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1   Introduction

In  past  decades,  due  to  rapid  developments  of  big

data and parallel computing, distributed optimization has

become  a  core  modeling  framework  of  many  large-scale

problems  and  found  numerous  applications  in  formation

control[1, 2],  resource  allocation[3],  path  planning[4],  state

consensus  problem[5],  power  control[6],  sensor  networks[7],

etc.  Compared  to  traditional  optimization  methods,  the

distributed optimization strategy divides complex optim-

ization tasks into many simple ones by different agents in

a  network,  and  allows  information  communications

among these agents so that they can compute the optim-

al solution to  the  original  optimization problem in  a  co-

operative and consensus way (see [8−16] for more details).

For distributed optimization, various algorithms have

been developed,  with the gradient-based algorithm being

the most  popular;  typical  examples  include  the  distrib-

uted  gradient  descent  algorithm[9, 10] and  the  distributed

dual  averaging  gradient  algorithm[11, 12].  In  addition  to

these simple  forms,  more  complex  gradient-based  al-

gorithms have been developed, such as the push-sum dis-

tributed  algorithm[13],  which  is  based  on  dual  averaging

scheme, the surplus-based distributed gradient projection

algorithm[14],  fast  distributed  gradient  algorithm[15],  the

distributed gossip-based  algorithm  with  low  communica-

tion cost[16], etc. It is worth pointing out that the strategy

of diminishing step sizes is  usually adopted in the afore-

mentioned  algorithms  to  obtain  the  optimal  solution  of

the optimization problem. Unfortunately, despite its pop-

ularity,  it  has  been  reported  that  the  diminishing  step-

size scheme suffers a slow convergence rate[8, 17] and thus

faces limited applications.

With  constant  step  size,  the  convergence  rate  of  the

distributed gradient-based algorithm can be improved[8, 18].

However,  algorithms  with  constant  step  size  converge

only to a small neighborhood of the optimal solution due

to the use of the local gradient in each agent; namely, an

inexact  optimal  solution  is  obtained  (see  [10, 18, 19]  for

details).  To  reconcile  slow  convergence  and  an  inexact

solution,  the  gradient  tracking  strategy  is  merged  with

the distributed convex optimization algorithms where an

estimate of  the  global  average  gradients  is  used  to  re-

place  the  local  gradient  in  each  agent[20−23].  Using  the

gradient tracking strategy, the augment distributed gradi-

ent algorithm[20], the push-pull gradient algorithm[21], the

adapt-then-combine distributed inexact gradient tracking

algorithm[22], the projection-free algorithm[23], and the dis-

tributed  Nash  equilibrium  seeking  algorithm[24] can

achieve an  exact  optimal  solution  and  improve  the  con-
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∇fi(xi(k + 1))−
∇fi(xi(k)) ∇̇fi(xi(t))

xi(k + 1)− xi(k) ẋi(t)

N

N

vergence  rate  under  constant  step  size.  However,  the

time-derivatives  of  the  gradients  or  the  agents' state  are

required  for  most  existing  gradient  tracking  algorithms

when writing  them  in  continuous-time  forms.  For  ex-

ample, for Algorithm 1 in [23], the term 

 in  discrete-time  becomes  in con-

tinuous-time;  for  the  equation  (4)  in  [24],  the  term

 in  discrete-time  becomes  in con-

tinuous-time.  Aside  from  the  fact  that  the  time-derivat-

ive of  the gradient or the agent′ state is  hard to obtain,

this  kind  of  derivative-dependent  information  is  harmful

in  algorithm  design  because  it  is  sensitive  to  noise.  To

avoid  the  use  of  derivative-dependent  information  in

gradient  tracking  design,  we  use  the  proportional-integ-

ral  (PI)  consensus  dynamic[25] to  achieve  the  gradient

tracking strategy  in  our  continuous-time  distributed  al-

gorithm under constant step size. Our algorithm is differ-

ent from those in [20−24] since there is no requirement for

the time-derivatives  of  the gradients  or  the agents' state

in our continuous-time algorithms. While similar PI-based

gradient tracking  is  also  applied  to  the  distributed  al-

gorithm design  in  [26],  the  algorithm in  [26]  uses  global

information − the number  of the agents; please refer to

the equation (8a) in [26].  Similar global information also

appears in [27] (see the equation (10) in [27]). In practice,

this global information is generally hard to obtain in dis-

tributed algorithm design.  Furthermore,  in some circum-

stances,  the network may be changing with the addition

or deletion  of  the  agents  to  the  network,  and  con-

sequently the algorithms presented in [26, 27] do not ap-

ply to account for this situation because  is not a con-

stant.  The  gradient  tracking  algorithm  proposed  in  our

paper does not depend on this global information.

Compared with distributed first-order algorithms, dis-

tributed  second-order  algorithms  can  achieve  significant

convergence acceleration for twice continuously differenti-

able  and  strongly  convex  cost  functions[28, 29], which  at-

tract  considerations  in  the  distributed  algorithm  design.

For  example,  in  [30], based  on  the  event-triggered  com-

munication strategy,  a  distributed  continuous-time  New-

ton-Raphson algorithm with a fast  convergence rate and

low  communication  burden  is  developed  for  the  convex

optimization  problem.  Tran  et  al.[31] investigate the  dis-

tributed  algorithm  for  double-integrator  systems  with

exogenous  disturbances  and  propose  a  novel  algorithm

that utilizes  the  internal  model  principle  to  asymptotic-

ally compensate for the disturbance.  Also,  Deng et al.[32]

present two second-order algorithms to deal with the re-

source  allocation  problem.  Recall  the  fact  that  we  have

emphasized before  that  the  technique  of  gradient  track-

ing allows  distributed  optimization  algorithms  to  com-

pute the exact optimal solution even under constant step

size.  Despite  the  fast  convergence  rate  of  distributed

second-order optimization  algorithms,  there  are  few con-

siderations  for  employing  the  gradient  tracking  strategy

to  the  second-order  optimization  algorithms.  The  above

case has been considered in [33], where the average con-

sensus  protocol  is  employed  to  develop  a  discrete-time

distributed second-order  Newton-Raphson  consensus  al-

gorithm for  tracking  the  averages  of  Hessian  and  gradi-

ent. However, the tracking strategy is not easy to imple-

ment in the case of continuous-time. Most of the literat-

ure applies gradient tracking to the discrete-time first-or-

der  or  second-order  distributed  optimization  algori-

thms[20−23, 33];  our paper is an application of the gradient

tracking  method  to  the  continuous-time  second-order

heavy-ball  optimization  algorithm[34] by  resorting  to  the

PI consensus dynamic[25].

Apart  from  the  reviewed  issues  above,  we  point  out

that  generalizing  the  results  of  existing  algorithms  from

undirected  graphs  to  directed  graphs  are  also  important

considerations  in  the  distributed  convex  optimization.

The  difficulty  of  this  generalization  lies  in  the  fact  that

the symmetry of the Laplacian matrix is broken if the un-

directed  graph  is  generalized  to  directed  ones.  Although

some  distributed  second-order  algorithms  are  developed

for  directed  graphs[35, 36],  these  algorithms  require  the

graph  to  be  balanced.  This  assumption  makes  a  trivial

generalization  from  undirected  graphs  to  directed  ones

since  the  Laplacian matrix  of  the  balanced graph is  still

symmetric.  Thus,  the  analysis  techniques  in  [35, 36]  are

roughly  the  same  as  those  of  undirected  graphs.  A  non-

trivial  extension  appears  in  [14],  where  a  distributed

gradient projection algorithm with the surplus consensus

protocol  is  developed  for  an  unbalanced  directed  graph.

However,  the  algorithm  in  [14]  requires  each  agent  to

know its out-degree to structure a column stochastic mat-

rix,  which  is  impractical  in  many  situations.  To  remove

this disadvantage, Wang et al.[37, 38] propose some distrib-

uted algorithms for unbalanced directed graphs with ap-

propriate  row-stochastic  matrices  and thus  eliminate  the

requirement  for  agents' out-degree. Utilizing  the  left  ei-

genvector  of  the  Laplacian  matrix  associated  with  the

zero eigenvalues, the distributed algorithm is designed to

tackle  the  general  unbalanced  directed  graph  in  [39].

However, the algorithm in [39] fails to converge to the op-

timal  solution  when  the  left  eigenvector  is  unknown  in

advance.  Although  a  continuous-time  first-order  algorit-

hm is developed for an unbalanced directed graph by es-

timating  the  left  eigenvector  in  [40],  the  work  does  not

consider the second-order algorithm. Considering that the

similar  continuous-time  distributed  heavy-ball  algori-

thm[41] only deals with the relatively simple case of an un-

directed  graph,  we  generalize  our  original  second-order

heavy-ball algorithm from an undirected graph to an un-

balanced directed graph in this paper. To be specific, by

designing an auxiliary variable to estimate the left eigen-

vector  of  the  Laplacian  matrix  associated  with  the  zero

eigenvalues,  we  develop  a  continuous-time  distributed

second-order  algorithm  under  constant  step  size  to

achieve a fast convergence to the optimal solution over an

unbalanced directed communication graph.
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In  summary,  we  combine  the  gradient  tracking

strategy with  the  speed-up technique  to  develop a  novel

continuous-time distributed  convex  optimization  al-

gorithm for undirected graphs. Besides gradient tracking,

our algorithm uses the second-order heavy-ball optimiza-

tion  algorithm  and  removes  the  use  of  diminishing  step

sizes. Also, it can be regarded as the second-order exten-

sion of  the  first-order  distributed  gradient  descent  al-

gorithm, thereby  speeding  up  the  convergence.  In  addi-

tion,  to  maintain  exact  convergence  under  constant  step

size, we apply the PI consensus dynamic[25] to the second-

order  heavy-ball  optimization  algorithm[34].  Moreover,  in

terms  of  directed  communication  graphs,  we  adopt  an

auxiliary  variable  to  estimate  the  left  eigenvector  of  the

Laplacian  matrix  associated  with  the  zero  eigenvalues,

and further  apply  our  original  algorithm  to  the  distrib-

uted  convex  optimization  over  unbalanced  directed

graphs. In short, the main contributions of this paper are

as follows.

1)  We  propose  a  continuous-time  distributed  second-

order  convex  optimization  algorithm  under  undirected

graphs  by  extending  the  classical  distributed  gradient

descent algorithm[10], with the additional improvement of

dropping the  diminishing  step  sizes,  realizing  exact  con-

vergence even under constant step size,  and speeding up

convergence to the optimal solution.

N

2) For  our  proposed  second-order  heavy-ball  al-

gorithm  under  undirected  graphs,  we  adopt  the  idea  of

using average  gradients  in  distributed  optimization  al-

gorithm  design  to  meet  the  optimality  condition  under

constant step size and use the strategy of gradient track-

ing to make our algorithms distributed. Moreover, we ad-

opt  the  PI  consensus  dynamic[25] to  achieve  gradient

tracking  in  the  continuous-time  second-order  heavy-ball

algorithm, which gains some advantages over those track-

ing  strategies  in  the  first-order  algorithms[20−24];  namely

that we do not utilize the undesirable information such as

the time-derivatives of the gradients or the agents′ state.

While  the global  information  is required in  the exist-

ing  PI-based  gradient  tracking  algorithm[26], our  pro-

posed algorithm removes the dependence of this global in-

formation. Also,  compared  with  the  second-order  al-

gorithm in [33], our proposed second-order algorithm does

not require the estimation of the Hessian matrix.

3) We also  consider  the  case  of  an unbalanced direc-

ted communication  graph  in  the  distributed  convex  op-

timization.  In  contrast  to  the  application  of  gradient

tracking  and  the  heavy-ball  algorithm  under  undirected

graphs[20, 33, 41],  we  generalize  our  distributed  second-or-

der  heavy-ball  algorithm with  gradient  tracking  from an

undirected  graph  to  an  unbalanced  directed  graph

through the  estimation  scheme of  the  left  eigenvector  of

Laplacian matrix. Also, our algorithm overcomes the lim-

itation of knowing the left eigenvector in [39].

The rest of this paper is arranged as follows. Section 2

includes some  preliminaries  and  the  problem  formula-

tions. A  second-order  distributed  algorithm  with  gradi-

ent  tracking  strategy  over  undirected  graph is  proposed,

and its convergence is analyzed in Section 3. Section 4 in-

troduces  a  modified  second-order  distributed  algorithm

over an unbalanced directed graph and provides the cor-

responding convergence  analysis.  Two  simulation  ex-

amples are given in Section 5. A brief conclusion and fu-

ture work are given in Section 6. 

2   Preliminaries and problem formula-
tions

 

2.1   Preliminaries

R R>0 n

Rn 1n 0n
n In

n

x1 , · · · , xN ∈ Rn x = col(x1 , · · · ,
xN ) = (xT

1
, · · · , xT

N
)T

diag(A1 , · · · , AN )

A A1 , · · · , AN

∥x∥ =
√
xTx

x

A ∈ Rm×n B ∈ Rp×q A⊗B ∈
Rmp×nq

A A > 0 ∇f(·)
f(·)

The  set  of  real  and  positive  real  numbers  is  denoted

by  and ,  the set of -dimensional column vectors

is  denoted  by .  We  use  and  to  represent  the

column vectors  of  ones  and  zeros,  respectively.  de-

notes  the -dimensional  identity  matrix.  For  vectors

,  we  use  the  notation 

 to denote a new stacked vector. We

use  to  represent  the  block  diagonal

matrix  whose  diagonal  elements  are .  We

let  denote the standard Euclidean norm of a

vector .  Also,  the  Kronecker  product  of  arbitrary

matrices  and  is defined as 

. The positive definiteness of a symmetric matrix

 is denoted as . Besides,  is the gradient of a

function .

G = (V, E) V =

{1, · · · , N} E ⊆ V × V
(i, j) ∈ E i

j G
(i, j) ∈ E (j, i) ∈ E

i Ni = {j ∈ V : (i, j) ∈ E}

G A = [aij ] ∈
RN×N aij > 0 (i, j) ∈ E aij = 0

G L = D −A D =

diag(d1 , · · · , dN ) di =
∑N

j=1 aij i ∈ V
L

L1N = 0N

L λ1 , · · · , λN

λ1 ≤ λ2 ≤ · · · ≤ λN G
L

Then we provide some basic definitions of graph the-

ory[42].  We  consider  a  graph ,  where 

 is the set of nodes and  is the set of

edges.  An  edge  means  that  node  can  receive

information from node .  A graph  is  undirected if  the

edges  and  are  the  same.  The  set  of

neighbors of node  is denoted as .

A  directed  path  is  a  sequence  of  nodes  connected  by

edges. A directed graph is strongly connected if, for every

pair  of  nodes,  there  is  a  directed  path  connecting  them.

The  adjacency  matrix  of  is  denoted  by 

, where  if  and  otherwise.

The  Laplacian  matrix  of  is  with 

,  where  for  each .

Note that the Laplacian matrix  of the undirected graph

is  symmetric,  positive  semi-definite,  and .  The

real  eigenvalues  of  are  denoted  by  with

. If  the undirected graph  is connec-

ted,  has a zero eigenvalue, and the rest of the eigenval-

ues are positive. 

2.2   Problem formulation

N

G i ∈ V
fi : Rn → R

f(x)

We  consider  a  network  consisting  of  agents,  with

the interaction described by a graph . Each agent 

has  a  local  convex  cost  function ,  and  the

global  cost  function  in  the  network  is  the  sum  of
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N f(x) =
∑N

i=1 fi (x)these  local cost functions . The aim

is to minimize the global cost function:

min
x∈Rn

f (x) , f(x) =

N∑
i=1

fi (x) (1)

N

by designing a local optimization algorithm on each agent

and  by  making  use  of  information  communications  of

each agent  with  its  neighbor  in  the  network so  that  the

optimal solution can be cooperatively computed by these

 agents  in  a  consensus  way.  Optimization  algorithms

structured  in  this  way  are  called  distributed  algorithms.

In  this  paper,  we  generalize  the  existing  first-order

distributed  convex  algorithms  to  the  second-order  to

achieve  faster  convergence  rate  and  abandon  some

undesirable  technical  treatments  in  designing  distributed

optimization  algorithms,  such  as  diminishing  step  sizes

and inexact convergence.

To facilitate the subsequent analysis, Assumptions 1−3
and Definition 1 are made.

GAssumption  1  (Connectivity). The  graph  is

strongly connected.

i ∈ V fi

si

Assumption  2  (Strong  convexity). For  each

, the local cost function  is twice continuously dif-

ferentiable and -strongly convex, i.e.,

(x− y)T[∇fi(x)−∇fi(y)] ≥ si∥x− y∥2, ∀x, y ∈ Rn

si > 0for parameter .

2

(1)

Assumption  guarantees the  existence  and  unique-

ness  of  an  optimal  solution  to  the  convex  optimization

problem , and it is widely used in [3, 32, 41].

i ∈ V fi ℓi

Assumption  3  (Lipschitz  continuous). For  each

, the gradient of local cost function  is -Lipschitz

continuous, i.e.,

∥∇fi(x)−∇fi(y)∥ ≤ ℓi∥x− y∥, ∀x, y ∈ Rn

ℓi > 0for parameter .

x → f : Rn → R µ

Definition  1  (Strong  monotonicity). A  mapping

 is -strongly monotone if

(x− y)T[∇f(x)−∇f(y)] ≥ µ∥x− y∥2, ∀x, y ∈ Rn

µ ∈ R>0for some .

Assumptions  1–3  are  standard  in  the  literature  of

distributed  convex  optimization,  see  [8, 32, 43] for  ex-

ample.

(1) x∗ =

arg minx∈Rnf(x)

If Assumption 2 is satisfied, then the convex optimiza-

tion  problem  has  a  unique  optimal  solution 

 satisfying  the  optimality  condition  (see

[44]):

N∑
i=1

∇fi(x
∗) = 0n. (2)

 

3   Distributed convex optimization over
undirected graph

(1)

In  this  section,  a  continuous-time  distributed  convex

optimization  algorithm  of  second-order  is  presented  to

solve the convex optimization problem  over an undir-

ected graph. Also, the convergence result of the proposed

algorithm is proved in detail. 

3.1   Algorithm design

(1)

i ∈ V

To solve the convex optimization problem  in a dis-

tributed way  and  to  improve  existing  first-order  al-

gorithms,  we  design  for  each  agent  the  following

second-order accelerated algorithm.

ẋi = vi (3a)
v̇i = −vi − yi +

∑
j∈Ni

(xj − xi) (3b)

ẏi = −yi + k∇fi (xi) +
∑

j∈Ni

(zj − zi) (3c)

żi = −
∑

j∈Ni

(yj − yi) (3d)

xi ∈ Rn

x∗ i yi ∈ Rn

1

N

∑N

i=1
∇fi(xi) i vi, zi ∈

Rn k

i ∈ V
fi
(3)

where  is  a  local  estimation  of  the  optimal

solution  by agent ,  is a local estimation of the

average  gradients  by  agent , 

,  and  is  a  positive  parameter  to  be  designed.  Since

each  agent  only  has  access  to  its  own  local  cost

function  but  communicates  only  with  its  neighbors,

algorithm  is guaranteed to be distributed.

(3a) (3b)

Although distributed optimization algorithms of  first-

order type (for  example,  distributed gradient  descent  al-

gorithm[9, 10], distributed  dual  averaging  gradient  al-

gorithm[11, 12],  and fast  gradient  algorithm[15])  are  largely

reported in the literature, accelerating the convergence of

first-order algorithms is  also an important aspect behind

many of future research. In our algorithm, the equations

 and  adopt the distributed form of the second-or-

der heavy-ball algorithm[34, 45], which extends the first-or-

der distributed gradient descent algorithm[10] and has the

advantage  of  accelerated  convergence  rate.  In  order  to

highlight the difference of the algorithm (3) from existing

second-order distributed  optimization  algorithms,  a  Re-

marks 1–3 are made as follows.

Remark 1. The distributed  heavy-ball  algorithm re-

ported in literature usually takes the form：{
ẋi = vi (4a)
v̇i = −vi − α(t)∇fi (xi) +

∑
j∈Ni

(xj − xi) (4b)

α(t)using  a  diminishing  step  size ,  which,  however,

degrades the acceleration performance of the convergence.

This  degradation  phenomenon  due  to  the  diminishing

step-size rule is also observed in the first-order algorithms

such  as  the  distributed  gradient-push  algorithm[13] and

the distributed gossip-based algorithm[16], to name a few.

One  popular  way  to  overcome  slow  convergence  caused
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x∗

(2) x∗

(3b)
∇fi(xi)

(2)

(3c)
(3d)

by the diminishing step sizes is to adopt a constant step

size,  with refined performances being reported in [8, 18].

While  the  constant  step-size  strategy  has  a  faster

convergence  than  that  of  the  diminishing  step-size

scheme,  the  former  only  converges  to  a  small

neighborhood  of  the  optimal  solution  since  the

optimality condition  in the optimal solution  is not

satisfied;  see  [18, 19]  for  example.  In  an  endeavor  to

design  a  distributed  second-order  convex  optimization

retaining the merit of exact convergence and avoiding the

degradation of  the  convergence rate,  we propose  a  novel

design strategy in this paper, which uses a constant step-

size  version  of  and  modifies  the  local  gradient

 into  the  average  of  full  gradients  so  that  the

optimality  condition  can  be  ensured,  and  then

employs  a  distributed  gradient  tracking  algorithm 

and  to  give  a  local  estimation  of  the  average

gradients such that the algorithm is distributed.

∇fi(xi(k + 1))−∇fi(xi(k))

∇̇fi(xi(t))

xi(k + 1)− xi(k)

ẋi(t)

Remark 2. Although [33, 45] also  consider  the  clas-

sical gradient  tracking  strategy  in  the  second-order  dis-

tributed convex  optimization,  these  algorithms  are  dis-

crete-time  and  depend  on 

whose  continuous-time  version  is  exactly  the  time-deriv-

ative  of  the gradient . A similar  issue also  ap-

pears in [24], in which the gradient tracking relies on util-

izing  the  state  information  whose con-

tinuous-time version is nothing more than the time-deriv-

ative of the state . However, this kind of derivative-

dependent  information  cannot  be  easily  accessed  and  is

not  robust  to  the  perturbation of  noise  in  the  algorithm

design. To remove this disadvantage of using such deriv-

ative-dependent information,  we  adopt  in  our  optimiza-

tion  algorithm  a  totally  different  distributed  gradient

tracking approach from those in [24, 33, 45] with the help

of PI dynamic average consensus[25].

(3)

N

(8a)

(3)

Remark 3. Although both [26] and our algorithm 

adopt  similar  PI  dynamic  consensus  in  the  continuous-

time distributed  algorithm  design,  global  information  −
the number  of the agents, is required in the algorithm

[26]  (see  the  equation  in  [26]). The  algorithm  pro-

posed  in  [26] does  not  apply  if  agents  are  added  or  re-

moved from the network, with a changing number of the

agents to be rendered. Also,  this  kind of  global  informa-

tion is not easy to access in distributed algorithm design.

Consequently, our algorithm  removes the dependence

of this global information.

(3)To  facilitate  the  subsequent  analysis,  algorithm 

can be rewritten into the following compact form:
ẋ = v

v̇ = −v − y − Lx
ẏ = −y + kG(x)− Lz
ż = Ly

(5)

L ≜ L⊗ In x = col(x1 , · · · , xN ) ∈ RnN v = col(v1 ,

· · · , vN ) ∈ RnN y = col(y1 , · · · , yN ) ∈ RnN z = col(z1 ,

· · · , zN ) ∈ RnN G(x) = col(∇f1(x1), · · · ,∇fN (xN )) ∈

where , , 

, , 

 and 

RnN. 

3.2   Convergence analysis

(x∗, v∗, y∗, z∗) (5)

x∗ (1)

(3)

(x∗, v∗, y∗, z∗)

We first analyze the relationship between the equilib-

rium  of  the  dynamics  and the  optimal

solution  of the convex optimization problem . Also,

the  convergence  analysis  of  the  dynamics  with  the

equilibrium  is presented under certain con-

ditions.

(1)

(x∗, v∗, y∗, z∗)

(5) (x∗, v∗, y∗, z∗) = (1N⊗
x∗, 0nN , 0nN , z∗) z∗ Lz∗ = kG

(x∗)

Lemma 1. For  the  convex  optimization  problem 

under Assumptions 1−3, let  be an equilibri-

um  of  the  dynamics .  Then, 

 with  arbitrarily  satisfies 

.

(x∗, v∗, y∗, z∗)

(5)

Proof. Since  is  the  equilibrium  of  the

dynamics ,  we  substitute  it  into  the  dynamics  (5)  to

obtain 
0nN = v∗ (6a)
0nN = −v∗ − y∗ − Lx∗ (6b)
0nN = y∗ + kG (x∗)− Lz∗ (6c)
0nN = Ly∗. (6d)

(6d)
y∗ = 1N ⊗ c c ∈ Rn (6a)
(6b) 1N ⊗ c+ Lx∗ = 0nN

(1T
N
⊗ In)

c = 0 y∗ = 0nN (6b)
Lx∗ = 0 x∗ = 1N ⊗ a a ∈

Rn (6c) Lz∗ = kG(x∗)

(6c) (1T
N
⊗ In)

(1T
N
⊗ In)G(x∗) = 0n

∑N
i=1 ∇fi(a) =

0n 2

x∗

(1) (2)

x∗ a = x∗

x∗ = 1N ⊗ a x∗ = 1N ⊗ x∗

(x∗, v∗, y∗, z∗) =

(1N ⊗ x∗, 0nN , 0nN , z∗) Lz∗ = kG(x∗)

In  view  of  Assumption  1  and  from ,  one  has

 for some . Inserting this and  into

 gives .  Left  multiplying  both

sides  of  the  resulting  equation  by ,  we  obtain

 and  consequently .  Therefore,  be-

comes ,  which  implies  for  some 

.  Also,  from ,  we  obtain .  Similarly,

left  multiplying both sides  of  by ,  one  has

,  which  shows  that 

. On the other hand, under Assumption , there exists

a  unique  optimal  solution  of  the  convex  optimization

problem  satisfying  the  optimality  condition .  The

uniqueness  of  the  optimal  solution  gives . Not-

ing that , it shows . Concluding

the  above  analysis,  one  sees  that 

 with .  □
(5)The convergence of the dynamics  to the equilibri-

um is analyzed in Theorem 1.

(1)

s = min(s1 , · · · , sN ) ℓ =

max(ℓ1 , · · · , ℓN ) λ2 > (2λN + 1)/(4s− 6ℓ2)

λ2 + λN ≤ 1 k

Theorem 1. For the convex optimization problem 

under  Assumptions  1−3,  let , 

,  and  assume ,

, so that there exists a parameter  such that

2λN + 1

4s− 6ℓ2
< k < λ2 . (7)

(3)

(xi(0), vi(0), yi(0), zi(0)) xi(t) → x∗

t → ∞ i ∈ V

Then  the  trajectory  of  dynamics  with  any  initial

condition  achieve 

asymptotically as  for each .

(x∗, v∗, y∗,

z∗) (5)

x̃ = x− x∗ ṽ = v − v∗ ỹ = y − y∗ z̃ = z − z∗

Proof. We  first  transfer  the  equilibrium 

 of  the  dynamics  into  the  origin  by  letting

, , , .  Now  the

dynamics (5) under the new coordinates can be described
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as 
˙̃x = ṽ
˙̃v = −ṽ − ỹ − Lx̃
˙̃y = −ỹ + kh− Lz̃
˙̃z = Lỹ

(8)

h ≜ G(x)−G(x∗)

(8)

Q =

[p, P ]

where . Then, we proceed to divide the

dynamics  into two tractable sub-dynamics. In view of

Assumption  1,  there  exists  an  orthogonal  matrix 

 such that

QTLQ = diag {0, λ2 , · · · , λN } ≜
(
0 0

0 L△

)
N×N

(9)

L△ ≜ PTLP p = 1N /
√
N ∈ RN×1 P ∈ RN×(N−1)

PTP = IN−1 PPT = IN − ppT

Q

where , , ,

 and .  With  the  orthogonal

matrix , we can define the following new variables:

x̂ = col(x̂1 , x̂2N ) = [p⊗ In , P ⊗ In ]
Tx̃

v̂ = col(v̂1 , v̂2N ) = [p⊗ In , P ⊗ In ]
Tṽ

ŷ = col(ŷ1 , ŷ2N ) = [p⊗ In , P ⊗ In ]
Tỹ

ẑ = col(ẑ1 , ẑ2N ) = [p⊗ In , P ⊗ In ]
Tz̃

(10)

x̂1 , v̂1 , ŷ1 , ẑ1 ∈ Rn x̂2N , v̂2N , ŷ2N , ẑ2N ∈ Rn(N−1)

(8)

where , .

Then,  the  dynamics  can  be  further  transformed  into

the following two sub-dynamics:
˙̂x1 = v̂1

˙̂v1 = −v̂1 − ŷ1

˙̂y
1
= −ŷ1 + k(pT ⊗ In)h

˙̂z1 = 0n

(11a)



˙̂x2N = v̂2N

˙̂v2N = −v̂2N − ŷ2N − L△ x̂2N

˙̂y
2N

= −ŷ2N + k(PT ⊗ In)h− L△ ẑ2N

˙̂z2N = L△ ŷ2N

(11b)

L△ ≜ (L△ ⊗ In)

(11)

V = V1 + V2 V1

V2

where .  Thus,  we  only  need  to  analyze

the  stability  of  the  zero  solution  of  sub-dynamics .

Inspired  by  the  Lyapunov  function  used  in  [32],  we

construct  a  Lyapunov  candidate ,  with 

and  given below:

V1 =
1

2
(∥x̂1 − ŷ1∥

2 + ∥x̂2N − ŷ2N ∥2) + 1

2
∥ẑ2N+

ŷ2N ∥2 + 1

2
∥ŷ1∥

2 +
1

2
(∥v̂1∥

2 + ∥v̂2N ∥2) (12a)

V2 =
1

2
ẑT
2N

ẑ2N +
1

2
ẑT
2N

(L△)−1ẑ2N +
1

2
x̂T

2N
L△ x̂2N .

(12b)

Q = [p, P ]

x̂T
1
(pT ⊗ In) + x̂T

2N
(PT ⊗ In) = x̃T ŷT

1
(pT ⊗ In)+

ŷT
2N

(PT ⊗ In) = ỹT (10) x̂T
1
v̂1+

Since  is  an  orthogonal  matrix,  it  is  obvious

that  and 

.  Also,  by ,  we  have 

x̂T
2N

v̂2N = x̂Tv̂ x̂T
1
ŷ1 + x̂T

2N
ŷ2N = x̂Tŷ v̂T

1
ŷ1 + v̂T

2N
ŷ2N =

v̂Tŷ v̂T
1
v̂1 + v̂T

2N
v̂2N = v̂Tv̂

V1 V2 (11)

, , 

 and .  With  these  results,  the

time-derivatives of  and  along the trajectories of 

can be calculated as

V̇1 =− kx̃Th+ 2kỹTh+ x̂T(v̂ + ŷ)− v̂Tv̂ − 2v̂Tŷ−
2ŷTŷ + kẑT

2N
(PT ⊗ In)h+ (x̂2N − ŷ2N )TL△ ẑ2N−

ẑT
2N

ŷ2N −v̂T
2N

L△ x̂2N +ŷT
2N

L△ ŷ2N −ẑT
2N

L△ ẑ2N (13a)
V̇2 = ŷT

2N
L△ ẑ2N + ẑT

2N
ŷ2N + x̂T

2N
L△ v̂2N . (13b)

(13a) ∥x̃∥2 = ∥x̂∥2 s

fi

In view of  and , together with the -

strongly convexity of  in Assumption 2, one has

−kx̃Th ≤ −ks∥x̂∥2. (14)

∥ỹ∥2 = ∥ŷ∥2

ℓ

fi 3

Similarly,  due  to  and  by  the  Cauchy

Schwartz′s  inequality  and  the -Lipschitz  continuous  of

the gradient of  in Assumption , it follows that

2kỹTh ≤ k∥ŷ∥2 + kℓ2∥x̂∥2 (15)

kẑT
2N

(PT ⊗ In)h ≤ k

2
∥ẑ2N ∥2 + kℓ2

2
∥x̂∥2. (16)

(14) (16) (13a) (13b)Inserting −  into − , it follows that

V̇ ≤−
(
s− 3ℓ2

2

)
kx̂Tx̂+ x̂T(v̂ + ŷ)− v̂Tv̂ − 2v̂Tŷ−

(2− k)ŷTŷ + ŷT
2N

L△ ŷ2N +
k

2
ẑT
2N

ẑ2N+

x̂T
2N

L△ ẑ2N − ẑT
2N

L△ ẑ2N . (17)

λ2IN−1 ≤ L△ ≤ λN IN−1Considering ,  it  can  be

checked that

−
[
x̂2N

ẑ2N

]T


λ
N
2
IN−1 −

L△

2
IN−1

−
L△

2
IN−1

L△

2
IN−1

[x̂2N

ẑ2N

]
≤ 0

which can be equivalently simplified as

−λN

2
x̂T

2N
x̂2N + x̂T

2N
L△ ẑ2N − 1

2
ẑT
2N

L△ ẑ2N ≤ 0. (18)

(18)
λN

2
∥x̂2N ∥2

(17) V

By ,  adding  and  subtracting  the  term 

to the right side of , the time-derivative of  can be

further estimated as

V̇ ≤−
(
s− 3ℓ2

2

)
kx̂Tx̂+ x̂T(v̂ + ŷ)− v̂Tv̂ − 2v̂Tŷ−

(2− k)ŷTŷ + ŷT
2N

L△ ŷ2N +
k

2
ẑT
2N

ẑ2N+

λN

2
x̂T

2N
x̂2N − 1

2
ẑT
2N

L△ ẑ2N . (19)
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−ẑT
2N

L△ ẑ2N ≤ −λ2 ẑ
T
2N

ẑ2N ŷT
2N

L△ ŷ2N ≤
λN ŷT

2N
ŷ2N λN ŷT

2N
ŷ2N ≤ λN ŷTŷ

Note that  and 

.  In  view  of  and

λN x̂T
2N

x̂2N ≤ λN x̂Tx̂ , one has

 
 

V̇ ≤−
[(

s− 3ℓ2

2

)
k − λN

2

]
x̂Tx̂+ x̂T(v̂ + ŷ)− v̂Tv̂ − 2v̂Tŷ − (2− λN − k)ŷTŷ − λ2 − k

2
ẑT
2N

ẑ2N ≤

−


x̂

v̂

ŷ

ẑ2N


T



[(
s− 3ℓ2

2

)
k − λN

2

]
−1

2
−1

2
0

−1

2
1 1 0

−1

2
1 (2− λN − k) 0

0 0 0
λ2 − k

2




x̂

v̂

ŷ

ẑ2N

 . (20)

 

M1 4× 4

(20) M1

Denoted by  the  matrix on the right side of

, the remaining task is to prove that the matrix  is

positive definite. To this end, let

M1 =

(
A1 B1

BT
1

C1

)
(21)

with

A1 =

[[
sk − (3ℓ2/2)k − λN /2

]
−1/2

−1/2 1

]

B1 =

[
−1/2 0

1 0

]
C1 =

[
(2− λN − k) 0

0 (λ2 − k)/2

]
.

A1 > 0

C1 −BT
1
A−1

1
B1 > 0 (7)

M1 > 0

(x∗, v∗, y∗, z∗) (5)

x∗ = 1N ⊗ x∗ x∗

(10)

limt→∞ xi(t) = x∗ i ∈ V

Some  simple  calculations  show  that  and

 due  to  the  condition .  It  follows

from  the  Schur  complement  [46]  that .  Noting

that  the  equilibrium  of  the  dynamics 

satisfies  with  as the optimal solution and

referring  to  the  orthogonal  transformation  in , it  in-

dicates that the equilibrium is  asymptotically stable and

consequently  for each .  □

∑N
i=1 τi(0) = 0m

∑N
i=1 τi(0) = 0m

(3)

4

Remark  4. Although the  continuous-time  distrib-

uted heavy-ball method is also studied in [41], the initial

condition  is required. The satisfaction of

this initial condition depends on the information of all the

agents,  and  thus  it  is  global  information.  Furthermore,

in  some  circumstances,  the  initial  values  satisfying

 do  not  obey  the  zero  sum  condition  if

agents are  added  or  deleted  from  the  network.  Con-

sequently, our proposed algorithm  removes the utiliza-

tion of  this  initial  condition.  In addition,  while  [41]  only

deals  with  the  relatively  simple  case  of  an  undirected

graph, our work also considers the case of an unbalanced

directed graph, and we will illustrate later in Section .

(3)

x∗ 5

Compared  with  first-order  distributed  gradient-based

algorithms, the second-order distributed convex optimiza-

tion  algorithm  can guarantee  a  asymptotic  conver-

gence  while  having an faster  convergence  to  the  optimal

solution , which is illustrated later in Section . 

4   Distributed convex optimization over
directed graphs

3

Let us emphasize that, compared with the cases of un-

directed  graphs,  there  are  relatively  few  studies  in  the

distributed  convex  optimization  over  directed  graphs.

Therefore, in this section, we extend the undirected graph

analyzed in Section  to an unbalanced directed graph.

i ∈ VFor each agent , the distributed second-order op-

timization algorithm is defined as follows:

ẋi = vi (22a)
v̇i = −kvi − yi + rii

∑
j∈Ni

(xj − xi) (22b)

ẏi = −yi +∇fi(xi) + rii
∑
j∈Ni

(zj − zi) (22c)

żi = −rii
∑
j∈Ni

(yj − yi) (22d)

ṙi =
∑
j∈Ni

(rj − ri) (22e)

xi, vi, yi, zi ∈ Rn ri ∈ RN rii ∈ R i

ri k

L

ri

ri(0) ri(0) =

(0, · · · , 0︸ ︷︷ ︸
i−1

, 1, 0, · · · , 0︸ ︷︷ ︸
N−i

)T

where ,  and  is  the -th

component  of .  Also,  is  a  positive  parameter  to  be

designed.  Considering  that  the  left  eigenvector  of  the

Laplacian  matrix  associated  with  the  zero  eigenvalues

is  unknown  in  advance,  is  designed  to  be  a  local

estimation  of  the  left  eigenvector.  In  order  to  achieve

the  estimation,  we  initialize  as 

.

(1)

L

(1)

Remark 5. Compared with solving the convex optim-

ization problem  under undirected graphs, the cases of

directed graphs  are  more  challenging  due  to  the  asym-

metric  Laplacian  matrix  associated  with  directed

graphs. As a consequence, the distributed algorithms un-

der undirected graphs cannot be directly applied to direc-

ted  graphs.  In  the  existing  literature,  various  first-order

algorithms have  been  developed  to  solve  the  convex  op-

timization problem  on balanced directed graphs[43, 47].

Besides,  a  few second-order  algorithms are  also  designed

for  balanced  directed  graphs[35, 36].  However,  when  we

consider  the  cases  of  unbalanced  directed  graphs,  the
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L

1T
N
L = 0N

(1)

(3)

(22e) rii

(22b) (22d)
L

(2)

x∗

(1)

Laplacian matrix  of directed graphs no longer satisfies

, which makes  the  algorithms proposed in  bal-

anced directed graphs unable to solve the cases of unbal-

anced directed graphs. Although distributed optimization

algorithms  are  proposed  for  unbalanced  directed  graphs

to  solve  the  convex  optimization  problem  in  [39, 40,

48], most of the algorithms are first-order type while the

second-order algorithms that can achieve accelerated con-

vergence  are  hardly  studied.  In  an  endeavor  to  design  a

second-order distributed  convex  optimization  for  an  un-

balanced directed graph, based on the algorithm , we use

the  equation  and  the  additional  information  in

−  to estimate the left eigenvector of the Lapla-

cian  matrix  associated  with  the  zero  eigenvalues.

Therefore,  a  distributed  second-order  algorithm  under

constant  step  size  is  proposed  for  unbalanced  directed

graphs  and  ensures  the  optimality  conditions  at  the

optimal  solution  of  the  convex  optimization  problem

.

(22)

In  order  to  analyze  the  convergence  of  the  algorithm

, we offer Lemmas 2–6 to help the analysis.

G
1

Lemma 2.[39] Suppose that the directed graph  sat-

isfies Assumption , then the following statements hold.

d =

(d1 , · · · , dN )T ∈ RN L

di > 0 i ∈ V
dTL = 0N

∑N
i=1 di = 1

1)  There  exists  a  positive  left  eigenvector 

 of  Laplacian  matrix  associated

with  the  zero  eigenvalues  such  that  for ,

 and .

D = diag(d1 , · · · , dN ) L̂ ≜ 1

2
(DL+

LTD)

D ≜ D ⊗ In L̂ ≜ L̂⊗ In

2)  Denoting ,  then 

 is  a  symmetric  positive  semi-definite  matrix.  For

convenience, we denote  and .

G
1 L

Lwr = 0 wT
l
L = 0 wT

l
wr = 1 wr wl

L limt→∞exp(−Lt) = wT
r
wl

exp(−Lt), t > 0

Lemma 3.[49] Suppose that the directed graph  sat-

isfies  Assumption  and the  Laplacian matrix  satisfies

, ,  and ,  where  and  de-

note  the  right  and  left  eigenvectors  of  Laplacian  matrix

,  respectively.  Then ,  where

 is a non-negative matrix with positive di-

agonal entries.

(22)

To  facilitate  the  convergence  analysis,  the  algorithm

 can be rewritten into the following compact form:

ẋ = v

v̇ = −kv − y −RLx
ẏ = −y +G(x)−RLz
ż = RLy
ṙ = −Lr

(23)

L ≜ L⊗ IN x, v, y, z ∈ RnN r = col(r1 , · · · , rN ) ∈
RNN R ≜ R⊗ In R = diag(r11 , · · · , rNN ) ∈
RN×N r (23)

d

L

(23)

r (23)

d

where , , 

 and  with 

. In this paper, the role of  in the algorithm 

is  to  estimate  the  left  eigenvector  of  the  Laplacian

matrix  associated with the zero eigenvalues so that the

equilibrium and the convergence of the algorithm  can

be analyzed. Now we first show that  in  converges

to the left eigenvector  in Lemma 4.

(1)

ri (22) ri(0)

ri(0) = (0, · · · , 0︸ ︷︷ ︸
i−1

, 1, 0, · · · , 0︸ ︷︷ ︸
N−i

)T limt→∞ri = d

i ∈ V

Lemma 4. For  the  convex  optimization  problem 

under Assumptions 1−3 and Definition 1, the trajectory of

 in  with  any  initial  condition  satisfying

 achieves  for

each .

ṙ = −Lr
(23) r = exp(−Lt)r(0)

d

L

dTL = 0N dT1N = 1

1N L

3

Proof. From the last equation  in the dynam-

ics ,  one  has  that .  In  view  of

Lemma  2,  we  obtain , which  is  a  positive  left  eigen-

vector of the Laplacian matrix  associated with the zero

eigenvalues  and  satisfies  and .  Since

 is the right eigenvector of the Laplacian matrix , we

can obtain from Lemma  that

limt→∞r =limt→∞exp(−bfLt)r(0) =

(1N dT ⊗ IN )r(0) = 1N ⊗ d. (24)

(24) limt→∞ri = d

limt→∞R = D D

The  equation  indicates  that  and

therefore , with  defined in Lemma 2.  □

(x∗, v∗, y∗, z∗, r∗) (23)

Based  on  Lemma 4,  we  then  analyze  the  equilibrium

 of the dynamics .

(1)

(x∗, v∗,

y∗, z∗, r∗) (23)

(x∗, v∗, y∗, z∗, r∗) = (1N ⊗ x∗, 0nN , 0nN , z∗, 1N ⊗ d)

z∗ DLz∗ = G(x∗)

Lemma 5. For  the  convex  optimization  problem 

under  Assumptions  1−3  and  Definition  1,  let 

 be  an  equilibrium of  the  dynamics .  Then

 with

 arbitrarily satisfies .

4 r∗ = 1N ⊗ d

R∗ = D d D

(x∗, v∗, y∗, z∗, r∗) (23)

Proof. In  view  of  Lemma ,  we  obtain 

and ,  with  and  defined  in  Lemma  2.  Since

 is the equilibrium of the dynamics ,

we substitute it into the dynamics (23) to obtain



0nN = v∗ (25a)
0nN = −kv∗ − y∗ −DLx∗ (25b)
0nN = −y∗ +G(x∗)−DLz∗ (25c)
0nN = DLy∗ (25d)
0NN = −L(1N ⊗ d). (25e)

(x∗, v∗, y∗, z∗, r∗) = (1N ⊗ x∗, 0nN , 0nN , z∗, 1N ⊗ d)

DLz∗ = G(x∗)

Similar to the analysis  in Lemma 1,  we can conclude

that 

with .   □

(23)

In  order  to  analyze  the  convergence  of  the  dynamics

 to the equilibrium, we first give Lemma 6 to help the

analysis.

1

ℓ

λ2(L̂) L̂

λ2(L̂) > 1 + ℓ k

Lemma  6. Let  Assumptions  1−3  and  Definition 

hold and assume that the Lipschitz parameter  and the

minimal  non-zero  eigenvalue  of  satisfy

 so  that  there  exists  a  parameter  such

that

2λ2(L̂)− ℓ− q < k < 2λ2(L̂)− ℓ+ q (26)

q =

√
λ2(L̂)− 1− ℓ

2
F (x, v, y)where . Then, the mapping 

defined as

 82 Machine Intelligence Research 19(1), February 2022

 



F (x, v, y) =

kL̂x+ ky

kv + 2y

y −G(x)

 (27)

µ µ ∈ R>0is -strongly monotone for some .

F (x, v, y) µProof. The  mapping  is -strongly mono-

tone if

col(x− x′, v − v′, y − y′)T[F (x, v, y)− F (x′, v′, y′)] ≥
µ∥x− x′∥2 + µ∥v − v′∥2 + µ∥y − y′∥2.

(28)

(28) (27)

(28)

In order to prove , we substitute  into the left

side of , one has that

col(x− x′, v − v′, y − y′)T[F (x, v, y)− F (x′, v′, y′)] =

k(x− x′)TL̂(x− x′) + k(x− x′)T(y − y′)+

k(v − v′)T(v − v′) + 2(v − v′)T(y − y′)+

(y − y′)T(y − y′)− (y − y′)T[G(x)−G(x′)].
(29)

(v − v′)T(y − y′) ≥ −∥v − v′∥∥y − y′∥
(x− x′)T(y − y′) ≥ −∥x− x′∥∥y − y′∥

(x− x′)TL̂(x− x′) ≥ λ2(L̂)∥x− x′∥2

x− x′ ̸= 1N ⊗ a a ∈ Rn

ℓ fi

3

Note  that  and

.  By  Lemma  2,  we

obtain  when we  as-

sume that  for some .  Besides,  by

the -Lipschitz  continuous  of  the  gradient  of  in As-

sumption , it follows that

− (y − y′)T[G(x)−G(x′)] ≥ −∥y − y′∥∥G(x)−G(x′)∥ ≥
− ℓ∥y − y′∥∥x− x′∥.

(29)Then,  can be calculated as

col(x− x′, v − v′, y − y′)T[F (x, v, y)− F (x′, v′, y′)] ≥
λ2(L̂)k∥x− x′∥2 − (k + ℓ)∥y − y′∥∥x− x′∥+
k∥v − v′∥2 + ∥y − y′∥2 − 2∥v − v′∥∥y − y′∥ =

∥x− x′∥
∥v − v′∥
∥y − y′∥

T

λ2(L̂)k 0 −k + ℓ

2

0 k −1

−k + ℓ

2
−1 1


∥x− x′∥
∥v − v′∥
∥y − y′∥

 .

(30)

(28) 3× 3

(30)

3× 3

(26) (28)

F (x, v, y) µ

It  is  obvious  that  holds  if  and  only  if  the 

matrix in  is positive definiteness. Some simple calcu-

lations  show  that  the  matrix is  positive  definite-

ness due to the condition . Thus,  holds, i.e., the

mapping  is -strongly monotone.  □
(1)

ℓ

λ2(L̂) λ2(L̂) > 1 + ℓ

k (26)

(22)

(xi(0), vi(0), yi(0), zi(0), ri(0)) ri(0) =

Theorem 2. For the convex optimization problem 

under  Assumptions  1−3  and  Definition  1,  assume  that 

and  satisfy  so  that  there  exists  a

parameter  that  satisfies  condition . Then,  the  tra-

jectory  of  dynamics  with  any  initial  condition

 satisfying 

(0, · · · , 0︸ ︷︷ ︸
i−1

, 1, 0, · · · , 0︸ ︷︷ ︸
N−i

)T xi(t) → x∗

t → ∞ i ∈ V

 achieve  asymptotically

as  for each .

w = col(x, v, y, z) x, v, y, z (23)

w

Proof. To  facilitate  the  subsequent  analysis,  we  set

,  and  the  dynamics  of  in 

can be rewritten in terms of  as
ẋ

v̇

ẏ

ż


︸ ︷︷ ︸

ẇ

=


v

−kv − y −DLx
−y +G(x)−DLz

DLy


︸ ︷︷ ︸

f(w)

+


0nN

(D −R)Lx
(D −R)Lz
(R−D)Ly


︸ ︷︷ ︸

g(w,t)

.

(31)

(31)

limt→∞g(w, t) = 0

ẇ = f(w)

Thus, we need to analyze the stability of system .

Due  to  the  analysis  of  Lemma  4,  one  has

.  Now,  we  first  prove  the  stability  of

, namely
ẋ = v

v̇ = −kv − y −DLx
ẏ = −y +G(x)−DLz
ż = DLy.

(32)

(32)

(23) (x∗,

v∗, y∗, z∗) (23)

x̃ = x− x∗ ṽ = v − v∗ ỹ = y − y∗ z̃ = z − z∗

(32)

Note  that  the  equilibrium of  is  the  same  as  the

dynamics .  Then,  we  transfer  the  equilibrium 

 of the dynamics  into the origin by letting

, , , . The  dy-

namics  under  the  new coordinates  can  be  described

as 
˙̃x = ṽ
˙̃v = −kṽ − ỹ −DLx̃
˙̃y = −ỹ + h−DLz̃
˙̃z = DLỹ.

(33)

(33) V

V

Thus, we only need to analyze the stability of the zero

solution of .  We construct a Lyapunov candidate ,

with  given below:

V =
1

2
∥kx̃+ ṽ∥2 + 1

2
∥ṽ∥2 + 1

2
∥ỹ∥2 + 1

2
∥z̃∥2 + x̃TL̂x̃. (34)

L̂ ≜ 1

2
(DL+ LTD)

V (33)

In view of  in Lemma 2,  the time-

derivative of  along the trajectories of  can be calcu-

lated as

V̇ =− kx̃TL̂x̃− kx̃Tỹ − kṽTṽ − 2ṽTỹ − ỹTỹ + ỹTh =

− (x̃T, ṽT, ỹT)


kL̂x̃+ kỹ

kṽ + 2ỹ

ỹ − h

 .

(35)

(27) F (x, v, y) VIn view of  of ,  the time-derivative of 

can be further calculated as
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V̇ = −(x̃T, ṽT, ỹT)[F (x, v, y)− F (x∗, v∗, y∗)]. (36)

µ F (x, v, y) (28)

6 V

By  the -strongly  monotone  of  and 

proved in Lemma , the time-derivative of  can be es-

timated as

V̇ ≤ −µ(∥x̃∥2 + ∥ṽ∥2 + ∥ỹ∥2) ≤ 0. (37)

x̃, ṽ, ỹ

x = x∗ v = v∗ y = y∗

(32) DLz =

G(x∗) (32)

Applying  Lasalle's  invariance  principle,  we  conclude

that  all converge to zero solution. Thus, we obtain

, , .  Inserting  these  results  into  the

right-hand  side  of  the  dynamic ,  one  has 

.  Therefore,  the  equilibrium  of  is asymptotic-

ally stable.

(32)

(31) (31)

(32)

(32)

g(w, t) limt→∞g(w, t) =

0 (31)

(23)

limt→∞ xi(t) = x∗

i ∈ V

Based on the stability of , we then study the sta-

bility of  the system . In fact,  system  can be re-

garded  as  the  perturbed  system  of .  Recall  the  fact

that  if  the  equilibrium  of  is  asymptotically  stable

and the perturbation term  satisfies 

, then the equilibrium of  is asymptotically stable[50].

Thus, the equilibrium of the dynamics  is asymptotic-

ally  stable  and  consequently  for  each

.  □
2

x− x∗ ̸= 1N ⊗ a a ∈ Rn

2

x− x∗ = 1N ⊗ a

r (23) d

L

t → ∞ x− x∗ = 1N ⊗ a

(23) x = x∗, v = y = 0nN

DLz = G(x∗)

x− x∗ ̸= 1N ⊗ a 2

Remark  6. In  the  proof  of  Theorem ,  we  assume

that  for .  Then, we further show

that the result of Theorem  still holds when we assume

that . In view of Lemma 4, we show that

 in  converges to the left eigenvector  of the Lapla-

cian  matrix  associated  with  the  zero  eigenvalues  as

. Inserting this result and  into the

dynamics , we consequently give 

and .  Therefore,  we  just  need  to  consider

 for the proof of Theorem .

(3)

(22)

(2)

Remark  7. The fundamental  algorithm  in  distrib-

uted  optimization  is  the  famous  approach  of  distributed

gradient  descent  with  diminishing  step  sizes,  where  only

the state variable is transmitted in the network. Despite

its  simplicity,  this  algorithm  has  its  own  disadvantage,

such  as  the  slow  convergence  due  to  diminishing  step

sizes. In our work, to improve the convergence speed, we

depart  from  adopting  the  above  first-order  algorithmic

structure. Instead, we use a second-order set up with the

hope  to  achieve  potential  faster  convergence,  merge  the

gradient  tracking  strategy  into  our  algorithms  and

 to ensure the satisfaction of the optimality condition

,  and  abandon  the  use  of  diminishing  step  sizes  to

avoid  slow  convergence.  However,  these  improvements

come at the cost of requiring more intermediate variables

to be transmitted in the network. 

5   Simulation

In this section, we illustrate the convergence perform-

ances of  algorithm (3) and algorithm (22) with two spe-

cific examples.  We  first  consider  a  networked  optimiza-

tion problem (1), with each local cost function given by

f1(x) =
1

2
e−

2
5
x +

1

10
x, f2(x) = x2 + e

1
10

x,

f3(x) =
1

5
x2 +

1

2
x, f4(x) =

1

5
e−

1
5
x + e

2
5
x,

f5(x) =
3

20
x2 − 3

10
x.

fi
fi

i = 1, 2, 3, 4, 5

G
L

These local cost functions are twice-differentiable and

strongly convex, and the gradients of  are Lipschitz con-

tinuous.  Thus,  satisfies  Assumptions  2  and  3  for

.  Besides,  the  interaction  of  the  network  is

represented  by  an  undirected  graph  in Fig. 1,  whose

Laplacian matrix  is given by

L =
1

8


3 −1 −1 −1 0

−1 1 0 0 0

−1 0 2 −1 0

−1 0 −1 2 −1

0 0 0 −1 1


λ1 = 0 λ2 =

109

1 250
λ3 =

1 727

10 000
λ4 =

4 523

10 000
λ5 =

2 689

5 000

x(0) = [3,−1,−2, 0, 2]T v(0) = [1,−1, 0, 0, 0]T y(0) = [−2,

0, 2, 1,−1]T z(0) = [0, 0, 0, 0, 0]T k =
1

8
(7)

with  eigenvalues , , , 

 and . We  set  the  initial  conditions  as

, , 

 and , and choose . It

can  be  checked  that  the  condition  in  Theorem  1  is

satisfied.

(3)

xi(t)

x∗ = − 189

1 000
f(x) =

1

5

∑5
i=1 fi(x) yi(t)

1

5

∑5
i=1 ∇fi(xi(t))

0

The simulation result of the algorithm  is shown in

Fig. 2. Fig. 2 shows that each  converges to the solu-

tion  point  of  the  global  cost  function

 in the algorithm (3). Also, each 

that  tracks  the  average  gradients  con-

verges to .

(3)

In addition,  we  illustrate  the  fast  convergence  per-

formance of the algorithm  compared with the first-or-

der  distributed optimization algorithm. Firstly,  the first-

order distributed optimization algorithm in [51] is shown

as follows:

 

1

2 3

4

5

 
Fig. 1     An undirected graph of five agents
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ẋi =
∑

j∈Ni

(xj − xi) +
∑

j∈Ni

(zj − zi)−∇fi(xi)

żi = −
∑

j∈Ni

(xj − xi). (38)

(38)

160

300

We apply the algorithm  to solve the convex op-

timization problem (1) with the same conditions and ini-

tial  values.  The  result  is  shown  in Fig. 3. From the  res-

ults of Figs. 2 and 3, it is easy to see that the converging

of  our  algorithm  in  (3)  is  s,  which  is  shorter  than

 s in (38).

fi
i = 1, 2, 3, 4 (1)

Then we consider the convergence performance of the

algorithm (22). The interaction of the network with four

agents are  depicted  by  the  strongly  connected  unbal-

anced  directed  graph  in Fig. 4,  and  the  cost  function ,

 in  the  convex  optimization  problem  are

defined as follows:

f1(x) = 2e−
1
5
x +

3

10
x, f2(x) = x2 + 2e

1
2
x,

f3(x) =
1

4
x2 − 1

10
x, f4(x) =

1

5
x2 +

1

2
x.

fiIt  can  be  checked  that  the  cost  function  satisfies

i = 1, 2, 3, 4

L

Assumptions 2 and 3 for . Besides, the Lapla-

cian matrix  of the unbalanced directed graph is given by

L =


2 −1 −1 0

−1 2 −1 0

−1 0 2 −1

−1 0 0 1

 .

ri(0)

(22)

x(0) = [3,−1,−2, 0]T v(0) = [1,−1, 0, 0]T y(0) = [−2, 0,

2, 1]T z(0) = [0, 0, 0, 0]T k = 4

(26) 6

With  the  initial  condition  defined in  the  al-

gorithm ,  we  set  other  initial  conditions  as

, , 

and , and  choose .  It  can  be

checked that the condition  in Lemma  is satisfied.

(22)

xi(t)

x∗ = −189

500
f(x) =

1

4

∑4
i=1 fi(x)

yi(t)
1

4

∑4
i=1 ∇fi(xi(t))

0 ri(t)(
1

3
,
1

6
,
1

4
,
1

4

)T
L

The simulation results of the algorithm  are shown

in Figs. 5 and 6. Fig. 5 shows that each  converges to

the solution point  of the global cost function

 in  the  algorithm  (22).  Also,  each

 that tracks the average gradients 

converges to .  In Fig. 6,  each  converges to the left

eigenvector  of  the Laplacian matrix  as-

sociated with the zero eigenvalue. 
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1 000
160 s (3) 0

Fig. 2     Time evolution of the state x and state y in the algorithm (3): (a) Each component of x in the algorithm   converges to 
in  ; (b) Each component of y in the algorithm   converges to  .
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5
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Fig. 3     Each   in the algorithm   converges to   in
 s

 

 

1
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4

 
Fig. 4     An unbalanced directed graph of four agents
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6   Conclusion and future work

In  this  paper,  we  design  continuous-time  distributed

second-order optimization algorithms to solve the convex

optimization  problem  over  undirected  and  unbalanced

directed  graphs.  Incorporating  the  estimation  scheme  of

the  left  eigenvector  of  the  Laplacian  matrix  associated

with  the  zero  eigenvalues,  we  successfully  modified  our

initial algorithm to apply it to the distributed convex op-

timization over unbalanced directed graphs. Moreover, by

relating  the  optimal  solution  to  the  equilibrium  of  our

proposed  optimization  algorithms  and  referring  to  the

strategy  of  gradient  tracking,  our  algorithms  can  ensure

that  all  agents  asymptotically  converge  to  the  optimal

solution of  the  algorithms  under  constant  step  size.  Fu-

ture, work may be directed towards applying our second-

order algorithms to distributed convex optimization prob-

lems with equality and inequality constraints. Meanwhile,

the  main  challenge  of  this  future  work  is  to  analyze  the

convergence  and  run  the  simulation  in  the  presence  of

gradient projection. 
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