymptotic
stability of uncertain complex cascade systems (1), which are
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cascaded by multiple integrator systems and non-strict feed-
forward nonlinear systems.

III. MAIN RESULTS

For system (1), the following nested saturated controller
with mixed saturation levels is presented:

U = Uprm = —knpymSatyme(Xpym — un+(m—l))

Upy1 = —kpr18atoe(Xny1 — up)

Uy = _knsatl,,sp(x)(xn - un—l)

3)

up = —kosaty, o (X2 —u1)

u) = —ki saty, 8p(x)(xl )
with

-1
2 2 2
p(x) = (Mp41 + M, x;, +'“+ij/ +-+ Myxy) 2D

Mys1 = MyA?, My = A2, My = MGA® (j=1,2,...,n—1)
“
where 0 <e <271, A>3, k; >0, I; >0 are the constants to be
determined for i=1,2,...,n,...,n+m. In particular, nested
saturated controller (3) contains mixed saturation levels,
which are the constant saturation levels 2¢,...,2™e and the
state-dependent saturation levels /1 go(x), ..., [,g0(x).

Throughout this paper, the standard saturation function is
defined as sat.(s) = sign(s)min{|s|,&},& > 0,s € R. Then the
state-dependent saturation levels can be formulated as
satygp(0(8) = liap(x)satl(m), xeR", seR.

Remark 2: In order to globally asymptotically stabilize sys-
tem (1), the nested saturated controller (3) with mixed satura-
tion levels has been proposed. In fact, the constant saturation
levels 2e¢,...,2"¢e are designed to deal with multiple integra-
tor systems of systems (1), and the state-dependent saturation
levels [1ep(x),...,l,ep(x) are used to handle the non-strict
feedforward nonlinear systems of systems (1). In addition, the
nested structure of the controller helps to deal with uncertain
complex cascade systems (1) subject to uncertain parameters.
In engineering practice, the saturation nonlinear constraint of
the controller widely exists, so the saturated control method
that considers the saturation factor in advance is created. This
saturated control design can avoid the parameter configura-
tion problems in the process of using the controller to a cer-
tain extent. The nested saturated control design (3) appears to
be complex due to the form of construction, but it is not inher-
ently complex. If the relevant parameters of the proposed con-
troller satisfy the explicit parameter conditions for the global
stabilization of the considered closed-loop system, then the
controller can be put directly into the system to achieve the
global stabilization of the system, thus avoiding the readjust-
ment of the control parameters. For practical applications, this
control design is characterized by high efficiency.

In the following, we will show that the nested saturated con-
troller (3) with mixed saturation levels can globally asymptoti-
cally stabilize uncertain complex cascade systems (1).
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Based on the proposed nested saturated controller with
mixed saturation levels, the saturation reduction analysis will
be conducted in a bottom-up recursive manner, once the sys-
tem states reach a boundary surface, by calculating the time
derivative of the boundary surface, a set of explicit parameter
conditions are obtained to ensure that the states eventually
tend to a small domain.

Due to the presence of both constant saturation levels and
state-dependent saturation levels, the bottom-up saturation
reduction analysis will face the problem that the differential
calculation of saturation function is subject to state-dependent
saturation levels, which will affect the whole reduction analy-
sis process. Inspired with [26] and [35]-[39], a modified dif-
ferentiable saturation function is proposed in our paper, which
helps to solve the differential calculation problems related to
saturation function with state-dependent saturation levels, and
further contributes to the whole saturation reduction analysis
of uncertain complex cascade systems in the presence of
mixed saturation levels.

A simple Lyapunov function is then used to demonstrate the
asymptotic stability of the reduced system.

The algorithm in this paper is divided into three parts.

A. Reduction Analysis of Subsystem (Xp+1,-- -, Xn+m)

In this step, we will address the saturation reduction analy-
sis of saturation terms X4, — Un+(m—1)s - - - » Xn+1 — Un-

We will compute the time derivatives of saturation func-
tions of subsystem (Xp41,...,Xn+m) Of system (1) with con-
troller (3) in small domains, and prove that the non-positive
property of time derivatives which are ensured by the parame-
ter conditions.

In the process of computing the time derivatives of satura-
tion functions of subsystem (X,t1,...,X,+m), the difficulty of
this part is that each step will utilize the information of
iy,...,i,. From controller (3), we know that

Uy = _knsatlnsp(x)(xn —Up-1)

up = —kosaty, o) (X2 —u1)

uy = —kysaty gp(x)(x1)
where the saturated control design contains state-dependent
saturation levels [jgo(x),...,l,ep(x). Therefore, the differen-
tial problem of saturated controllers with state-dependent satu-
ration levels needs to be treated cautiously. In this regard, the
works in [26] and [35]-[39] have proposed some methods.
Inspired by the literature, the following definition is intro-
duced in this paper.

Definition 1: For se R and i = 1,...,n, there hold

5+ sat;ep(n () 2 0 Cy
satyepn(s) =5, Vs| < h; < ligp(x) < H; (50)
satyep(n)(s) = f(s5), Yh; <|s| < H; (5¢)
satyep(v)(s) = Ni(sign(s)), V|s| > H; (5d)
0 < P2tusp (] _ (5e)

ds
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where h;,H;,N; are positive design parameters that satisfy
h; = B;H; with 8; <1 and N; = h;(1 +y;) with v; > 0. f(s) is a
non-decreasing function of s. Here, sat;,;ox)(s) on (h;, H;) and
(—H;,—h;) can be any non-decreasing curves that smoothly
connect satyq,(»)(s) = s and N; and —N;, respectively. In partic-
ular, let y; =0, B; = 1, which yield h; = H; and N; = h;, respec-
tively, then the saturation function in Definition 1 can be
transferred into the standard saturation function. The sate-de-
pendent saturation function sat;,c,x)(s) = ligp(x) xsatl(m)
can also be included into (5). /;gp(x) represents related func-
tion of system states.

Remark 3: Those usual saturation functions often inherit the
standard saturation function in Teel’s approach [15]. In order
to deal with situations of feedforward nonlinear systems, dis-
turbances, convergence performance, uncertain parameters, or
global stability, the relevant works which are based on stan-
dard saturation function and its simple deformation form can
be found in [12], [13] and [16], [17]. To improve the conver-
gence performance of systems to some extent, a class of modi-
fied saturation function with positive tunable parameters has
been introduced in [13], [17], and [35], [36]. For some non-
strict feedforward nonlinear systems, state-dependent satu-
rated control design has been proposed in [22]-[26]. In order
to overcome the related problem under uncertainties and dis-
turbances, modified differentiable saturation functions in a
general form have been applied in [35]—[38]. Some differen-
tiable saturation functions in numerical forms have been pre-
sented in [26] and [39]. Inspired by the aforementioned litera-
ture, another modified differentiable saturation functions (5)
in a general form is proposed to deal with the problem that the
differential calculation of saturation function is subject to
state-dependent saturation levels, such that the saturation
reduction analysis of consider system under mixed saturation
levels can be carried out smoothly. As h; = 8;H; with 8; <1
and N; = h;j(1 +vy;) with y; > 0, by using N; = B;H;(1 +7v;), it is
easy to design the value of A; and vy;, B; to get the value of
H;, N;. Then we can get the boundary’s values of modified
differentiable saturation functions (5). From the perspective of
theoretical calculation, it is reasonable to utilize h;, H;, N; as
positive design parameters of the modified differentiable satu-
ration functions (5). At the same time, the boundary values of
the saturated nonlinear constraints present in the controlled
object are generally known or can be obtained by calculating
the relevant parameters provided by the device. By designing
the values of A; and y;, B;, the positive design parameters of
H;, N; can be obtained. Furthermore, all of the positive design
parameters of (5) will be utilized to obtain the values of con-
trol parameters. Here, we have completed the configuration of
the parameters of (5).

Fact 1: With the relevant parameters satisfying

Crremknsm2™ € > C,-:+(m,])kn+(m—1)(2m + kn+(m—1)2m_1)8
+ C,L.(m_z)kn-%—(m—l)kn+(m—2)(2m71 + kn+(m—2)2m72)5
+ C:r,+(m_3)kn+(m—l)kn+(m—2)kn+(m—3)(2m72 + kn+(m—3)2n173 )e

+eet c;+2k11+(m—1)kn+(m—2) X+ X kpyzknio (23 + kn+222)5
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+CF ks metyknam2) X - X ke 3knsokne1(22 + k12 e
+ ket (m=1)kn+(m=2) X -+ - X ks 3knsokn 1k,

X [(c5 (knNy +2'€) + Qn(x, )

+hkn_1(cy_y (k-1 N1 + Hp) + Qp1(x, X))

+oo ot kpoy - ko(c3 (kaNo + H3) + Q2 (x, X))

+kno1 -+ ki (x2¢] (ki N1 + H2) + Q1(x, %))]

Crkni12'e > ¢ 22e+ kyl(c) (kuNy + 2" 8) + O (x, )

+ kn—l (C:,—_l(kn—an—l + Hn) + Qn—l(xv ;C))
+oo kot ko (5 (koNa + H3) + Oa(x, X))
+ ko1 -+ ki (x2¢] (ki Ny + Ha) + Q1(x, %))]
where Q;(x,X) (i =1,...,n) is denoted as follows:
Qi(x,%) = aj(Hy + -+ (ky—1 Ny—1 + Hp))(ky Ny,
+218) 4+ (ke - 2" e+ 27E))
then the saturation functions of (x,+1,...,Xp+m) subsystem of
system (1) with controller (3) is unsaturated in a finite time.
Proof: The proof is following the analysis method of the
nested saturated control schemes in [16] and [17].

Consider the x4, subsystem. If X4, () = Upsu-1) (1) >2"e
holds for all ¢ € [0, c0), we have

(6)

Xpam = — Cn+mkn+m Satha(xn+m - un+(m—1))

- m
< = Crrmknsm2" €.

(7
Together with [uygn-1)| < kne(n-1)2""'&, for all 7€ [0,00)
there holds 2"e < Xppm() = Unsm-1)() < Xp4em(0) = X
kpam2™Met + k,,+(m_1)2m‘15. Then there yield the following con-
tradiction 2"’ < X4 () = Up(m-1)(t) £ 0, as t — oo.
Hence, a finite time #,,,, exists such that

Xpm(tnem) — un+(m—1)([n+m) =2"¢.

In particular, as the constant saturation levels 2¢---2"¢ and
state-dependent saturation levels [jep(x),...,l,gp(x) exist,
based on the notion of standard saturation function, it is easy
to verify that there hold

d A
d—tuj =0, \/|xj—u/-_1| >2/7", j=n+(m-1),...,n+1.
Furthermore, based on (7), we obtain %(xn+m—u,,+(m_1)) <0.

According to the Definition 1, we derive that

d
—u; =0, Y|x;—ui—1|>H;, i=n,..., 1.
dt i | i i 1| i
Do not lose generality, and then we only need to compute

%(x“m — Up+(m—1y) at the time instant #,,,,, in the domain
V|xj—uj_1|32j_"s,j=n+(m—1),...,n+1 ®)

and
V|xi—ui_1|<Hi,i=n,...,1. (9)

In view of the Definition 1, one has

[tn] < knNp, ..., [u2| < koNo,|ug| < kiNy.
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From (8) and (9), together with (2) and Definition 1, it
yields
lgi(x, D) < ai(xi ]+ -+ + X DXt [+ + X))
<ai(Hy + -+ (kn-1Np-1 + Hp))((kn Ny
+2'e) 4 A (ke - 2™ e+ 2. (10)
Keeping (7)—(10) in mind, and according to (5¢) of the Def-

inition 1, we derive that

d
E(xn+m(t) - “n+(m—l)(t))

=lp+m

< %[X;Hm(fmm) + kpt(m=1)Xn+(m=1)nem)
+ kit (m— D knt(m=2)Xn+(m=2)Ensm)
+ Kt (m=1)kn+(m=2)kn+(m=3) Xn+(m=3)(tnm)
+ -t k-1 kntom-2) X+ - X kp3knr2Xp42 (tnm)
+ Knt(m=1)knsm=2) X - -+ X kn3kn12kn 41 Xn41Enem)
+ ko (m=1)kn+(m=2) X -+ - X Ky 3kn2kn i1

X kysaty,epx)(Xn — Up-1)]

IA

—Crramknsm2" € + C:r,+(m_ 1 )kn+(m—1)(2m + kn+(m—1)2”kl )e
+ C;+(m_2)kn+(m—l)kn+(m—2)(2m7l +knt(m-2)2")e
+ C;+(m_3)kn+(m—l)kn+(m—2)kn+(m—3) (2m—2 + kn+(m—3)2m_3 )e
+oo O ok me ks n—2) X - X kg 3kns2(23 + kns22%)e
+ C;+1kn+(m—l)kn+(m—2) XX kn+3kn+2kn+l (22 + kn+121)8
+ kit -1 kn+(m—-2) X =+ - X ks 3kn1 2k 1kn
X [(cy (knNy +2'8) + gu(x, )
+kn-1 (C;:_l (kn-1Np-1+ Hp) + qu-1(x, %))
+oo kot - ko(c3 (koNa2 + H3) + g2(x, X))
+ ko1 -+ ki (x2c] (ki N1 + Ha) + 1 (x, 5))]. (11)
Under (10) and the parameters conditions (6), one has
L (X (t) — u,,+(m_1)(t))|t:tnm < 0. Hence, there holds X, (1)—
Mn+(m—1)(t) <2Me, Nt 2 tyym.
Similarly, it can be proved: there exists a finite time #(y4)«

such that X1, (f) — tty4on—1)() = —2"¢ holds for all 1 > t(,4)«.
So, we have

|xn+m(t) - un+(m—1)(t)| <2"g,

Vi Thim = max{tn+mst(n+m)*}- (12)
Using the above method, we next analyze subsystems
Xn+m—1,---,Xn+1. Under the parameter conditions (6), we
obtain
|xn+(m—1)(t) - un+(m—2)([)| < 2m_15’ Vi > Thin-1)
|xn+(m—2)(t) - un+(m—3)(t)| < 2m_257 Vi > Tn+(m—2)
(13)
Xns2(0) = 1 (D] < 2%, Vi=Tuo
41 (1) = un ()] < 2', Vi T
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where
Tn+(m—2)7 coos Tyt (T < Tn+(m—1) < Tn+(m—2) < < Thy)
are finite time instants. |

After a finite time T, under the state constants (12) and
(13), the nested saturated controller (3) with mixed saturation
level reduces to

U= Uprm = —Knem(Xnam — un+(m—1))

Ups1 = —kpe1(Xpe1 — Uy)

u, = —ky Satlnsp(x)(xn —Uy_1)

(14

up = —kosaty,gp(x (X2 —u1)

uy = —kysaty, gpn (x1).

Remark 4: Since the considered systems (1) is cascaded by
multiple integrator systems and non-strict feedforward nonlin-
ear systems, the subsystems x,i,,...,X,+1 need to be ana-
lyzed at first in bottom-up saturation reduction analysis, then
the subsystems x,, ..., x| are analyzed far behind, respectively.
In the process of computing the time derivatives of saturation
terms  Xp4m — Un+(m—1)» - - -» Xnel —Un, U1,...,10,"s information
needs to be utilized at each step. Because of the sequential of
bottom-up saturation reduction analysis, the presence of com-
plex cascade structures and state-dependent saturation levels
liep(x),...,lL,gp(x) for uy,...,u,, the differential calculation of
saturation function subject to state-dependent saturation lev-
els cannot be directly obtained to advance the saturation
reduction analysis. Although it is not possible to solve the
above problem directly, one possible solution can easily be
considered. Based on the property of state-dependent satura-
tion function and the relevant design of state-dependent satu-
ration levels in (4), one can obtain

It = |—knSaty, ep( (Xn — ttn—1)| < Knlngp(x)
B kul,e
Moy + My oo My o My ) 0D
kul,&

-1/ Q2(n-1)
<— =
= Wty et

Furthermore, we get % lun < %[k,,l,,sM;:{(z("_l»] = 0.
Under this situation, the differential calculation of saturation
function subject to state-dependent saturation levels can be
obtained and the calculating for the time derivative of the
boundary surface can be carried out. However, it is not diffi-
cult to find that there are certain loopholes in the mentioned
solution. By utilizing % |uy| <0, the conservatism of computa-
tion will increase and some state information of systems will
be lost in the reduction analysis calculation. To some extent,
this solution is not appropriate. In order to overcome these dif-
ficulties, the modified differentiable saturation functions (5) in
Definition 1 are presented. By using Definition 1, the time
derivatives calculation of saturation function that contains
state-dependent saturation levels can be dealt with as follows:
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d d
d_l v, | = E[knsatlnsp(x)(xn —up-1)]

d d
=ky E [satl,,sp(x)(xn —up-1)] E [xn — tp-1]

d
<k,-1- E[xn_un—l]

and then, the calculating for the time derivative of the bound-
ary surface can be carried out as (11) in the proof of Fact 1.
By introducing the differential saturation function Definition
1, the differential calculation of saturation function subject to
state-dependent saturation levels can be directly obtained. By
using the computation form dir |ty < k- 1- d%[xn —uy,_1], all the
state information will be utilized in the computation of satura-
tion reduction analysis. In the meantime, this analysis scheme
will decrease the conservatism of computation.

From Remark 4, it can be known that the preliminary calcu-
lation information of x,,...,x; cannot be obtained directly in
bottom-up saturation reduction analysis. This situation will
cause problems in the analysis of saturation degradation at the
outset. With the introduction of differential saturation func-
tion, this problem has been addressed in some way. By con-
structing hierarchical and known boundaries with the help of
differential saturation functions, we avoid directly dealing
with the saturation reduction analysis of state-dependent satu-
ration function first, which in turn facilitates the smooth
development of saturated reduction analysis.

Remark 5: Since the mixed saturation levels exist, the
reduction analysis is divided into two parts for both constant
saturation levels and state-dependent saturation levels,
namely, reduction analysis of subsystem (x;+1,...,X;+m) and
reduction analysis of subsystem (x1,...,x,). In the process of
reduction analysis of subsystem (x41,...,Xp+m), combined
with Definition 1, the time derivatives calculation of satura-
tion functions are carried out in the following small domains:

{|xj—uj_1| <2, j=n+m,...,n+1

|x;i —u;—1| < H;, i=n,...,1.

Because of the proposed of Definition 1, the reduction anal-
ysis can be carried out in the above way, and it also paves the
way for completing the reduction analysis of subsystem
('x17 s 7xn)~

B. Reduction Analysis of Subsystem (x1,...,Xp)

Then, we deal with the saturation reduction analysis of satu-
ration terms X, —U,_1, Xp—1 — Up_2,..., Xp —U1,x] for system
(1) with controller (14). Considering the subsystem (xi,...,
xn), we need to handle the saturation reduction analysis of sat-
uration function with state-dependent saturation levels. The
non-integrable property of the state-dependent saturation func-
tion here is a sufficient condition to prove that the system state
reaches the boundary surface in a finite time, and the slowly-
varying properties of the state-dependent saturation function is
a sufficient condition to ensure that the system state enters a
small domain.

Fact 2: With the relevant parameters satisfying
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_ -1/2(n—-1 - -1/2(n—-1
CoknlyeM D) s plg oy HEOED) g

—nM—l/(Z("—l))

X max{l,_; 2 i ,

(¢} (kn—1 Nyoy + Lye M 10D

+1

Loy Ry

n+l

thnoz - ko (ch (kaNo + e ™D

+1

4ol

n+1

+hyn k(e (ki Ny + beM, D)

+1

+ 2—I1M—1/(2("—1)))]}

n+1

- —1/2(n—-1
412 20D

- =1/Q2(n-1 =1/2(n-1 - =1/Q2(n-1
Tkl eM MO 5 oy epg RO | gon 1/ C0-1)

n+1
- -1/Q2(n-1
+he2 ™M D (15)

where M. = M,A%, My = M?A? (i=1,2,...,n-1), M; =
AZ? holds, then the saturation functions of (xi,...,x,) subsys-
tem of system (1) with controller (14) is unsaturated in a finite
time.

Proof: The following four Steps 1—4 are given to complete
the saturation reduction analysis of saturation terms
Xpn—Up—15...,X2 — UL, X].

Step 1: Some estimates need to be obtained

From the state-dependent saturation function p(x) in (4) of
the nested saturated controller (3) with mixed saturation lev-
els, one has

() = (M1 + MyXa -+ Mix? + -+ My xp) " /G0

1 _ ay-1/Q0=1))

< (Mn+l)l/(2(n—l)) _Mn+l (16)

where M.(,M;y1 (i=1,2,...,n—1),M; and A satisfy the
design in (4).
Furthermore, using sat;;g,(x)(s) = l[ep(x)satl(m) and Def-
inition 1, one has
|| = |_knsatl,,sp(x)(xn - un—1)|
< kpl,ep(x)
< knlyeM, 12071 (17)
where k,,l,,sM’;l/l(z(”_l)) < k, N, holds for suitable A and &.
From Assumption 1, together with (13) and Definition 1,
one has

lgi(x, O < ai(lxi [+ - + DXt 1+ + PmD)”

< ai(xi]+ -+ + [ ((ka N, + 2" 8)

+6-+ (ka1 - 2" Le+2Me))". (18)
Combined with Definition 1, it yields
|Qi(x, Ol <ai(Hy+ -+ (ky—1 Np—1 + Hp))((k, Ny,
+2'e) 4+ (kppmer - 2™ e+ 2" (19)
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Step 2: Verifying the non-integrable property of p(x)

Here, we will verify the non-integrable property of o(x).
Consider the subsystem x,, = ¢, X,+1 + ¢n(x, X).

We define a function V, =|x,| for x, subsystem. For
[xa] = |ty—1]+ lnep(x), using (13), (17) and (19), there holds

Vi = cutty + ¢ (Xp1 — ) + qn(x, %)
= _annsatlnsp(x)(xn —Up—1) + Ccp(Xpg1 — Up) + gp(x, %)

< —c kN, + ¢ 2 e+ g (x, 9. (20)
Under the parameter conditions (15), it implies that V,, < 0.
Then there exists a finite time such that |x,| < [u,—1| + [,e0(x).

From (16) and (17), using Definition 1, one has

|un—1| = |_kn—lSatl,l,lgp(x)(xn—l - un—2)| < kn-1Np-1
and l,ep(x) < LeM, [ C"71).

Hence x, is bounded, and one can obtain |x,| < b,;, where
by is a positive constant. In the meantime, the disturbance
vector field (¢1(x,%),...,q,(x, %)) is homogeneous of at least
order one and satisfies the Assumption 1. Combing with
Xp—1 = Cp—1Xn + qn-1(x,X), and using integral calculation, we
can obtain |xn_1| < b(n—l)l +b(n_1)2t where b(n—l)l,b(n—l)Z arc
positive constants. By analogy and using the proof of Theo-
rem 1 in [25], we can infer that p(x) is non-integrable.

Step 3: Obtaining the slowly-varying estimate of p(x)

By the state-dependent saturation function p(x) in (4), one
can obtain

1
2(n—-1)
G (Mot + My + -4 Mix? + -+ M1 x?)
X

Myt + Myxp + -+ Mix? + -+ My x3

P = -

p(x).

According to (18), and using the Proposition 2 in [12], we
can deduce that

(LY My + Myx2+-+ Mix? + -+ My x3)

M1+ Myxp+ -+ Mix? + -+ M x2

can be rendered arbitrarily small by choosing large A and
small €. In turn, we have the following slowing-varying esti-
mate

lo(x)l
4 24, 2. 2
1 (d,)(M,,+1+Mnxn+ +Mix: + +M1x1) -

= |- X

20=1) My +Myxg+--+ Mix? +- -+ My x3 p

1 (DY My + Mypx2+ -+ Mix2 + -+ My x3)
< : p(x)

2n=1) | Mup1+Mpxp+--+Mix? +---+ M x3

<27"p(x) 1)

with suitable A and &.
Utilizing Lemma 1 in [25] and combining with (16),
Assumption 1 and (21), there holds

lgi(x, D < ailxi [+ -+ + XD (X1 ]+ - + xemD)”

< 2—np(x) < 2—nM_l/(2(n_l))

n+l

(22)

with suitable A and .
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Step 4: Verifying the reduction of saturated terms x,—
Up—1,...,X2 — UL, X]
Consider the subsystem x;,. If x,(¢) — u,—1(t) > l,ep(x) holds
for all € [T)41,0), we have
Xpn = Cplty + Cp(Xpg1 — Uy) + gp(x, X)
= _annsatlnsp(x)(xn —Up—1) +Cp(Xpe1 —uy) + Qn(x’ X)
< —c, knlnep(x) + cn2' e+ gu(x, X). (23)

According to (15), one has x, <0. Together with |u,_| <
ky_1Ny,_1, for all t € [T),41,0), there holds

Lhgp(x) < X, (1) — p—1(2)
< x,(0) + jot (= knlnep(X) + 2" + gu(x, D)ds

+ kn— 1Ny-1.
From Step 2, we obtain that p(x) is non-integrable, then
there yields the following contradiction:

Ligp(x) < x,(1) —up—1(1) <0, as t — oo.

Hence, a finite time t,,; exists such that x,(t,) — u,—1(t,) =
l,ep(x(t,)). It implies that states of the subsystem x,, arrive at
the boundary surface x,,(,) — u,—1(t,,) = Liep(x(t,)).

Next, we need to prove the non-positive property of the time
derivative of the boundary surface x,(f,) — u,—1(t,) =
l,ep(x(t,)), which guarantees states to enter into small
domains.

For the subsystem x,, we need to compute the derivative
L (xn(tn) = tn-1(ta) = lr&p(x(ty)))l;=r, under two conditions

[xi —ui—1| > Ligp(x), i=n—-1,...,1
and
[xi —ui—1| < Ligp(x), i=n—1,...,1.
Under |x;—uj—1|> ligp(x), i=n—1,...,1, combined with
(16)—(18), (21), (22), one obtains
d
d_t(xn(tn) —up—1(ty) — lnsp(x(tn)))lt:tn
< dp + -1 + Lep(x(2,))
< (= knlpep(x) + cn2le+ gn(x, %))
+kn-1ln-180(x) + [igp(x(1,))
< (=€ knlngp(x) + cn2" &+ 27" (X)) + kn11n-1827"p(x)
+1,£27"p(x)
1

< (=cpknlyeM 1D 4 01 g 4 07mpg HGOD))

+ kn_lln_182_"M;i{(2("_l)) + ln82_"M;i{(2("_l)). (24)
Under |x; —uj—1| < Ligp(x), i=n—1,...,1, it yields

d
E(xn(tn) —tp_1(ty) — lngp(-x(tn)))|t=tn

< (—c knlpep(x) + Cn218 +gn(x, X))
+ D" (kp-15aty,_ sp(x)(Xn=1 = Un-2)) + LEp(X)
< (—Cpknlgp(x) +c,2' e +27"p(x))
+hkno1[En-1 4 +kn—z ko X

+kp—p - kii1]+ 1,27 p(x)
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< (—CpknlyeM D) 4 21 4 07 pg RO,

+1
thne1 [(CF_y (et Nyt + LyeM, D) 4 g (x, 5)

ML/ @n=1)

+eotkpp o ko(cs (kaNa+ 1M | )+ qa(x, %))

k- k(TR Ny + beM D) 4 gy (x, 3))]

n+1

- -1/Q2(n-1
+ 1,27 M 0D, (25)

By using (22) and the parameters conditions (15), it yields
that £ (x,(ty) — tn-1(ta) — Lr&p(x(t)))li=, <0 holds under two
conditions: |x; —u;—1| > Ligp(x), i=n—1,...,1, and |x; —u;_1| <
liep(x), i=n—1,...,1. Hence, there holdsx,(t)—u,—(t) <
Lep(x), Yt >t,.

Similarly, it can be proved: there exists a finite time #,,. such
that x,,(¢) — up—1(t) > —l,ep(x), Yt > t,. holds for all # > t,.. So,
we have

[%,() = 1 (O] < Lpgp(x), Vt= T, = max{ty,t,.}. (26)
We next analyze subsystems x,_i,...,x; by using the same

method. Under the parameter conditions (15), we obtain
%1 (8) — tp—2(D)| < ln—lgp(x)7 Vi T,
[Xn-2() — up-3(0| < ly—28p(x), ¥t 2 Ty—y
(27)
[x2(8) —ur (D] < hep(x), Yt =2 T
lx1(D] < ligp(x), Yt = Ty
where T),,..., T (T, < T,—1 < --- < Tq) are finite time instants.
|
After a finite time T, under the state constants (12), (13),

(26), and (27), the nested saturated controller (3) with mixed
saturation level reduces to

U= Upsm = —KnamXnam — un+(m—l))

Up+1 = — n+l(xn+1 _un)

Up = —ky(Xp —up-1) (28)

uy = —kp(xz —up)
up = —ki(xp).

Remark 6: Inspired with [25], the same method has been
used to verify the non-integrable property and slowly-varying
estimate of p(x), then the reduction of saturated terms x,—
Up—1see s X2 — UL, X1 Xy — Up—1,...,X2 — U], X can be addressed.
But differently from [25], the nested saturated control design
has been proposed to deal with the problem of global asymp-
totic stability of uncertain complex cascade systems.

Remark 7: In the process of reduction analysis of subsys-
tem (x1,...,x,), the time derivatives calculations of saturation
functions are carried out in the following small domains
|xi —ui—1| < Ligop(x), i=n—1,...,1.

C. Asymptotical Stability Analysis of Reduced System

In the following, we analyze the asymptotic stability of the
reduced systems (1) with (28).
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Fact 3: Under the following parameters conditions:
(kn+m—12m_1 £+ 2m8)cy_,+m (KnsmKnem—1 2" le 2"g)
R kn+mkn+m—1 o 'kn+1(ann + 215)

-1/Q2(n—-1
+kn+mkn+m—l"'kn+1kn(kn—an—l+ln8Mn [ )))

+1

+ -+ kprmbknem-1 "'k2k1118M_1/(2(n_1))]

n+1

-1/Q2(n-1 —-1/2(n-1
> LeM, 1D (cf (ki Ny + e 10D

e I T

n+l

+ (ko1 Nt + LyeM PN (e (kN 421 6)

+1

+ z—nM* 1/(2(n-1 )))]

n+l
+ (kN +2'8)c), | (kys1 26 +2%8)

+---+ (kn+m_22m_28 + 2m—l 8)C;+,n_1(kn+m—12m_18 + zme)
(29)

the reduced systems (1) with controller (24) are asymptoti-
cally stable.
Proof: Consider the Lyapunov function

_o-1.2, 512 1.2, 9-12 -1,2
U=2""x1+27 x5+ +27 x,+27 x  + 0 +27 X

The derivative of U along solutions of the reduced systems
(1) with (28) is
U= X1XL+ o+ Xp X+ Xp 1 X1+ 00+ XnemXnem
< lxllerxz +qi (e D)+ + [l lenXns1 + gn(x, 5|
+ X1l enet Xn2l + -+ + [Xnem| Cram
X [=knptm [ Xneml = -+ = KnvmKntm—1 -+ knt1 X411
—knrmknem—1 - knyrkn |Xp] = - = Knymknem—1 - - - kaky |xq|].

Combined with (12), (13), (16), (19), (26), (27), and under
parameters conditions (29), it yields

U < hep(0)l(c] (kN1 + hep(x)) + q1(x, X)) + -
+ (kn—1 N1 + Lngp(x)[(cs; (k Ny +2" &)
+ (6 )] + (kN +2' 8)C (ki1 26 +2%€)
oot (knymo1 2" £+ 27E)C
X [~knsm(Knsm-12""" & +2"€)
— o = Knsmknim—1 -+ kns1 (knNy +2' )
—kntmknsm—1 - kny1kn(kn—1 Np1 + L,80(X))
= = kpymknam—1---kak111gp(x)]

< lieM, 1PV (et (ky Ny + e 10D

+q1(x, )]+
+ (ko1 Nt + LM PN (e kN, + 21 )

+qn(, )]+ (kN + 2 8)CT | (ki1 26 +2%8)

+ooot (hkpama1 2" e + 2"E)Crim

X [_kn+m(kn+m—1 2m715 + zms)

= = knamknam—1 -+ Kne1(knNy + 218)
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—1/Q2(n—1
~ s m—1 kst Cknmt Ny + e 107D

+1
—1/(2(n—
— oo = kyemknem—1 "'k2klll<9Mn+]/( (n l))] <0.

Hence, the reduced systems (1) with controller (24) are
asymptotically stable. [ |

From Facts 1-3, the main results of this paper can be shown
as follows.

Theorem 1: With parameter conditions (6), (15) and (29)
holding, let 0 <& <27! and A >3, the nested saturated con-
troller (3) can globally stabilizes uncertain complex cascade
systems (1).

Based on Facts 1-3, systems (1) with controller (3) are
globally attractive and locally asymptotically stable, and thus
the closed-loop system is globally asymptotically stable at the
origin [40]. Then Theorem 1 can be proved.

Remark 8: For the problem of global asymptotic stability of
uncertain complex cascade systems, the nested saturated con-
trol design has been proposed in this paper. Specifically, a
modified differentiable saturation function (5) is proposed to
facilitate the saturation reduction analysis. Based on the dif-
ferentiable saturation function (5), the saturation reduction
analysis has been divided into two steps. By constructing hier-
archical and known boundaries with the help of differential
saturation functions, the time derivatives calculations of the
boundary surface will be carried out in the following small
domains:

j—n
{|xj—uj_1| <27,
lx; —ui—1| < Hj,

j=n+m,....,n+1
i=n,...,1

for subsystems Xpip,...,X,+1; and then are analyzed in the
small domains:

|xi —ui—1| < ligp(x) < Hj, i=n,...,1

for the subsystems x,,...,x;. Along such hierarchical conver-
gence strategy, all states will first converge to the domains
Ixjl < lujsl+27e, j=n+ m,...,n+1, and |x| < lui1] +
H;, i=n,...,1, then states x;, j=n+m,....,n+1 will keep
staying in the domains |x;| < |u;_q] +2/7"¢. In turn, states
Xi, [ =n,...,1 with respect to |x;| < |u;—1|+ H; will converge
further into the domains |x;| < |u;—1| + l;iep(x). At last, all states
will converge globally to a small region through the above
hierarchical convergence strategies. Then the closed-loop sys-
tem is globally attractive and locally asymptotically stable,
and thus is global asymptotic stability. Without using the dif-
ferentiable saturation function (5), the time derivatives calcu-
lations of the boundary surface need to be first expanded with
respect to the following small domains:

{ixj—uj_1| 32/‘"6,

|x; —ui—1] < liep(x),

j=n+m,...,n+1
i=n,...1.

As the differential calculation of saturation function subject
to state-dependent saturation levels is hard to be handled, the
saturation reduction analysis may be difficult to develop in the
above cases without using the differentiable saturation func-
tion (5). One-step global convergence to a small domain is
certainly ideal. For uncertain complex cascade systems (1)
and novel nested saturated control design (3), it is algorithmi-
cally impossible to achieve one-step global convergence to
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small domain now. However, based on the differentiable satu-
ration function (5), the proposed hierarchical convergence
strategies can achieve state global convergence to small
regions. Compared with one-step global convergence, the
hierarchical convergence strategy is somewhat easier to
achieve global convergence and has stronger overall robust-
ness to perturbations to some extent.

IV. SIMULATION RESULTS

In this paper, we present an application to verify the effec-
tiveness of the proposed method.

The ball and beam system can be found in many control lab-
oratories, which is a typical nonlinear control system. It has
the characteristics of simple mechanism and easy observation.
It is a common experimental equipment in control laborato-
ries and is usually used to test the effect of a control strategy
[22]-[26] and [41]—-[47]. The ball and beam system shares
numerous similarities with robot systems, and many practical
systems can be abstracted as models based on the concept of
ball and beam. Due to the extensive application background of
ball and beam systems in practical robotics and mechanical
systems, as well as their simplicity of operation in the labora-
tory settings, the study of ball and beam systems has garnered
significant scholarly attention.

In order to understand the simple principle of actual ball and
beam model, we take an embedded ball and beam model
(type: GBN2004-E2) of GOOGOL TECH-PARADOX (a com-
pany in China) as an example for a simple explanation. This
type ball and beam model is shown in Fig. 1 (This figure can
be found on website: http://new.paradoxtech.cn/product-detail/
NoRjA5GB).

Fig. 1.  The actual ball and beam model.

The ball and beam system is a typical single input, double
output system. The beam is made to rotate in a vertical plane
by applying a torque at the center of rotation and the ball is
free to roll along the beam [44]. The sensor on the beam and
the encoder on the motor detect the actual position of the ball
and the actual position of the motor respectively, and then
they feed back the relevant information to the controller to
calculate the control quantity. By controlling the rotation of
the motor, the beam is made to rotate so that the ball can roll
along it.

Consider the simplified ball and beam system in [43] and
[44] that is described as follows:

0= (J—z + M)+ MGsing— Mré?
R (30)
7= (Mx} +J +Jp)8+2Mrif+ MGrcos

where r and 6 represents the ball position and the beam angle,
respectively, 7 is the torque applied to the beam. The nominal


http://new.paradoxtech.cn/product-detail/NoRjA5GB
http://new.paradoxtech.cn/product-detail/NoRjA5GB
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value of the various system parameters are given as follows:
M =0.05kg, R=0.01 m, J=0.02kg-m?

Jp=2x10°kg-m?, G=9.81 m/s’
where the meaning represented by the above parameters can
be consulted with the ball and beam system in [43] and [44].
The illustrative diagram of ball and beam systems for system
(30) is presented in Fig. 2. The principle of the ball and beam
system in Fig. 2 is analogous to the principle of the actual ball
and beam model in Fig. 1.

Fig. 2.

An illustrative diagram of the ball and beam system.

Following [43], let(r,#,6,0)" = (x1,x2,x3,x4)7, the dynam-

ics equation of the ball and beam system is described by:
X1 =X
Xy = Hxlxi —GHsinx;
X3 =x4 (31

2Mx1xpx4 + MGx1 cOS x3 T

Mx3+J+ 1y Mx3+J+ 1y
where H represents H = M/(J,/R*> + M) = 0.7134.

The control objective of the ball and beam system is to
design a state feedback control law such that the ball can be
globally asymptotically positioned at the beam.

By making the following transformation:

X4 =

T=2Mx1x3x4 + MGX] COS X3 +(Mx%+.]+ Jp)u (32)
system (31) is transformed into
X1 =x3
% = ~GHsinx3 + Hx1 x}
2 3 1%y (33)
X3 = X4
X4 = U.
Further, by introducing the change of coordinates
VI =—X1, Y2 ==X, Y3 = X3, Y4 = X4 (34)
system (33) is rewritten as follows:
yi=y2
. sinys 5
= GH—) *y3+ H 1
y ( V3 Yy Y1)y (35)
V3 =4
Va=u
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where u is a new control input; G, H are constant parameters;
siny3/y3 can be viewed as bounded uncertain parameter. As
y3 = x3 = 0 represents the beam angle, the range of the beam
angle belongs to 6 € [0,77/2]. Hence, one has sinys /y3 € [2/x, 1].

Based on the above analysis, system (35) is shown in
the form of system (1), where the uncertain parameter
GH(sinys/y3) is limited by GH(siny3/y3) € [GH xX2/n,GH] =
[4.455354,6.998454].

Following Theorem 1 in Section III, for globally stabilizing
systems (35), we design the following control law:

u=uy = —kysaty, (y4 —us)

Uz = —k3sat21 (3 —u2)
) (36)
up = —kpsaty,epiy) (y2 —u1)
uy = —kysaty, ;o) (y1)
where p(y) satisfies the conditions in the proposed algorithm,
namely,

_1
p(x) = (M3 + Moy} + Myy?) ™2

M3 = MaA? = A%, My = MIA? = A®, M = A? (37)
where 0 <e<2 ', A>2k;>0,;>0,i=1,2,3,4 are the con-
stants to be determined.

By using Theorem 1, we can use controller (36) globally
stabilizes system (35). According to the relevant algorithm
design in Definition 1, Facts 1-3, and Theorem 1, general
parameters of differentiable saturation functions are designed
and calculated as follows:

y1 =0.001, 81 = 0.6, h; =0.36x 107>

= Ny =0.36036x 107, H; =0.6x 107>
¥2=0.001, B = 0.6, hy =0.48x 107*

= N, =0.48048x 107, H, =0.8x107*.  (38)

Meanwhile, those control parameters are also determined as
follows:

ki =1, ky =285, k3 = 0.96x 10*, kg = 9.1x 10’

I1=2,1=1;£=0.002, A=3. (39)

As GH(sinys/y3)€[GH X2 /n,GH]=[4.455354,6.998454],
the bounded uncertain parameter is design as
siny3

GH——= =4.455354 +2.5431 |sin¢|
y3

in the simulation. Under parameter design (38) and (39) and
the initial state (x;(0),x2(0),x3(0),x4(0))” = (0.0001,0,0,0),
Figs. 3 and 4 show the effectiveness of the controller (36) for
system (35). It can be observed form Figs. 3 and 4 that the
states and control design are globally asymptotically conver-
gent to zero.

In fact, the simplified ball and beam systems (30) are origi-
nally systems without uncertain parameters. However, after
appropriate coordinate transformations, the ball and beam sys-
tems (30) can be transformed into systems (35) which can be
considered as complex cascade systems with uncertain param-
eters. Two points should then be noted. On the one hand, the



LI AND ZENG: NESTED SATURATED CONTROL OF UNCERTAIN COMPLEX CASCADE SYSTEMS USING MIXED SATURATION LEVELS

x107

=
7 8 9 10
0 L
_1 -
o ol
73 -
74 -
75 1 1 1 1 1 1 1 1
o 1 2 3 4 5 6 7 8 9 10
Time (s)
1 -3
10
(A
B A [
2t 2 M
. 3pee
= gl 72
-5t 01 23 456
-6} x107
_7 -
78 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
Time (s)
10
5 L
0k
=S, 10
0
2 -15t= )
-0t 30
EN
:g(s) ) X107
_40 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
Time (s)
Fig. 3.  Trajectories of states of system (35) with controller (36).
x10°
4
2 -
0 \Vs x10°
s 2t 0
4+ = 5
6l -10
0051.01.52.0353.035
-8 ! L
0 1 2 3 4 5 6 7 8§ 9 10
Time (s)
Fig. 4.  Trajectories of control input of system (35) with controller (36).

effectiveness of the proposed algorithm for uncertain com-
plex cascade systems can be verified by applying the algo-
rithm proposed in this paper to deal with the equivalent sys-
tems (35) of systems (30). On the other hand, this paper has
provided different treatments for the global stabilization of a
class of simplified mechanical systems. The key is to trans-
form mechanical systems into systems that can be considered
as uncertain complex cascade systems.
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V. CONCLUSION

In this paper, the proposed nested saturated control design
with mixed saturation levels has been used to achieve the
global asymptotic stability of uncertain complex cascade sys-
tems. By introducing a modified differentiable saturation
function, the saturation reduction analysis of uncertain com-
plex cascade system can be carried out smoothly. Moreover,
the modified differentiable saturation function has helped to
achieve hierarchical global convergence and to improve the
robustness of the control strategy. Combined with the usual
saturation schemes, some explicit parameter conditions have
been given to guarantee the global asymptotic stability of
uncertain complex cascade systems. In this paper, a class of
nested saturation control strategies is proposed to deal with
the global asymptotic stability problem of a special class of
high-order differential equations. Furthermore, the proposed
algorithm has been extended to corresponding applications in
some practical mechanical models, such as the ball and beam
system.
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