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Abstract— Computing with words (CWW) proposed by
Zadeh is an useful paradigm to mimic the human decision-
making ability in a wide variety of physical and mental tasks.
To realize CWW, Mendel proposed a specific architecture called
perceptual computer, in which interval type-2 (IT2) fuzzy sets
(FSs) and perceptual reasoning (PR) method are adopted. The
PR method has been proved to have good properties (e.g. it can
output intuitive IT2 FSs) and has found several applications in
decision making. In this study, we focus on simplifying this
method by avoiding its a-cuts based inference process. We first
present a novel property for the inference of the PR method. We
observe from the property that, if the IT2 FSs in the consequents
of the IF-THEN rules are trapezoidal and have consistent
slopes, then the output IT2 FS will be strictly trapezoidal and
can be determined easily. In this case, the computation of the
PR method can be simplified. To achieve such simplification,
the trapezoidal IT2 FSs without consistent slopes should be
approximated by the slope-consistent trapezoidal IT2 FSs. This
issue is also studied in this paper by solving the constrained
linear-quadratic optimization problem. At last, examples are
given. The simplified PR method will be useful when the CWW
models are utilized in the modeling and/or control problems of
complex systems or multivariable dynamic systems.

I. INTRODUCTION

N complex systems, e.g. the social systems and the

management systems, problems are usually described and
analyzed using natural language. Humans are used to reason-
ing and calculating on the basis of the premises expressed
by words or perceptions [1], [2]. To solve the modeling,
analysis, decision-making, evaluation and/or management
problems in complex systems, Zadeh [1], [2] proposed the
theory of Computing with Words (CWW). In CWW, the
operation objects are linguistic variables, i.e., the value of
the variable is the word or perception which can be modeled
by fuzzy sets (FSs). It is a necessary tool when the available
information is perception-based or not precise enough to use
numbers.

Since the appearance of CWW, lots of papers and books
have studied the theories and applications of CWW using
type-1 fuzzy sets (T1 FSs) [3]-[19]. Recently, Mendel [20]
claimed that the linguistic words should be modeled at least
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by interval type-2 fuzzy sets (IT2 FSs), as “words mean
different things to different people, and so are uncertain”.
Also, to realize CWW using IT2 FSs, in [21]-[24], Mendel
proposed a specific architecture called perceptual computer
(PC) and explored the functions of the encoder, CWW
engine, and decoder of the PC. The encoder transforms
linguistic perceptions into IT2 FSs according to the codebook
[21]-[24]. The CWW engine maps the input IT2 FSs from
the encoder into the output IT2 FS [21]-[24]. And then, the
decoder maps the output IT2 FS of the CWW engine into a
word in the codebook [21]-[25].

In the PC, the CWW engine is the core and can be
realized by different approximate reasoning method, e.g. the
perceptual reasoning (PR) method [26]-[28], the similarity-
based PR method [29] and the linguistic summarizations
[30]. The PR method was proved to have good property
that the output IT2 FS can resemble the shapes of the IT2
FSs in the codebook. That is to say, it can output intuitive
IT2 FSs. Because of this property, the PR method has
found lots of applications, such as investment judgment [21],
social judgment [31], weapon evaluation [32] and journal
publication judgment [33].

To realize the fuzzy reasoning, the PR method should
compute different levels of a-cuts of the output IT2 FS using
the iterative Karnik-Mendel algorithms. By avoiding the a-
cut computations of the output IT2 FS, we can simplify
the computation process of the PR method. In this study,
this is realized by setting the consequent IT2 FSs in the
fuzzy IF-THEN rules to be trapezoidal and slope-consistent.
If such conditions can be satisfied, the output IT2 FS of the
CWW engine will also be trapezoidal, and its mathematical
expressions can be derived easily. In order to achieve this
simplification, the trapezoidal IT2 FSs without consistent
slopes need to be approximated by the slope-consistent
trapezoidal IT2 FSs. This issue is also studied in this paper
by transforming the approximation to a constrained linear-
quadratic optimization problem. To show the effectiveness
of the IT2 FSs’ approximation method, examples are finally
given. The simplified PR method will be useful when the
CWW paradigm is adopted as the modeling and/or control
tool to deal with some complex systems or multivariable
dynamic systems in which the number of fuzzy IF-THEN
rules is usually large and the computation always needs to
be done online.

The rest of this paper is organized as follows. Section
II introduces type-2 fuzzy sets and the perceptual reason-
ing method. Section III studies one novel property of the
perceptual reasoning method. Section IV presents how to
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construct the slope-consistent trapezoidal IT2 FSs for the
trapezoidal IT2 FSs without consistent slopes. Section V
gives an example to show the effectiveness of the IT2 FSs’
approximation method. Finally, conclusions are drawn in
Section VI.

II. TYPE-2 FUzZY SETS AND PERCEPTUAL REASONING
METHOD

This section briefly introduces the definition of type-2
fuzzy sets and the perceptual reasoning method.

A. Type-2 Fuzzy Sets

Fuzzy sets were introduced by Zadeh [34] in 1965 as an
extension of the classical notion of set. The FS with crisp
membership function (MF) is called type-1 (T1) FS, while
the FS with fuzzy membership MF is called type-2 FS (T2
FS). The T2 FS Y can be characterized as [34], [35]

V= [ wmaya= [ [ @z o

zeX zeX ueJ, C[0,1]

where py () is the fuzzy MF grade of a generic element
z, | [ denotes union over all admissible  and u, f,(u) is
the secondary MF and J, is the primary membership of x
which is the domain of the secondary MF.

When the secondary grades of Y all equal 1, the T2
FS becomes interval type-2 (IT2) FS. An IT2 FS Y can
be completely depicted by its lower MF (LMF) Hf/(a:) and
upper MF (UMF) 7iy (), i.e. [35]

py () = [pg (2), g (). (2)

T (@) To(@ Ty@ @

Fig. 1. An example of interval type-2 fuzzy sets

One example of IT2 FSs is depicted in Fig. 1. The a-cut
of the IT2 FS Y is also depicted in this figure. For the IT2 FS
}7, its a-cut cor§ists of Nfour encbpoints, whigh are denoted
respectively as Yz, (a), Yrq(@), Yo («) and Ygi(a).

Trapezoidal IT2 FSs shown in Fig. 2 are special cases
of general IT2 FSs. We can still depict trapezoidal IT2 FSs
using their LMFs and UMFs. A trapezoidal IT2 FS Y can
be denoted by its LMF and UMF as [35], [36]

T—

b

Q

<

— |
Q|
ol o Q|

<x
<z

3
<x

ININ N
Ul al

iy (z) = d-z
d

ol 8

6 else

>

L
i
bbccdg

Fig. 2. Trapezoidal IT2 FS
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where @,b,¢,d, a, b, c, d satisfy the orders shown in Fig. 2.
For the trapezoidal IT2 FS Y, its UMF and LMF are
respectively denoted as

757 Ev ) (5)
,b, ¢,

ay (@) = [y (x,
= py(z hy). 6)

by () (
B. Perceptual Reasoning Method

ISEENS]

& &l

Suppose that the following type-2 fuzzy rule base is
adopted in the CWW engine:
M

{Ri: zy =X, xp:)?;,%yz?i}i_l, @)
where X¢, - ,)Z';, Y are IT2 FSs.

The PR method [26]-[28] utilizes the following two steps
to compute the output word Y:

Step 1: Computing the firing strength of each rule

Suppose that the input words are X = (X7, Xo, ..., X,),

then, the firing strength of Rule i is an interval F*(X)
[f4(X), ' (X)] , which can be calculated as

(X)) = AP ( sup pg (a7) Mg, (), @
z;€U; 7 J

F(X) = Ay ( Sup 7, (2)) Afigi(e). )
where Uj; is the universe of discourse of the input variable
Xj.
Step 2: Aggregating the fired rules by the linguistic
weighted average method

In the perceptual reasoning method [26]-[28], the lin-
guistic weighted average algorithm [33], [37] is adopted to
aggregate the consequents of the fired rules to obtain the
output word (IT2 FS), i.e.

S YR FIX)Y?
Y =
YL, Fi(X)

where Fi(X) is an interval, Y is the consequent IT2 FS
of Rule ¢. This equation can be computed through the a-
cuts method. Fig. 1 shows us an example on the a-cuts of

(10)
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the IT2 FS jf The a-cut of its UMF can be represented
s [Yri(a), YR, ()], while the a-cut of its LMF can be
represented as [Yz,(«), Yri(a)].
From the results in [26]-[28], the left-end and right-end
points of the a-cuts of the output IT2 FS can be computed
as

}N’Ll(a) = min ZZ\%&#, a € [0,1],
Vrie[FH(X),f (X)) =1
~ M ~ri %
Vir(@) = max  Zagmall g e o],
VREFRT R 2
~ M ~ri 7
V(@) = min_ =ygle®h e (0hg],
Vrelf1(X), f1(X)] =1
~ M
Yr(a) = max 23121:}/71%1‘;?‘)-,.’ a € [0, hy],
Vielf1(X), f1(X)] =t
(11)
where hy = rmn =1 ki, and At = ho ¢ is the height of the

LMF of the IT2 FS Y. These equations can be computed
by the Karnik-Mendel algorithm [35].

III. PROPERTY OF THE PERCEPTUAL REASONING
METHOD

When the CWW paradigm is adopted as the modeling
and/or control tool to deal with some complex systems or
multivariable dynamic systems, we usually face the large
number of fuzzy IF-THEN rules and the online computation
tasks, and sometimes we need to theoretically analyze system
performance or stability issues through mathematical expres-
sions. The PR method is on the basis of a-cuts of the IT2
FSs which makes it difficult to directly depict the output IT2
FS by exact mathematical expressions. However, if special
trapezoidal IT2 FSs are adopted in the consequent parts of
the fuzzy rules, we have the following property which shows
us how to compute the output word directly and makes us
avoid the computation of the output word’s a-cuts.

To begin, let us denote the slopes of the trapezoidal IT2
FS Y in the consequent part of rule R’ as

ki £ __ 1
= Yzlu)w (0)’
Koy & oo
Lr - er(h ) er(0)7
ki L h
Rl

Vi (h)=YE,(0)
Then, we have the following property:
Theorem 1: If the slopes of the consequent trapezoidal

IT2 FSs satisfy the following constraints: ki, = --- = kM =
ki, k}%r B k% = kg, kir - ... = kaWr = kL,
and ki = --- = ki = kg, then, the output word Y is

still a trapezoidal IT2 FS, whose slopes are kr;(Y) = ki,
kre(Y) = kgr, k(YY) = krr, kri(Y) = kri.

Proof: The proof of this Theorem is similar to that of
Theorem 3 in [38]. The only differences are that:

1) Theorem 3 in [38] is described in the dynamic form for
linguistic dynamic systems.

2) The IT2 FSs in Theorem 3 in [38] are trapezoidal IT2
fuzzy numbers whose LMFs’ heights are equal to 1 while the

trapezoidal IT2 FSs in this theorem are more general with
arbitrary LMFs’ heights.

Hence, we omit the proof of this theorem here. O

If the slopes of the consequent trapezoidal IT2 FSs satisfy
the constraints in Theorem 1, then, to determine the output
word Y, ‘we only need to compute its four vertexes Y7,;(0),
Yir(0), Y2,.(0), and Y (0). There is no need to compute
the end points of the a-cuts of the output word. _

In detail, for the output trapezoidal IT2 FS Y, denoted
as fig(x) = E{,(z,a, b, ¢, dbﬁy(x) = Ef/ﬁxa@vbv ¢ d, hy),
where @ = Y7,(0), a = Y,.(0), d = Ygi(0), and d =

YR, (0), its parameters can be computed respectively as

a = mln Zg:” 7;“1,

B Vf‘G[f( ). (X)) =t

b =a+ k’Lz’

d = max %uldffz
Vfie [f (X). 7 (X)) ==t

¢ =d + er

a = min vaf a'ft (13)

T vpep R FE) e

b o=a+ i,

d = max Zziuldf{ ,
ViE[fi(X),F (X)) <=t

c =d+ Z—;

To simplify the PR method, the slopes of the trapezoidal
IT2 FSs need to satisfy the conditions in Theorem 1. For
ease of the following discussion, we first give the following
definition on the slopes of different IT2 FSs. _

Definition 1: Trapezoidal IT2 FSs Y, Y2 ... YM are
said to be slope-consistent if they satisfy the constraints in

Theorem 1, i.e. k}; = - = kM =k, er = =k =
er, k}/r == k% = kLr’ and le = k% = le.

In some applications, the trapezoidal IT2 FSs in the word
library may not be slope-consistent. In such case, we need
to find the approximated trapezoidal IT2 FSs with consistent
slopes for them.

IV. CONSTRUCTING SLOPE-CONSISTENT TRAPEZOIDAL
IT2 FSs

Below, we will give detailed discussion on constructing
slope-consistent trapezoidal IT2 FSs.

A. Problem Formulation

Suppose that the trapezoidal IT2 FSs Y1, -+, Y™ in the
word library do not have consistent slopes. Then, we need
to find M most approximated slope -consistent trapezoidal
IT2 FSs Z1 ZM for Y1 = YM In other words, for
Vi, the trqpezmdal IT2 FS Zl is an approximation of Y,

and, kp(Z') = = kLl(Z ) = kri, er(Zl) ==
er(Z]M) = er’ kLr(Zl) == kLT( M) - kLT’ and
kpi(ZY) = = kp(ZM) = /<JR1~

To construct the slope-consistent trapezoidal IT2 FSs, we
need to determine the parameters kr;, kgr, k1., kg, and
the four end-points ZlLl(O) Zt (0), Z}zl(O) Z}%T(O) of Z1.
Below, we will study this issue in detail.
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To measure the distance of the trapezoidal IT2 FS Y and
its approximation Z*, we define the following metric, which
is an extension of the Eclidean distance

DY, Z)

/ |Yu

+ / Vi, (0) — Zi, () *da + / V() — Zi(a)Pda
(14)

1
~ Ziy(a)[2da + / Vi () = Ziy, (@) Pdax

where hz is the height of the lower MF of the trapezoidal
IT2 FS Y and its approximation Zt.
In the same way, the distance between the trapezmdal 1T2

FSs Y1 YM and their approximations Z!,--- | Z ZM ¢
be computed as
DY, YM ZN . ZMy =Y DY ZY). (15)

i=1
Through minimizing this measure under the constraints
on the slopes of the trapezoidal IT2 FSs, we can obtain one
reasonable approximation. In other words, the construction
of the slope-consistent trapezoidal IT2 FSs can be solved by
the following optimization problem [39]

min DY, YM Z1 ... ZM)

s.t kLl(;Zl): ':kLl(%M):kLl,
kre(Z') =+ =kp(ZV) = kg, (16)
kpo(ZY) = =k (ZM) = k.,
kri(ZY) = - = kpi(ZM) = kpy

Below, we will show how to solve this optimization
problem.
B. Problem Transformation

To compute the distance measure in (15), we just need to
respectively compute

Mo
Du=Y" [ Wie) - Zu@Paa,  an)
i=170
M Rt . _
= Z/ Yir(@) = Zp,(a)Pda,  (18)
i=170
M hi . _
Du=Y [ Wile) - ZulaPaa, 19
i=170
M 1 . _
=3 [ Wh0) - Zh(@Pda. o)
i=1 0
Let us take the computation of Dy; for example.
Notice that
. 1 .
Yi(e) = oot Y7,(0), (21)
Ll
=i 1
Zpi(a) = et Z1,(0) (22)

where k¢, Ll(()) are known, and kp,, ZlLl(O) are the
parameters need to be determlned _
If we denote kle = kl kp = sz’ bt, = Y;,(0), and

bZLl = ZLZ(O), then we have
(23)
(24

Vi (a) = kia+ by,
And, to determine kp;, Zzu(O) we can firstly determine ELZ

and b?,.
From (23) and (24), we have

/ i) -

1
- / (Ko + ) — (Fpaa+ By)Pda
0

Z(o)Pda

1~ ~ o~ ~. . o ,
ng%z + kbl + (00,) 4 priki + qpibi + o, (25)
where
PZ:Lz - *ﬁkiz - biw
G = TR =2, (26)
v = ki kb, + (00,)%
Hence, from (17) and (25), we can derive that
D =wi,Qrwr, +RLwr + cr 27
in which
wr - [kle bLla b%l 71 3’5%]1’
? 2 2 T2
5 1 0 0
Qu =| 3 0 1 01, (28)
i . . T .
5 0 0 - 1
_ M ]t
R, = [Zz 1le7qL[aqu7"' »(Iu} .

where wy,; is a vector of the parameters to be determined in
Z},, -+, ZM which represent the left sides of the UMFs of
the IT2 ESs Z',--- , ZM.

In the same way, deﬁne the parameters to be determined
in Zir, e Z%v as the vector wp,, the parameters to be
determined in Zzl?,p . Z Rl AS_ the vector wpg;, and the
parameters to be determmed in Z} B4 é” as the vector
wg,., 1.€.
= [ELTvéirvff%r’ T J)%]T
= [kre, by, by, 0T
= [krr, b}?,rv b%’,r’ T 7b%~}T'

Similarly, we can derive the following equations:
DLT‘

Wiy
wWRy (29)

W Ry

T T
= erQLTwLT + RLerr +crr,
T T
Dr; =wgQriwg + Rywr + cri,
T T
Dpg, = wRT»QRrwRT + RRTer + Crr,

where Qr., R, crr, Qri, Rri, cri, Qrr, RRr, cryr can be
obtained as the derivations of Qr;, Ry;,cr; in Dy; and are
omitted here.

(30)
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From previous discussion, the distance measure
DY1Y,... ) YM 7zl ... ZM) can be computed as
DY, YM ZV ... ZM)
=D+ Dy, + Dpr + Dg, = wTQw +RTw + c, (31)
where
w = [wrl[jhw??r?wzr’w%l}T?
QL
_ QRr
Q = Q. @
T RT T RT TQRZ
R = [R’Ll7 RRT" RLT’ RRl] ’
¢ =cpi+crrtcCLr +CRi-

in which w is the vector of the parameters to be determined
for Z',--. ,ZM and c is a constant.

The approximations Z',--- | ZM are trapezoidal IT2 FSs
too. So, the vertexes of these IT2 FSs still need to satisfy
the following constraints:

%il(o) < ZLZ( ), I%Ll >0,

Zp, (1) < Z,(0), krr <0,

Z;,.(0) < Zir(h% kir >0,

Zf%l(hi) < Zﬁl(o)a kri <0,

Zi,(1) < Zk, (1), ki + bu < kpr + me

Z4,(h') < Zi (), &4 kph' +bp, < kbt + 05,

Zi (i) < Zi,(hi), kroh + b7, < krihi + by,

Ziy(h?) < Z (h7), krih + by < kpeht + b

Z},(0) < Z3,,(0), by, < bzr,

Ziy(0) < Z4, (0), by < blRm

i=1,2,--, M i= 1 2, M

(33)

where h' = hjz, = hgy,. We should set the height of

trapezoidal IT2 FS Z' to be the height of Y.
Obviously, the above inequality constraints are linear and
can be rewritten as the following matrix form

Aw <0. (34)

From above discussion, the construction of the slope-
consistent trapezoidal IT2 FSs can be transformed to the
following constrained linear-quadratic optimization problem

min
w
s.t.
C. Algorithm

From above discussion, we can use the algorithm shown in
Fig. 3 to construct the slope-consistent trapezoidal IT2 FSs.

After solving the constrained linear-quadratic optimization
problem, we can get the approximation Z* for Y as

Azi(z) =hz(x
Bgiz) =pgz

w'Qw+ RT™w+¢

35
Aw <0 (33)

ble kLl + bLl7 er + bRr’ b%r)zv_ _
erv kpehi + erv krihi + bly, Uiy hY)
(36)

| Input the trapezoidal IT2 FSs¥', 72, 7"

Compute ), and b, as Computef), and by, as Compute £/, and b, as Compute £, and b}, as
oLy i oo Ly 7 o1

Ky =T,,’=Y,,,(1)*Y,.,<”) K, T =Y, O | ki “n

b, =,(0) by, =;,(0) b, =7,,(0)

compic g, | | comiegn, | | comep g | [ comengn |

v v ' v

ConstructQ,,,R,, | Construct Q,,R,, | | Construct Q, ,R,, | | Construct Q,,,R,, |

l

| ConstructQ, R,A |

!

Solve the constrained lincar- quadratic optimization problem

to obtain the following solutions: £,,, 5+, 5!

s
Koy ooy

b‘/.tr”/’(-l(l’b-llé/"”’b-k‘l’

Construct the UMF and LMF of the trapezoidal IT2 FS Z'as:
i,(2)= ;9 @by + By, + 83, B, 1)
14,(2) = g, (2B 14 B+ Bl B b

!

Output the slopes-consistent trapezoidal IT2 FSs 7', 7% .., 7

%

Fig. 3. The algorithm for constructing the slope-consistent trapezoidal IT2
FSs

V. EXAMPLE AND DISCUSSIONS

This section first gives an example to verify the effective-
ness of the proposed algorithm. And then, discussions will
be made.

A. Example
Consider three trapezoidal IT2 FSs Y, Y2, Y3 as shown
in Fig. 4 (grey areas) with the following UMFs and LMFs:

figa () = ﬁYl(x 0,1,3, 4)

|

72 { Wz%x
(
(

R

Using the proposed algorithm, the constructed slope-
consistent trapezoidal IT2 FSs Z!, Z2, Z3 have the following
UMFs and LMFs:

2

(

7 { Fonle
(
(

|

The constructed IT2 FSs Z1, Z2, Z3 are also shown in Fig.
4 using dotted areas. From this figure, we can observe that
the approximated I'T2 FSs are trapezoidal and have consistent
slopes.

= fip (2, —0.17,1.17,2.83,4.17)
= piz(2,0.31,1.19,2.29,3.21,0.8)
= iz (,3.33,4.67,5.83,7.17)
[, (w,4.12,4.88,5.35,6.15,0.7)
= Tigs(,5.83,7.17,8.83,10.17)
= piy(2,7.17,7.83,8.90,9.60,0.6)
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Fig. 4. Trapezoidal IT2 FSs without and with consistent slopes

B. Discussion

In applications, if the word library is manually con-
structed, the slope-consistent trapezoidal IT2 FSs can be
easily achieved. Sometimes, the IT2 FSs in the word library
are obtained by data-driven method. Such IT2 FSs are
usually not slope-consistent. In this case, we should use this
algorithm to modify or approximate them. One thing to be
mentioned is that only the IT2 FSs in the consequents of the
fuzzy rules, rather than all the IT2 FSs in the word library,
need to be modified. This can be done separately before the
running of the perceptual reasoning process so that it does
not burden or complicate the reasoning process.

As shown in [27], when all IT2 FSs are trapezoidal, the
PR output is approximately trapezoidal, so we can compute
« 0 and « 1, and then connect them to obtain
the complete trapezoidal IT2 FS. This is effective enough
for decision-making or judgement problems, as the percep-
tual reasoning will run only once in such applications and
this approximation error will not be large. However, when
we adopt the CWW paradigm to model complex dynamic
systems (e.g. the linguistic dynamic systems proposed in
[9], [10]), the perceptual reasoning will run recursively, so
the approximation error will be transported and can not
be predicted and controlled. Using the proposed method,
errors will occur before the reasoning and can be eliminated
through mapping the output trapezoidal IT2 FS to the original
word in the library.

VI. CONCLUSIONS

This paper studied how to simplify the reasoning of the
PR method by avoiding the a-cuts computation of the output
word. First, we gave a novel property of the PR method,
which shows that trapezoidal output II2 FSs can be obtained
if trapezoidal IT2 FSs with consistent slopes are adopted
in the consequent parts of the fuzzy IF-THEN rules. Then,
we explored how to derive slope-consistent trapezoidal 1T2
FSs from trapezoidal IT2 FSs without consistent slopes. We
found that this approximation problem can be transformed as
a constrained linear-quadratic optimization problem which
can be solved by popular optimization algorithms. An ex-
ample was also given to show how to obtain the slope-
consistent trapezoidal IT2 FSs. In the future, we will apply
the simplified PR method to construct the linguistic dynamic
systems for some real-world complex applications.
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