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Abstract—This paper presents an analysis on stability
robustness of the widely used nonlinear dynamic inversion
algorithm. By using nonlinear dynamic inversion algorithm,
the multiple-inputs-multiple-outputs affine nonlinear system
which has bounded wuncertainty and disturbances is
transformed into a linear time varying system with special
structure. Thus the stability robustness issues of nonlinear
dynamic inversion based controller are formulated as the
stability problem of linear time varying differential equation
and solved by linear time varying system theory. Sufficient
conditions of stability and tracking error bound for the closed
loop system are given and an illustrative example is also
presented.
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L INTRODUCTION

Nonlinear dynamic inversion (NDI) is a well-known
controller design technique for nonlinear systems, and has
been researched for many years. By assuming that the
nonlinearities of the plant dynamic is perfectly known, NDI
uses the inverse dynamics to cancel the plant nonlinearities
directly to get a linear system from input to output, so as to
generate an integral response. This is often called the
linearization process. After linearization, a lots of linear
system control law design techniques such as PID, pole
assignment, LQR etc, can be used to obtain the desired
input-output response. Hence it is simple, intuitionistic, and
convenient for control synthesis and has been widely used,
especially for flight control design.

As early as 1988, Lane first proposed the flight control
system design method based on nonlinear  inverse
dynamics[1]. Since then, NDI has been widely used in flight
control. Snell discussed the use of NDI in the design of a
flight control system for a supermaneuverable aircraft,
where the dynamics of the aircraft were separated into fast
and slow variables[2]. In the end of [2], the authors
analyzed the robustness properties of NDI control laws. The
assumptions that the aircraft dynamics could be modeled
exactly and the states were measurable may be not easy to
satisfy. The main disadvantage of dynamic inversion is that
it does not provide a guarantee for the closed loop system
stability. Usually nonlinear dynamic inversion is used in an
inner-loop of control system to obtain a linearized system
and an outer-loop is designed to guarantee the stability

robustness of the closed loop system. Many advanced
techniques can be used in the outer-loop to strengthen the
stability robustness.

By taking the advantage of structured singular value
synthesis, Adams used NDI and structured singular value
synthesis to get robust performance across the flight
envelope[3]. In 1998, instead of using conventional static
state feedback, Snell et.al. used a dynamic compensator
combined dynamic inversion as a general tool to design
decoupling laws for flight control system, which was less
sensitive to the unmodeled dynamics[4]. Bajodah proposed
generalized dynamic inversion control design methodologies
for linear spacecraft attitude control[5]. NDI control
techniques have also been successfully used in aviation
industry to design flight control law for fixed-wing aircraft.
For example, NDI has been applied to the United Kingdom
VAAC (Vector thrust Aircraft Advanced Control) Harrier,
the Robust and Efficient Autoland control Law design
project (REAL), the Joint Strike Fighter F35, F-18 HARV,
and X-38[6].

Papageorgiod gave a robustness analysis by using linear
matrix inequality tools for NDI control laws when quasi-
LPV models in presence of time-varying, parametric
uncertainty were used to approximate the nonlinear aircraft
dynamics[7][8]. Ducard investigated the effects of parameter
and measurement uncertainties on the inversion process
when NDI was used in pitch rate controller for an unmanned
aircraft. A systematic procedure for the selection of
parameters in dynamic inversion algorithm was given to
guarantee the stability of closed loop system[9]. Based on .-
synthesis, S. Brinker gave a stability robustness of a dynamic
inversion aircraft control law[10]. By wusing Lyapunov
analysis, Schumacher examined the stability of dynamic
inversion controller with an inner-loop dynamic inversion
and an out-loop dynamic inversion, and showed that if the
design frequency of inner-loop was large enough and the
inversion of inner-loop was exact, then an exponential
stability of the outer-loop was achieved[11].

The above stability robustness analysis for dynamic
inversion based controller are performanced on linear plants.
In this paper, we’ll give stability robustness analysis for
nonlinear dynamic inversion based controller on nonlinear
plants by linear time varying systems theory. We’ll show
that the closed loop system resulting from nonlinear
dynamic inversion algorithm can be formed as a linear time
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varying system with disturbance. Based on the theory of
linear time varying systems, sufficient condition and bound
of tracking error for the stability of dynamic inversion based
controller are given.

The rest of this paper is organized as follows. In section
II, a brief introduction of nonlinear dynamic is given and
the stability robustness issue is presented. In section III, the
sufficient condition for the stability of linear time varying
systems is given, and the boundary analysis of linear time
varying differential equation with disturbance is also given.
Then the sufficient condition and bound of tracking error for
dynamic inversion based controller are presented. In section
IV, we give an illustrative example. Section V concludes
this paper.

II.  NONLINEAR DYNAMIC INVERSION ALGORITHM

Consider the following Multiple Input Multiple Output
(MIMO) affine nonlinear system

x = f(x) + g(x)u (1
where X € () is the system state. {2, which lies in a
compact subset of R" ,ie., {2 C R", is the state space of
the system (1). u € R" is the control input, f : 2 — R"
is a continuous vector function, g : {2 — R" XxR" is a

matrix, whose elements are continuous functions on set ) .
And it is assuming that g is invertible. (1) describes the

dynamic of the control input U to the system state X . If
reference trajectory X is given, then by using nonlinear

dynamic inversion algorithm, we can set the control U as
follows

u=g'[v—f(x)

v=—-Kx—-x )+x
which uses the inversion dynamics formuto X. Kis a
state feedback matrix which can be chosen to make the
closed loop system has the desired dynamics. And we can
obtain the closed loop system dynamics as follows

X=vV 3)

where VvV is a virtual control, and can be chosen
appropriately to let X track its reference trajectory with
favorable performance. It is clear that if we know all
dynamics of the system, then nonlinear dynamic inversion
algorithm can generate a good performance, but we always
can’t get the precise dynamics of nonlinear systems. There
always exist external and internal disturbances, parameter
uncertainties, which can result in unmolded dynamics. More
precisely, the actual system dynamics should be described as
follows

2

x = f(x) + Af(x) + [g(x) + Ag(x)lu @)
where f(X) + g(X)u represents the nominal part of the
system dynamics which can be modeled exactly, and
Af(x) and Ag(x)u represent the unmodeled part of the

system  dynamics. The  exact  expression  of
Af(x) and Ag(x) are unknown. Only some bound
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information can be acquired. Therefore the following
assumptions are made in our analysis.

Assumption 1 : There exist nonnegative constants
61.,2' =1,---,6, such that

0A0g(x)g '(x)

ox

<e

- 2

sup[[Ag(x)g () < ¢,

x€Q )
of(x)
ox
OAf(x) <e

ox

sup
xeQ

sup Hf(x)” <e, sup <e

xeQ ) x€Q

47

6

sup HAf(x)H <e_,sup

x€Q xeQ

Because the presence of unmodeled dynamics, when
dynamic inversion algorithm is used, perfect performance
can’t be guaranteed any more, or even worse, the closed
loop system becomes unstable. So we look forward to find
out the conditions for maintaining the stability of dynamic
inversion in presence of unmodeled dynamics, and the way
to choose dynamic inversion algorithm parameters to get a
much more robust closed loop system.

For the system dynamics described by (4), if we still
choose U as (2), then

x = f(x) + Af(x) + [g(x) + Ag(x)lg " (x)(v — £(x))
= v+ Af(x) + Ag(x)g ' (x)(v - (x))
= I+ Agx)g ' (x))v — Agx)g (0)f(x) + Af(x)
= —K(x—x )+x + Ag(x)g ™ (x)(—K(x — X )+x )
— Ag(x)g (x)f(x) + Af(x)
5)

Define € = x — X . then we have

é+ K[I+ Ag(x)g '(x)]e —

Ag(X)gfl(X) [)‘(T +f(x)]— Af(x) =0 (6)

e=—K[I+Ag(x +eg”'(x, +e)e
+ Ag(x, + e)g’l(xr +e)x +f(x +e)

+ Af(x +e)

(7

Define
Wle) = Ag(x +e)g ' (x +e)x +f(x +e)

+ Af(x, +e)
(3)
F=-K 9)
Ay~ d0us v vl 0wl
Oe » oe | _,




F(t) = F + AF(t) (11)
G(t,e) = ¥(e) — KAg(x +e)g '(x +ee
, Olde(x, +e)g ' (x, + gl  owl @@
Oe . Oe | _,
Then (7) can be rewrite as B
é = F(t)e + G(t,e) (13)

This system can be viewed as a linear time varying system
with perturbances G(Z, €) . If lim e(t) = 0, then the system
(13) is asymptotically stable "and the dynamic inversion
algorithm based controller has an asymptotically tracking
performance. This means that the stability robustness
priorities of nonlinear dynamic inversion based controller
can be analyzed by linear time varying system theory.
Followed by Assumption 1, we also can obtain some
conditions for the system (13). It is obvious that

0[Ag(x, +e)g ' (x, +e)]

Oe -
_onee )] x| _ oldss ()
ax X=X ae e=0 ax X=X
and , ,
loaeme el |-
ox . -
Similarly we have
H\I'(e)u < 51(er +e,)+e, (14)
aa—f §51(‘Xr +e,)+ee +e (15
e=0
|ac)| <e(x|+e)+e0+e)+e a6
HG(t, e)” <o+ max Ai<K)‘€1 He” (17)

where o = 2¢,(|x, | +,) + 5,1 +¢)+e +5

and A (K) is the maximum eigenvalue of matrix K.
max
III.  STABILITY ANALYSIS OF NONLINEAR DYNAMIC
INVERSION ALGORITHM

A. Stability of linear time varying system

In this section, we’ll give an introduction to the necessary
and sufficient condition for linear time varying system
proposed by Luo in [12] first, and then give a boundary
analysis on linear time varying systems with nonlinear
perturbances. Finally, we’ll present a sufficient condition
for the stability of nonlinear dynamic inversion based
controller and give a tracking error bound for the controller.
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For linear time varying system, the stability issue has
been researched for many years, and lots of sufficient or
necessary and sufficient conditions are obtained[13][14][15]
[16][17][18]. It is different from linear time invariant
systems that for linear time varying systems, even all
eigenvalues of the system matrix lie on the left-half plane
all the time, it still may be unstable. Meanwhile, for some
linear time varying system, it will be stable while all of its
system matrix eigenvalues distributed on the right half
plane. Therefore, the stability of linear time varying
systems can’t be determined by the eigenvalues of the
system matrix. Some other informations about the system
were required. Lots of sufficient conditions for stability
require the existences of a Lyapunov function, but it has the
same deficiency as other theories based on Lyapunov
function, i.e., there lacks systematic way to figure out a
Lyapunov function. Some conditions rely on the property of
the state transition matrix, hence, for linear time systems
with uncertainty or complex dynamics, the verification of
the state transition matrix, is unpractical. However, for
linear time varying systems with special structure,
necessary and sufficient conditions for stability can be
casily obtained and verified.

Consider a linear time varying system described by

x(t) = [A + AA(t)]x(¢) (18)
where A is a time invariant Hurwitz matrix with proper
dimensions, AA(t) is a time varying matrix which
describes the time varying parametric uncertainties of the
system dynamics. Hence the nominal dynamics of the
system is described by

x(t) = Ax(t) (19)
Luo gave a stability robustness analysis for the system (18),
and derived the conditions for stability robustness[12].

Let A™ be the matrix obtained by replacing the entries
of A with their absolute values, and A7 be the matrix
obtained by replacing the entries of A with Aj‘;E = A;
forall ¢ = J and Ajf = Re(A;) (4,j=1,---,n).

Define AA as a matrix whose entries are the maximum

of the corresponding entries of matrix AA; and define

e= max (AA).
=1, n;j=1,-n v
AA,
Define matrix E as Eij = 2 Then the structured
: g

uncertainty can be described as
(AA(t): AA*(1)[<EE V£ >0} (0)
where [S] > represents that the €<’ is applied to two

matrices element-by-element.
Then for the system (18),
given[12].

Theorem 1. Suppose

the following theorem is

(1) The nominal closed-loop system described by (19)



with Max ReX(A) <0,i=1--,n
(2) Max ReA (A*) < 0,i=1--,n
Then the (18)
asymptoti- cally stable for all AA(t) described by
(20), if

uncertain system given by 18

PR S (21)
II[-A'E]
where  TI[—~A"'E]  represents the  mazimum
eigenvalue of the matriz —A'E . And we have
x(t)[<Je™ *x"(0) (22)

More ever, if A* = A ,then (21) is the necessary
and sufficient condition of asymptotic stability for

the uncertain closed loop system given by (18).
Proof: see reference [12].

Now we consider the following linear time varying

system with perturbances
x = A(t)x + £(t,x) 23)

where f(t,x) € C[Ix R",R"] represent perturbances.
f(t,x) = 0 if and only if x = 0. For the stability of
the system (23), we have the following theorem.
Theorem 2. For system (23)
(a) If Ye > 0,3m(e), and x € D = {x | HXH <7},

Jrc. )] < < | (24

trivial s
if the of

homogeneous part %X = A(t)x exponentially

stable.

(b) There exists a constant ¢ that If

holds,

exponentially

the
stable

then solution

of (23)
trivial  solution

18

sup ‘ftx”<c

(25)
te[0,+00),xeQ

then the trivial solution of (23) is bounded if the
trivial  solution of % = A(t)x
stable.

Proof.

(a) Suppose that the trivial solution of X = A(t)X is
exponential
constant & with 0 < v < —maxRe A (A), that

1<j<n

—a(t4,)
tO)H < me

is exponentially

stable, then there exist a constant 7 and a
|, (26)

where (I)(t, to) represents the state transition matrix of
x=A(t)x.
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According to linear system theory

o = ot )x0) + [ @ttt e
<Jloct.t x| + | [ @),

T)dT

7(l(t7t ) t a(t—‘r)
<me " x(tU)H + Hj: eme™" x(T)dT
0
27)
According to Gronwall inequality, we have
H ‘ at al/0+€m(l,7//0) X(tO)H (28)
ie.,
HX H < me v(t,—t)+em(t—1,) (t())H (29)
If €< —, then a(t, —t)+em(t—1,) <0, the
m
system is exponentially stable.
(b) Suppose  sup ‘f (t,x H < ¢, then
t€[0,+00),xeQ
HX(t)H < me "W H emetdr
= [t e 2
o

Because o > 0, hence lim HX(tO)H me ) = 0.
t—00

Then it is easy to verify that (b) is true.

B.  Sufficient stability condition for NDI based controller

Now we’ll give the sufficient conditions for stability of
nonlinear dynamic inversion based controller. For this
purpose, considering the system (4) and the controller (2),

we choose the state feedback matrix K as follows

K = diag(k,,---,k ),k > 0,i=1,---,n (30)
and define E=[E,],, .E;~=1,i=1,...n,j=1,...,n. Then the
determinant of A\I + F'E is

Det\I+F'E]=X" = (3" kW' G
And the characteristic values of —F'E are
Z:z kT ! 0 -,0 . Hence

o

I(-F'E)=\__ => " ke
where )\max (—F7 E) represents the maximum eigenvalue
of —=F'E.

According to Theorem 1, the homogeneous part of the
system (13) is asymptotically stable if

1
—F"lE)

£< (33)

M(—F 'E) A

max (

Z, K



where

= gl(erH +e,)te(l+e)+e (34

The state  transition  matrix of é=DFe is
o(t, to) — Pl
Hence

— min {|\ (K)|}(t—1,) — min {k; }(t—¢,)
oo TR

According to Theorem 2 (a) and (b), if the condition (33)
holds, i.e., the homogeneous part of (13) is stable, and

A(K) A (K)|

max

g < min
1<i<n

1<i<n

(36)

then the system (13) is stable and the norm He” is bounded

by o glﬁt}l{h} :

The sufficient condition for the stability robustness of
nonlinear dynamic inversion based controller is summarized
in the following theorem.

Theorem 3. For the nonlinear system (4) and the
nonlinear dynamic inversion based controller (2),
suppose that Assumption 1 holds, then the closed loop
system 1is stable and has a bounded tracking if the
conditions (33) and (36) are hold.

Through the above analysis, we know that if we choose
such  nonlinear  dynamic inversion  parameters
. nog1 .
k(i=1---,n) that 27::1 k" is small, then the closed

loop system admits a large unmodeled while the stability
still holds.

IV. SIMULATION

In this section, we’ll give an numerical example to show
the efficiency of the sufficients condition (33) and (36).
Consider the following MIMO nonlinear system with
unmodeled dynamics.

| _ |4

gll
g?l

gl? ul

) |k

u
+AF(z,z,,t) + AG(z,z,,t)|
u

2

g22 u?

(37)

where x,,Z, are system states, U ,, are control inputs,
2 2 _ )
fl_ Ly "E27f2_ $1’g11_10’gl2_51n Ly

.9, = 1. AF(z,x,,t) and AG(z,7,,t)

2
99 = %, 17727
represent the bounded unmodeled dynamics. The initial
conditions are z,(0) =1 ,,(0)

1. The reference
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trajectories are 2, () =0 ,z, () = 0 . For nominal

dynamics of (37), according to dynamic inversion algorithm,
the control inputs can be chosen as

wl k0|10 sin’ T,| | %)
u, 0 £k :UIQ 1 .
k .k, are chosenas k =k, =10.

Figure 1 gives the time histories of the closed loop
system states when AF(z ,z,,t) = AG(z,,7,,t) = 0.
Obviously, when there are no unmodeled dynamics, the
nonlinear dynamic inversion based controller can generate a
perfect response. If there exists unmodeled dynamic

d d
AF(z,z,,t) = dl dQ xl AG(z,7,,t) =0 (39)

3 4 2
It is easy to verify that the conditon (36) is holds. Then
according to (33), the closed loop system is asymptotically
stable if

X

1

e<—F7—=5
Zizl ]'/kz

max {‘d‘} . Figure 2 and Figure 3

i=1,234 1"

describe the state responses when

d(i=1,2,3,4)=2,4,4.9.5.1. These curves show that the

closed loop system is stable when the condition (40) holds,

(40)

where € = &

ie., max {‘d‘} < 5, and the closed loop system is
i=1,2,34 1 ¢

unstable when the condition (40) does not hold, i.e.,

max d.‘ >9H.

z:1,273,4{‘ ’}

Figure 4 shows a comparison of the states responses to
different control parameters when d(i=1,2,3,4)=5.1, i.e.,

€ = 5.1. If the control parameters k=10,i=1,2, then the

closed loop system is unstable. If k=12,7=1,2, then the
closed loop system is stable.

I.  CONCLUSIONS

In this paper, we present an analysis on stability
robustness of nonlinear dynamic inversion based controller.
The closed loop system of multiple-inputs-multiple-outputs
affine nonlinear systems which have bounded uncertainty
and disturbances and nonlinear dynamics inversion
algorithm can be described by a linear time varying system
model with special structure. Based on linear time varying
system theory, sufficient conditions of stability and tracking
error bound for the closed loop system. Example illustrates
the proposed conditions.
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