IEEE/CAA JOURNAL OF AUTOMATICA SINICA, VOL. 11, NO. 7, JULY 2024

1631

Selt-Triggered Set Stabilization of Boolean Control
Networks and Its Applications

Rong Zhao

Abstract—Set stabilization is one of the essential problems in
engineering systems, and self-triggered control (STC) can save the
storage space for interactive information, and can be successfully
applied in networked control systems with limited communica-
tion resources. In this study, the set stabilization problem and
STC design of Boolean control networks are investigated via the
semi-tensor product technique. On the one hand, the largest con-
trol invariant subset is calculated in terms of the strongly con-
nected components of the state transition graph, by which a
graph-theoretical condition for set stabilization is derived. On the
other hand, a characteristic function is exploited to determine the
triggering mechanism and feasible controls. Based on this, the
minimum-time and minimum-triggering open-loop, state-feed-
back and output-feedback STCs for set stabilization are designed,
respectively. As classic applications of self-triggered set stabiliza-
tion, self-triggered synchronization, self-triggered output tracking
and self-triggered output regulation are discussed as well. Addi-
tionally, several practical examples are given to illustrate the
effectiveness of theoretical results.

Index Terms—Boolean control networks (BCNs), output regulation,
self-triggered control, semi-tensor product of matrices, set stabiliza-
tion, synchronization.

1. INTRODUCTION

OOLEAN networks (BNs), introduced by Kauffman in
1969 to model gene regulatory networks [1], have
aroused significant research interest. This booming filed of
research is mainly attributed to two aspects: One is the signifi-
cant application prospects in systems biology including cell
differentiation, immune response, biological evolution, neural
networks and gene regulation [2], and the other is the emer-
gence of a powerful tool, called the semi-tensor product (STP)
[3]. By resorting to the STP, an algebraic state-space represen-
tation is established for BNs and Boolean control networks
(BCNs), which has greatly contributed to the development of
BNs and BCNs. Moreover, the framework of BCNs has been
extended to various engineering applications and dynamical
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systems, such as discrete-event systems [4], networked evolu-
tionary games [5], encryption and face recognition [6], and so
on.

Stability and stabilization are fundamental issues in control
systems, which determine whether a system converges to or
can be stabilized to a single point. Cheng et al. [7] took the
lead in studying the stability and stabilization of BNs and
BCNs and presented some algebraic criteria. Subsequently,
the designs of state-feedback stabilizers [8] and output-feed-
back stabilizers [9] were investigated. As promotions of sta-
bility and stabilization, set stability refers to whether a BN can
converge to a given subset, and set stabilization focuses on
whether there exists a controller to stabilize a BCN to a given
subset [10]. Correspondingly, different control strategies have
been adopted for set stabilization, such as state-feedback con-
trol [11] and output-feedback control [12], [13], sampled-data
control [14], event-triggered control [15] and pinning control
[16]. The typical problems of set stability/stabilization, syn-
chronization [17], output tracking [18] and output regulation
[19] have important applications in practical engineering, such
as the therapeutic intervention of diseases, attitude tracking of
aircraft, and operational control of robots, etc.

Traditional control laws, requiring continuous network com-
munication and updating of the controller, inevitably lead to
communication limitations, network congestion, resource
waste and other problems [20], [21]. In order to overcome
these issues and reduce the waste of unnecessary computation
and communication resources, event-triggered control (ETC)
[22] and self-triggered control (STC) [23] came into being.
The difference between ETC and STC is that the former is
passive, while the latter is active. As a matter of fact, in ETC,
triggering conditions based on the current measurement are
continuously monitored. Once the triggering conditions are
satisfied, an event is triggered and the control task is then exe-
cuted [24], [25]. In STCs, the next update time is pre-calcu-
lated at the current triggering moment based on previously
received data and knowledge about the system dynamics [26].
Compared with ETCs, STCs can avoid continuous monitor-
ing of the system state by event triggers, and thus can signifi-
cantly reduce the computational resources.

In the study of BCNs, ETCs have attracted much attention.
For instance, the event-triggered stabilization of BCNs [27]
and Markovian jump BCNs [28], and event-triggered set sta-
bilization of switched BNs [15] were comprehensively dis-
cussed. The optimal ETC strategy for stabilization of BCNs
was obtained in [29] as well. In addition to stability problem,
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ETCs were also applied to the research of observability of
Markovian jump BNs [30] and robust invariance of proba-
bilistic BCNs [31]. With regard to STCs for BCNs, there are
only a few related works up to now. Acernese et al. [32]
designed the state-feedback self-triggered scheme for the
model-free stabilization problem by the Q-learning technique.
Meng et al. [33] combined Lyapunov function theory to
derive open-loop self-triggering conditions for stabilization
depending on known state-feedback stabilizers. Bajaria et al.
[34] first developed a Q-learning random forest algorithm to
design state-feedback controllers for stabilization, and then
followed the idea of [33] to devise STC strategies. It should be
pointed out that the methods of [32], [34] are model-free, and
the method of [33] is model-based. But the core idea of [34] is
consistent with [33], where state-feedback controllers need to
be designed in advance.

From the aforementioned overview, it can be seen that the
self-triggered set stabilization of BCNs still have a great deal
of research space worth exploring. In the most of the existing
works on the set stabilization problem [7], [10], [13], [35], the
obtained discriminate conditions are usually algebraic criteria,
which have high computational complexity and are not intu-
itive enough. Moreover, in the research of STCs of BCNs
[32]-[34], only stabilization problem is considered. However,
there is no study of STCs for set stabilization, and the self-
triggered scheduling in [33], [34] depends on pre-designed
state feedback controllers. To cope with the above problems,
we first give intuitive graphical criteria for set stabilization by
resorting to the strongly connected components of the state
transition graph in Section IV, and then develop a general
method to design the self-triggered set stabilizers in
Section V. The main contributions of this paper are high-
lighted as follows.

1) By resorting to Tarjan’s algorithm, graphical criteria for
the largest control invariant subset and set stabilization are
provided. Compared with the existing results, our results
reduce the computational complexity significantly (see
Remark 2).

2) A characteristic function is employed to determine the
triggering mechanism and feasible controls. Correspondingly,
the minimum-time and minimum-triggering open-loop STCs
(OLSTCs), state-feedback STCs (SFSTCs) and output-feed-
back STCs (OFSTCs) for set stabilization are designed. Com-
pared with [33], [34], our STC schemes do not require a
state-feedback controller to be designed in advance. Besides,
only OLSTCs and SFSTCs are studied in [32]-[34] (see
Remark 4).

3) The results of self-triggered set stabilization is also
applied to self-triggered synchronization, self-triggered out-
put tracking and self-triggered output regulation. To the best
of our knowledge, there is no literature on the design of STCs
for synchronization, output tracking and output regulation of
BCNs up to now.

The remainder of this paper is organized as follows. Sec-
tion II includes some preliminaries. Section III presents the
problem formulation. Section IV characterizes the set stabi-
lization problem from a new standpoint. Section V discusses
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the design of minimum-time and minimum-triggering STCs
for set stabilization. Section VI contains the applications of
self-triggered set stabilization. Section VII provides a brief
conclusion.

II. PRELIMINARIES

In this section, the STP of matrices and the algebraic state-
space representation of BCNs are reviewed. Some notations
used in the sequel are listed below:

1) N: The set of non-negative integers.

2) R™: The set of m X n real matrices.

3) [m,n]={m,m+1,...,n},m<neN.

4) |- |: The cardinality of a set.

5) || lleo: The infinite norm of a vector.

6) sgn(-): The symbolic function. Specifically, sgn(x) equals

1 for x>0, 0 for x =0, and —1 for x < 0.

7) MT: The transpose of matrix M.

8) Col;(M): The i-th column of matrix M.

9) [M]; j: The (i, j)-element of matrix M.

10) A, = {6%i = 1,2,...,m}, where &', = Col;(I,,), and I, is
the m x m identity matrix.
11,=[1,1,...,117,0,=[0,0,...,0]", n e N.
~—— ——
n n
12) B ={0,1}; B™": The set of mxn Boolean matrices;
B" = anl.

13) Sli1 in -+ in]: A logical matrix [S5, 82 --- §™].

14) Lxn: The set of m x n logical matrices.

15) ®: The Kronecker product of matrices; *: the Khatri-
Rao product of matrices; ®: The Hadamard product of
matrices.

Then, the STP is introduced. Further properties about STP

can be found in [3].

Definition 1 [3]: Let M € R®? and N € R, The STP of M
and N is defined as M <N =(M®I.;,)(N®I.), where e is
the least common multiple of b and c.

Note that when b =c¢, STP degrades into the traditional
matrix product. Without confusion, the symbol < is omitted
throughout this paper.

The following lemma is fundamental to convert logical
functions into algebraic forms equivalently.

Lemma 1 [3]:

1) Given a logical function f : B" — B, there exists a unique
matrix F¢ € Loxon such that

2—f1 98 50000 &0
05 = F
where x; €B, x; =6§_X’ €Ay and Fy is called the structure
matrix of f.

2) Assume y=Fy=! x;, z=F;x! x; where x; €Ay,
i= 1,2,...,1’1, Fy, FZ € szzn. Then,

yz=(Fyx Fo)<iLy xi

where  M,*F, = [Coli(Fy) ® Coli(Fy),...,Coln(Fy) ®
Colyn(F,)].

III. PROBLEM FORMULATION

Consider a BCN with n state nodes, m input nodes and p
output nodes
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x((t+ 1) = fi(u@),...,0,(0),X1(D),.... X (1))
X2(t+ 1) = f2(ul(f)’ e ,um(t),X1(t), .. ’Xn(t))

: M
X (14 1) = fu(u(@),...,0p(0),X1 (D), ..., Xu (1))

yj(0) =gixi®),....x,®), j=12,....p
where x;(f) €B, wi(r) €B and y;(¥) € B represent the state,
input and output of BCN (1), respectively, and f; : B™*" — B,
gj:B" — B are logical functions. Based on Lemma 1, the
equivalent algebraic state-space representation of BCN (1) is

{x(t+ 1) = Lu(t)x(r) .
y(1) = Hx(1) @)
where x(1) ==I_, xi(t) € Agn, u(t) = > ux(t) € Aym and y(t) =
xleyj(t) € App. Moreover, L=Fp xFp%---xFp € Longomen
and H = Hgy % Hg, %% ng € Lorxon, where Fp € Loxomen
and Hg, € Loyon are the structure matrices of f; and g;, respec-
tively.

For an initial state x(0) = xo € Ap» and an input sequence
U = {u(®)}?2, the state trajectory of BCN (2) is denoted by
x(t;x0,U), t € N. The set stabilization problem is introduced as
follows.

Definition 2 [10]: Given a target set M C Ay, BCN (2) is
said to be M-stabilizable, if for any initial state xo, there exist
an input sequence U and an integer 7 (xp, U) such that

x(t;x0,U) € M, Yt > T (xp,U). 3)

Denote by T,,(x9,U) the smallest integer satisfying (3).
Then T,,(xo) := minT,,(xp, U) is said to be the shortest transi-
tion period of xo and T, := maxyyea,, Tim(xo) is said to be the
shortest transition period of BCN (2).

In general, the self-triggering mechanism of a control sys-
tem can be depicted by Fig. 1. Corresponding to BCN (2), an
open-loop self-triggered controller (OLSTC) can be described
as

{u(t) =u(ty) € U{x(t)}, t € [t trrr — 11 @)

tiv1 = tx + m(x(t)
where f, k € N is the triggering moment with #o = 0, m(x())
is the interval between two execution moments, and U{x(#;)}
is the set of feasible controls at moment 7. Further, the state-
feedback self-triggered controller (SFSTC) and the output-
feedback self-triggered controller (OFSTC) are in the form of

{M(t) = Kx(t), t € [ti, trr1 — 1] )

o1 = e+ 71 (x(5))

{u(t) = Gy(ty), t € [tg, trr1 — 1] ©)
fre1 = te+ 2 ()

where K € Lomyon and G € Lomyop are the feedback gain matri-
ces, and 71 (x(t)), 2 (y(tx)) are the triggering intervals.
Remark 1: Different from the ordinary control law, (4)—(6)
show that an STC is composed of two parts. One is the selec-
tion of feasible controls, and the other is the design of the trig-
gering mechanism. In other words, the feasible controls and
triggering mechanism should be devised simultaneously.
Obviously, if #;+1 —# = 1 holds for all k € N, then STCs (4)—
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[Actuator ]—{ Plant H Sampler ]—

by x(t)
Triggering
ZOH scheduler

17
u( A)

Fig. 1. Block diagram of the STC framework. ZOH represents the zero-
order hold.

(6) are trivial, i.e., (4)—(6) degrade into ordinary controllers.

Definition 3: STCs (4)—(6) are said to be minimum-time and
minimum-triggering M-stabilizers, if under which, BCN (2)
is M-stabilizable with the shortest transition period and the
number of triggering moments of STCs (4)—(6) is the least.

The objective of this paper is to characterize the M-stabi-
lization from a graph-theoretical perspective that is different
from the algebraic criteria in [7], [10], [13], [35], and then
design all possible minimum-time and minimum-triggering
OLSTCs, SFSTCs and OFSTCs for M-stabilization.

IV. SET STABILIZATION

In this section, set stabilization problem is discussed and
new criteria are obtained. Given an initial state, the trajectory
of a BCN will enter into a stable structure, which is usually
called the control invariant subset.

Definition 4 [10]: A subset M; € M is said to be a control
invariant subset (CIS) of M, if for any xg € M, there exists a
control sequence U such that x(#;x9,U) € My, YreN. The
union of all CISs of M, denoted by I 5, is said to be the
largest CIS (LCIS) of M.

To interpret the set stabilization of BCNs with a new per-
spective, some knowledge of graph theory is introduced,
where we can refer to [36]. A directed graph consists of a set
of vertices V and a set of directed edges ECVXYV. A
sequence of directed edges (vi,Vvi,) = (Viy,Viy) = -+ —
(vi,_,»Vvi;) is called a path from v;, to v;,. A subset of vertices is
called strongly connected if each vertex has at least one path
to all other vertices. A strongly connected component (SCC)
is a maximal strongly connected subset of vertices. The SCC
composed of only one single vertex v with (v,v) ¢ & is called
trivial, and is called non-trivial otherwise.

The state transition graph (STG) of BCN (2) is a directed
graph, which is defined as G = (V(G),E(G)) with V(G) = Ao
and &(G) = {(65,,65)I[Al}; = 1}, where A =sgn(Llym). Let
Gl be the induced subgraph! of G with respect to M. Denote
by S).S%.....8% all non-trivial SCCs of Gly, and
SlT,S%,...,SﬁT all trivial SCCs of G|y, where 0 <a, 8 <2"
and a+B > 1. By means of Tarjan’s algorithm?, all SCCs of
GIpm can be obtained. Then, the following proposition is made
to obtain the LCIS of M.

! The induced subgraph G| is the subgraph of G, which has M as its set of
vertices and contains all the edges of G that have both endpoints in M.

2 Tarjan’s algorithm is a linear-time algorithm proposed by Tarjan [37] to
solve the SCCs of a directed graph.
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Proposition 1: I pq# 0 if and only if G| has at least one
non-trivial SCC, i.e., @ > 1. Moreover, if a > 1, then 7 p( can

be determined by
LS =M =0

o { o1 U?:l SySp. Bz1
where S} = SJ% if there exists a path from S’% to UL, S§v= oth-
erwise S‘JT =0.

Proof (Sufficiency): Assume « > 1. For any (5;1,1 # 6;2,1 € Sﬁv,
6'2',, and 6’22n are strongly connected. That is, there exist two
paths

(7

&)

60 = (60, 60) = o — (6060 — (8]

02
2n 9 2)1 9 2)1 9 62” )

I j’ j, j, j,/_ j// J.,/ I
(623156211) - (52:1’6231) — (62/n Ivazln) - (62/71 aézln)

where 6?,1,5;’,: € Sjv, te[L,1], ¥ €[1,I']. Note that (6;1,1,6’22,,) €
&(GIn) if and only if [Al,,, =1, ie., there is a control
u € Aoym such that Luétzl,, = tzz,, Therefore, there exist two con-

trol sequences Uy, U, such that

X610 U eS8, te[l,]]

27!7
X565, Un) € Sy, 1 €[1,0] ®)
x(U+ 1360, Up) = 65, x(I' +1:65,, Ua) = 63

Hence, it follows from Definition 4 that each Sﬁv is a CIS,
and UL, S\ CTp#0. If B=0, then, Ty M=UL, Sk,
which yields 7y = UL, Sjv =M.

A'If B> 1 and for any (54,1 € U/j.:l 3/},' there exists a path from
&5, to s, Sk, then there exist S}, 67, € S, and a path

53— (64,04

(01,,601) = (611,62) = - > (871 i

2il7 2" b
where 5%’,, € U’Z;ZIS]%, t€[1,1]. Hence, there exists a control
sequence U3 such that

r6l Uyel P & reqli
{X( P 3) U/:l T [ ] (9)

x(1+1:60,,Us) e S,
By Definition 4, (8) and (9) show that % | U’le S8l isa
CIS. Thus, U%, U?ZlSjVS§ C T p. Next, we prove that any
CIS of M is contained in [ J;_, U?:1S§v$§~ By contradiction,
assume that M; is a CIS of M, but M; ¢ U%, U[;:lSjvSJT'.
Since M = Ji_, U?:l S;,S;, there must exist SJT'/ = {65,,} M
satisfying SJT/ =0, i.e., there is no path from S’; to U?ZlSjv.
Thus, for any control _sequence U, there exists an integer
k"> 1 such that x(k’;6},,U) € Ay \M ¢ M,. This contradicts
the fact that M; is a CIS, and therefore I (=
o Ui S
Proof (Necessity): If G|y does not have non-trivial SCCs,
then M = Ufz ! S;. This means for any xy € M and any con-
trol sequence U, there exists Ty such that x(To;xo,U) ¢ M,

which contradicts with 7 ¢ # 0. [ |
Similarly, all SCCs of G, denoted by S1,S5,...,S,, can be
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derived immediately using Tarjan’s algorithm. Combining
with Proposition 1, a new criterion for the set stabilization of
BCNs is obtained.

Proposition 2: BCN (2) is M-stabilizable if and only if G|
has at least one non-trivial SCC, and for each S; of G satisfy-
ing S; (2 p = 0, there exists a path from S; to 7 p, i € [1,7y].

Proof: By Proposition 1, the existence of the non-trivial
SCCs of G| is equivalent to 7 p(# 0. According to [10],
BCN (2) is M-stabilizable if and only if it is J p(-stabilizable.

Sufficiency: Evidently, the SCCs of G satisfy Uiy:] Si = Apn
and $;NS;=0, Vi# je[l,y]. Thus, for any xo € Ay, there
exists a unique S; such that xy € S;. Two cases should be con-
sidered.

Case 1: SiNIpm#0. Assume £ € S;( I . Then, we can
find a control sequence U and an integer 7| such that
x(T1;x0,U) = % € I p4, since xp, X € S; are strongly connected.

Case 2: S8i(Z p = 0. In light of the conditions, there exists
a path from S; to 7 5¢. Then there is also a path from xg to 7 p(
as xo € S;.

Necessity: I # 0 is obvious. Assume that for S;(N Iy =
0, there is no path from S; to 7 5¢. Then for any xy € S; and
any control sequence U, either x(t;xp,U) € S; or x(t;x0,U) €
Delta\I p, ¥t € N. This is a contradiction. [ |

Obviously, BCN (2) is controllable if and only if y = 1, i.e.,
G has only one SCC. Then, the following corollary is appar-
ent.

Corollary 1: If G has a unique SCC, then BCN (2) is M-
stabilizable if and only if G|z has at least one non-trivial
SCC. In other words, a controllable BCN is M-stabilizable if
and only if 7 p( # 0.

Remark 2: As is well-known, the complexity of Tarjan’s
algorithm is O(|'V|+1&|). To calculate 7 5¢ and determine the
M-stabilizability, we need to get the SCCs of G|y and G by
Tarjan’s algorithm, respectively. Note that |V(GIy)| = IM|,
IEGIN)| < IMP? and |V(G)| =2", [E(G)] < 2%". Thus, the time
complexities of Propositions 1 and 2 are O(M|?) and O(2°"),
respectively. Besides, when M = {x.}, the set stabilization
degrades into the stabilization. Compared with the existing
works, our results reduce computational complexity, which is
shown in Table I.

Example 1: Consider a biological example: the lambda
switch. Laschov and Margaliot built the following BCN
model for the lambda switch [38]:

N+ 1) ==cl(t) A (=cro(t))

cl(t+1)==cro(®) A(cI(?) V cll(?))

clI(t+1) ==cl(t) Au(t) A(N() V cllI(1))

cllI(t) = —cl(t) Au(t) AN(1)

cro(t) = =cl(t) A (=cll(t))

y(@) = cl(®) A (=cro(?))

where N,cl,cll,clll,cro € B represent the phage genes, and
u,y € B are the input and output. Based on Lemma 1, (10) can

be converted into the algebraic form (2) with x(¢) € A3y, u(t) €

Ay and L =03p[32 24 32 24 32 24 3224262262259
25 9 32 24 32 24 32 24 32 24 28 4 32 8 27 11 31 15 32
24 32 24 32 24 32 24 32 832831 1531 1532 24 32 24

(10)
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TABLE I
COMPLEXITY
Problem Result Time complexity Space complexity
Proposition 1 oM O(MP)
LCIS Proposition 2 [10] oM |23m) 02>
Proposition 2 [13] o(MP) O(M2")
Proposition 2 0(2%) 02
M -stabilization Proposition 5 [10] 0% o)
Proposition 5 [35] o@2*) o™
Proposition 2 0(2%) 02
X,-stabilization Theorem 5.18 [7] 0(23m+m2"y O(22n+m2"
Corollary 1[35] 0@ o™

32 24 32 24 32 8 32 8 31 15 31 15] € Lapxea, H=02[2
121212121212121222222222222
2 22 21€ Loy,
_ (56 12 515 24 25 28 <29
Let the target set be M= {(532, 035> 0335 035, 033, 035, 035,
63;, 5%%}. By resorting to Tarjan’s algorithm, we can deter-
mine that the induced subgraph G|y has 7 SCCs including 3
non-trivial SCCs S}, - {6;3,6553, 5235}, 32% = {535‘2*}, %fg = {ig;}
and 4 trivial SCCs S} ={03,}, S7 =105}, S ={o53}, 7=
{6;%}, which are also shown in Fig. 2. By Proposition 1, we get
that

i QJ _ (56 <15 24 25 29 31 32
SNST - {632’632’632’632’632’632’632}'

3
IM:U

Fig. 2.
SCC. The ovals represent the nontrivial SCCs and the circles represent the
trivial SCCs. The states in the dotted box constitute 7 4.

The induced subgraph G|y in Example 1. Each color represents an

Furthermore, the STG G of BCN (10) is shown in Fig. 3,
which is composed of 30 SCCs. Using the graph theory tool-
box of Matlab, it is easy to verify that for S;( 1 o = 0, there
exists a path from S; to 7 5. Then it follows from Theorem 2
that BCN (10) is M-stabilizable.

V. SELF-TRIGGERED CONTROL DESIGN

In this section, the self-triggered strategies including open-
loop and closed-loop cases are designed.

Note that if BCN (2) is not M-stabilizable, then there is no
STC to guarantee M-stabilization. Besides, M-stabilization
can be easily verified by Propositions 1 and 2. Thus, the fol-
lowing assumption is reasonable.

Assumption 1: Throughout this section, BCN (2) is assumed
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to be M-stabilizable.
A series of vectors induced by 7 are iteratively con-
structed as follows:

{vkaM) = sgn| ATV (Tp)], kell,2"]

_ o (n

VU(IM) - Zé;nEIM 52}1 € B
where A = sgn(L1,n). Clearly, if BCN (2) is M-stabilizable,
then there exists a unique integer w € [1,2"] such that

Vol pm) < VitZ p) <+ < V(I p) = 1. (12)

In fact, w=T,, ie., @ is exactly the shortest transition
period of BCN (2). Otherwise, if w # T}, then there exists
Xy € Axn such that T,,(x) > w+1, which is a contradiction,
since V(I p) = 1o» means that any state xo € Ap» can reach
I pin o steps.

To determine the minimum-time and minimum-triggering
STCs, we define a characteristic function ¢ : Ay» — [0,w] of
BCN (2) by

w

D ixe Vi@ - Vi@ )]
=0

P(x) =

(o)

where V_;(Z pq) = 0n. The characteristic function ¢ is used to
achieve the co-design of feasible controls and triggering
mechanism. Based on the characteristic function, for a state
X € Apn, two integers p > 1 and p > 0, we denote

U, {x} = {ulp((Lu)'x) - ¢((Lu)''x) < 0, € [1,p]}

Uplx} = {ulg((Lu)'x) = 0,1 € [0,p]}.

Clearly, U,{x} and ﬁp{x} contain all possible controls such
that the value of the characteristic function is non-increasing
along the trajectory of BCN (2) starting from initial state
Xx € Apn in time periods [1,p] and [0,p], respectively. More-
over, we have Uy{x} 2 U,41{x} and ﬁﬁ{x} 2 f],3+1{x}. Then, let

w1 (x(1)) = max{p|Up{x(t0)} # 0,p € [1,w])
p2(x(1)) = max {0 Xtk + 1 (K1)} # 0, € (0,17 1)

where max @ = 0. One sees that u;(x(#)) is actually the maxi-
mum number of steps that keeps the value of the characteris-
tic function ¢ strictly decreasing starting from x(f). u2(x(#))
is the maximum number of steps that makes the value of ¢
equal O starting from x(tx +u(x(tx))). From the analysis
above, we have the following lemma that is used to devise the
minimum-time and minimum-triggering STCs.

Lemma 2: 1) puy (x(t)) = 0 if and only if x(#;) € 1 p.

2) pa(x(tr)) >0 if and only if x(txr)eZp or x(f+
u1(x(t)) € I pm. _

Proof: In light of (12), for any ¢, € Ayn, there exists a
unique k(7) € [0, w] such that (5i,, o [Vk(i)(IM) - Vk(i)—l(]M)] =
65, Thus, we have

Sy J = k(i)

S OIViTp) = Vit (T p)] =
) o[ j( M) Jj 1 M)] {Ozlz,jik(l')

which indicates that
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Fig.3. The STG G of BCN (10) in Example 1 consisting of 30 SCCs. Each color represents an SCC.

D5 OV A0 = Vit (T 0]
Jj=0

$(S5) =

(e8]

= ||k @ IVAI p0) = Vit (a0,

= k@4 ||, = k).
1) Given a state x € J yy, it holds that for any u € Apm,

d(Lux)—¢(x) >0, Lux ¢ I pq
{¢(Lux) —¢(x) =0, Lux e I pq.
Therefore, if x € 1 o, then for any p > 1, Uy(x) = 0, which
means ui(x)=0. If x¢ 7y, then we know from (12) that
there exist k € [1,w] and u € Aom such that

{XG Vi p) = Vet (T p0] = x
Lux©[Vi-1(Z p) = Vie2(I m)] = Lux
which implies

d(Lux)—p(x)=k—1-k=-1<0.

Hence, for any x ¢ I 5, we have Uj{x} #0, so uj(x)>1>
0. The argument above shows that u;(x(#;)) = 0 if and only if
x(t) € IM.

2) Apparently, U;{x} # 0 if and only if x € 7. If x(1) €
T . then x(tg + 1 (x(t0))) = x(tx) € I o1, which means U {x(re+
()N} = U{x(t)} # 0, and therefore wuo(x(fx)) > 1> 0. If
x(tx) & I pq, then py(x(2x)) > 0, which yields that o (x(;)) >0
when x(t + 1 (x(t))) € I pq and pp(x(ty)) = 0 otherwise. [ |

For simplicity, we denote U{x(t)}: = Uy e (x@)) N
Ijﬂz(x(,k)){x(tk +u1(x(#%)))}. Together with Lemma 2, the fol-
lowing theorem gives the criteria for the design of OLSTCs.

Theorem 1: OLSTC (4) is a minimum-time and minimum-
triggering M-stabilizer, if and only if 7(x(;)) and U{x(#)} are
designed as follows.

1) If py (x(fx)) = 0 nd pa(x(t)) > 0, then

{JT (x(tx)) = po(x(tr))
Ulx(10)} = Uy (e (220}

(13)

2) If 11 (x(1x)) > 0, pa(x(#)) > 0 and Ufx(t)} = 0, then

{ﬂ(x(tk)) = p1(x(te)) (14)

U{x(t)} = Uy, e 120}

3) If 1 (x(0)) > 0, o (x(#)) > 0 and U{x(x)} # 0, then
{ﬂ(x(tk)) = py (x(t)) + p2(x(x)) (15)
Ufx(r0)} = Ufx(r)}-

Proof: Firstly, OLSTC (4) is a minimum-time M-stabilizer
if and only if under (4), the state trajectory of BCN (2) start-
ing from any initial state xo can reach 7 5 in the shortest path.
Actually, from (11) and (12), w is the shortest transition
period. Secondly, OLSTC (4) is minimum-triggering if and
only if the transition period is minimum and the triggering
interval m(x(#;)) is maximal for any k € N. In what follows,
four cases are taken into account to determine the triggering
interval.

Case 1: ui(x(ty)) = 0 and pp(x()) > 0, which means x(#;) €
I pm. It is evident that for any u € ﬁﬁ{x(tk)},

P((Lu)' x(1)) = 0, Vr € [0,p].
Then, to guarantee the minimum time and minimum trigger-
ing, m(x(tx)) should be determined by

n(x(t)) = max {pl0p{x(t)} # 0,4 € [0,17 mll} = pa(x(tx)

which indicates U{x(#;)} = ﬁﬂz(x(,k)){x(tk)}. At this time, x(7) €
I pq holds for all £ € [#, tx+1].

Case 2: uy(x(ty)) > 0, ua(x(t)) > 0 and U{x(z)} = 0. In this
case, x(tx) € I p, x(tx+u1(x(tg)) € p, and for any ue
Uy, on 110}, any 7€ [1, 01 (x(t))] and 7 € [1, o (x(x))],

¢ (L)1) = ¢ (L)™' x(10)) < 0 (16)
P(x(tx + p1 (x(1)))) = 0 (17)
¢ (L) x(tx + 11 (x(12)))) # 0. (18)

Immediately, (16) ensures the minimum time. Further, (17)
and (18) mean that the maximal interval m(x(;)) should be

p1(x(t)). That is 1 =t +p1 (x(#)) and U{x(#x)} = Uy, (x() X
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{x(tr)}, which yields that x(tx+1) € 7 pm.

Case 3: ui(x(tx)) > 0, ua(x(t)) > 0 and U{x(t)} # 0. In this
case, x(tx) & I pm, x(ty +p1(x(tr))) € I o, and there exists u €
U{x(#;)} such that for any 7 € [ 1, (x(t))] and 7 € [0, u2 (x(#))],

¢ ((Luyx(t) - ¢ (L™ x(10)) < 0 (19)

& (L x (ti + 1 (x(0)))) = 0. (20)

Similarly, (19) makes sure the minimum time. Inequalities
(19) and (20) indicate that the maximal interval m(x(t))
should be 1 (x(1)) +p2(x(1r)). Then, frsy = i+ py (x(1))+
wa(x(tx)) and U{x(x)} = U{x(#;)}, which implies that x(tz+1) €
I pm.

Case 4: uy(x(tx)) > 0 and uy(x(#x)) = 0. In this case, x(#) ¢
T p and x(ty + py(x(2x))) € I o, which means ﬁyz(x(zk)){x(tk+
1 (x(#))} = 0, and thus Ufx(t)} = 0. For any u € U, (x5 ¥
{x(#x)}, condition (16) still holds. Thus, m(x(#;)) and U{x(;)}
should also be determined by (14) to guarantee the minimum
time and minimum triggering. Then, we have

{X(tk+1) = x(tc + p1(x(#6)) € I m
p(x(1) > p(x(t + 1)) > -+ > p(x(1x41)) > 0.
Repeating the process above, there must exist k such that
Pt >0 and G(x(ty, g+ (LN =0, e, x(1,p) ¢
I pp, x(ty o + 1 (x(t,,.2)) € 2 pq- So, this boils down to Case 2
or Case 3, both of which ultimately evolve into Case 1.
In conclusion, Cases 1—4 show that for any initial state
x(0) = x(tg), under OLSTC (4) designed by (13)—(15), the
state trajectory of BCN (2) will enter into 7 ¢ and then stay at

7 pq in minimum time and minimum triggering. [ ]
From Theorem 1, we have the following result for SFSTCs
naturally.

Corollary 2: SFSTC (5) is a minimum-time and minimum-
triggering M-stabilizer, if and only if K and 7;(x(#;)) are
designed by

1(x(t)) = m(x(te))
{Col J(K) e Ush, ), ie[1,27]

where m(x(;)) and U{(Sén} are designed in Theorem 1.

In terms of the output information, we further discuss the
OFSTC M-stabilizer based on Theorem 1 and Corollary 2.

Theorem 2: OFSTC (6) is a minimum-time and minimum-
triggering M-stabilizer, if and only if for any je[1,27],
T ={il[Col;(H")]; = 1} # 0 implies ey, U{%,) # 0. More-
over, if the above-mentioned condition holds, then G and
2(y(t)) should be designed by

er, ULl ),
COlj(G)E {ﬂzeT_, { 2 }
Aom,
and

(1)) = min{r(x(t))|x(t) € Agn,y" (1) Hx(ti) = 1).
Proof: Since u(t) = Gy(ty) = GHx(t), we see that an OFSTC
is a special SFSTC. Assume G =dm[01,02,...,020] and
H= (52p [/’ll,hz, e ,l’l2n]. In view of GH = 62m [th sOhys++sOhon ],
there exists an output-feedback gain matrix G € Lomxop, if and
only if there exists a state-feedback gain matrix K = dom [k,
K2,...,kon] such that h; = hy, i # i’ implies «; = k7. Note that
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T;# 0 means that h; = j holds for all i€ ;. Consequently,
based on Theorem 1 and Corollary 2, OFSTC (6) is a mini-
mum-time and minimum-triggering M-stabilizer, if and only
if T'; # 0 implies ﬂie'rj U{(S;,,} # (. Meanwhile, Col;(G) corre-
sponding to T;#0 takes value from ﬂie‘rj U{6§n }, and
Col;(G) corresponding to Y; =0 can take any value in Agm.
Clearly, y7 (t;)Hx(t;) = 1 if and only if the corresponding out-
put of x() is y(tx). Thus, to guarantee the minimum time and
minimum triggering, the triggering interval 72(y(#)) should be
determined as the minimum value of m(x(#)) satisfying
Y () Hx(t) = 1. u

In the above, we have designed the time-optimal and trig-
gering-optimal OLSTCs, SFSTCs and OFSTCs for set stabi-
lization. Another interesting problem is the number of trigger-
ing moments for the STCs, which is discussed as follows.

Proposition 3: The number of triggering moments of M-
stabilizers (4)—(6) can be finite if and only if for the non-triv-
ial SCC S, i € [1,] satisfying

Lux ¢ T pp, Yu € Agn\Uy{x), Vxe S, (1)
the following condition holds:
U ) # 0. Vxe Sy, (22)

Proof: Since BCN (2) is M-stabilizable, for any initial state
x(0), there exists an Sjv such that x(0) ultimately enters into
Si, in a finite time and stay in S, after that. The states in S},
satisfying (21) either remain in Sjv or evolve into Axi\7 pq in
the next step. Therefore, guaranteeing a finite number of trig-
gering moments is equivalent to guaranteeing all states in
Sév = {xl,xz,...,xl‘S;\’l} satisfying (21) have a common control
u such that

Lux'=x"", i=1,2,...,|S|-1 (23)

Lux'S;V = Lux!. (24)

It is not hard to find that (23) and (24) are equivalent to

$((Lu)'x) =0, Y1 € [0,|S} 1], Vxe Sk (25)

Evidently, (25) holds if and only if (22) holds, which com-
pletes the proof. [ ]

Remark 3: Proposition 3 emphasizes that the number of trig-
gering moments of the self-triggered set stabilizers is not nec-
essarily finite. This is different from the self-triggered stabi-
lization, which must have a finite number of triggering
moments is finite. It can be regarded as a special feature of
self-triggered set stabilization distinguishing from self-trig-
gered stabilization.

Remark 4: Comparisons with existing STC methods for
BCNis:

1) In [32]-[34], the self-triggered strategy is only designed
for stabilization problem, which is not suitable for set stabi-
lization problem. In this paper, the proposed self-triggered
strategies for set stabilization can also be used to stabilization
problem, which indicates that the research content of this
paper is more general and applicable than [32]-[34].

2) A precondition for designing STCs in [33] is that a state-
feedback controller u(f) = Kx(r) is utilized as a prior. This
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means that to design an STC using the method proposed in
[33], one needs to design a state-feedback controller in
advance, which is redundant. Although [34] adopts a model-
free pattern, the main idea of [34] follows that of [33]. In com-
parison, our approach avoids this deficiency.

3) The STCs designed in this paper are minimum-time and
minimum-triggering, which cannot be solved by the methods
in [32]-[34]. Moreover, our approach provides an unified
framework to design OLSTCs, SFSTCs and OFSTCs succes-
sively. But in [32]-[34], only OLSTCs or SFSTCs are consid-
ered.

Remark 5 (Computational complexity analysis of the STC
design): To design STCs, we first need to iteratively calculate
a series of vectors by (11), the time and space complexities of
which are O(w2?") and O(22"), respectively. And then, for all
x(tx) € Apn, we need to calculate U{x(t)} and m(x(tx)) by
(13)—(15), which takes time and space complexities O((w*+
|7 pm?)237+™) and O(22+™), respectively. Owing to w € [1,2"]
and w + |7 pq| < 2", the total time complexity for designing all
possible minimum-time and minimum-triggering STCs is
0(25+™)_and the space complexity is O(22™).

Example 2: Consider a programmable logic circuit shown in
Fig. 4. A programmable logic device refers to any type of
integrated circuit used for implementing hardware, where the
chip can be configured by the end user to realize different
designs [39]. Compared to a fixed logic device, pro-
grammable logic device has shorter development cycle, lower
development cost, higher scalability, and more flexibility for
subsequent functional upgrades, and thus it is preferred and
widely used by industries such as electronics and communica-
tion. From Fig. 4, one can model this circuit as a BCN in the
form of (2) with structure matrices L = g[8, 8, 8, 8, 8, 8,
8,8,8,8,8,8,8,8,8,8,8,8,8,8, 838,8,828,8,8,8,8,
88,8, 1,1,1,5,3,3,3,7,1,1,1,5,3,3,3, 7, 3, 3, 3, 7,
4,4,4,8,4,4,4,8,4,4,4,8land H = 6,[1,2,2,2,1,2,2,2].

Suppose that the goal is to make the output of this circuit
constant at 1 after a certain time. Accordingly, taking
M = {64,063}, one can verify that the circuit is M-stabilizable.
Then, we aim to design the self-triggered set stabilizers.
Through routine calculations, the minimum-time and mini-
mum-triggering OLSTCs is of the form: u(z) € {62,62},
w(x(fy)) = o0, Yx(tp) € Ag. Immediately, there are a total of 28
and 22 minimum-time and minimum-triggering SFSTCs and
OFSTCs, respectively

s Ty

u(t) = Kx(o), 1 € [to, 00) (26)

u(t) = Gy(to), 1 € [19,0) 27)
with Col;(K), Col(G) € {63,065}, Vi € [1,8], j € [1,2].
Using the method of [40], one can design the following state

feedback controller:

u(t) = 63(5,7,5,7,5,6,5,6]x(¢) (28)
which can stabilize the system to set M = {d3,63}. The state
trajectories under STC (26) and state feedback controller (28)
are shown in Fig. 5. Clearly, the initial state 6§ can be stabi-
lized to set M = {6%,6555} in 2 steps under STC (26), but it takes
3 steps under state feedback controller (28), which indicates
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Fig. 5. State trajectories under STC (26) and state feedback controller (28)
in Example 2.

the efficiency of our STC method. Besides, to further show
the superiority of the developed STC method, employing the
methods in [12], [13] and [14], [41], we design the sampled-
data control u(t) = 63[5,6,6,5,5,6,6,51x(t;), 21<t<2(l+1),
[ e N and output feedback control u(t) = §,[5,6]y(f), both of
which can guarantee the M-stabilization in minimum time.
However, the resource waste that they produce is unavoidable
due to unnecessary samples passed to the controller. The inter-
execution intervals of the sampled-data control and output
feedback control are presented in Fig. 6. One sees that the
sampled-data control and output feedback control need to be
updated 51 and 101 times, respectively, in the [0, 100] period,
whereas the STCs (26) and (27) only need to be updated once.
This means that the self-triggering implementations can sig-
nificantly reduce system resource usage.

VI. APPLICATIONS
In this section, the self-triggered set stabilization is applied
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Fig. 6.
feedback control for Example 2.

Inter-execution intervals of the sampled-data control and output

to three typical set stabilization problems including synchro-
nization, output tracking and output regulation of BCNs. As
above-mentioned, they are a class of fundamental control
problems existing widely in engineering practice, and have
wide applications in biological systems, multi-agent systems,
communication systems and other fields.

A. Self-Triggered Synchronization
Consider the following drive BN and response BCN:
x(t+1) = Lyx(1) (29)

Z(t+1) = Lau(n)x(0)z(2) (30)
where x(7),z(t) € Ayn are the states of (29) and (30), respec-
tively, and u(¢) € Apm is the input of (30). Then, the notion of
synchronization for drive-response BCNs is introduced.

Definition 5 [17]: Drive BN (29) and response BCN (30)
are said to be synchronized, if for any initial states xy and zo,
there exist a control sequence U and an integer T (xg,z0,U)
such that x(z; xo) = z(t; x0,20, U), Yt > T (x9,20, U).

Let x(t) = x()z(t) € Ayn. Then an augmented system can be
derived as follows:

x(t+1) = Lout)x(t) (31
where L, = Lx(lg,,, @ ® lgn) #L; € Lyomyomn. Denote by
M = {6(2i2:,1)2n+i|i=1,2,...,2”} the synchronized state set.
Then the drive BN (29) and response BCN (30) are synchro-
nized if and only if system (31) is Mj,-stabilizable. Subse-
quently, the results obtained in Sections IV and V can be
applied to solve the synchronization problem by designing
corresponding STCs.

Example 3: Consider the following coupled biochemical
oscillators which were proposed in [17]:

Cit+1)==X1()

Mi(t+1)=C1(2) (32)
Xi(t+1)=M(r)

Cr(t+1)==Xo(t) V=X (0)

My(t+1) = C2(2) (33)

Xo(t+1) = My(¢) vV u(r)
where C;, M;,X; € B represent the cyclin, cdk and cdk-acti-
vated ubiquitin ligase, respectively, i=1,2, and ueB is an
input. It is easy to derive the augmented system (31) with
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Ly € Loiios. Immediately, M, = (652 ie[1.8]) = (5L,
6é2, 65, 622, 621, 6‘6‘2, 622, 623}. By Propositions 1 and 2, we
get that 7 5, = M, # 0, and (31) is M,-stabilizable, i.e., (32)
and (33) are synchronized. Then, we aim to design the mini-
mum-time and minimum-triggering STCs for the synchroniza-
tion of (32) and (33). Based on Theorem 1, we can design the
minimum-time and minimum-triggering OLSTC for synchro-
nization, which is shown in Table II. Consequently, there is a
unique minimum-time and minimum-triggering SFSTC

u(t) = Kx(t), t € [tg, tke1 — 11, tiw1 = tr + m(x(te))
where K € Lyxe4 and (x(fy)) are determined by

Coli(K) =6}, 6L, el UM UT3 Ul
Coli(K) =63, 6., €Ts

rx(m)=j, x@)ely, j=12,3,4
m(x(ty)) = oo, x(ty) €T5.

Taking the approaches of [17], [42], one can also design
corresponding sampled-data control and state feedback con-
trol to make drive BN (32) and response BCN (33) achieve
synchronization, but the sample frequencies of them are
higher than our STC scheme. For instance, taking initial state
6%%, the inter-execution intervals of three kinds of controllers
in [0,50] period are shown in Fig. 7, from which, the sampled-
data control and state feedback control need to be updated 10
and 51 times, respectively, while the STC only needs to be
updated twice.

B. Self-Triggered Output Tracking and Output Regulation
Consider BCN (2) and the following reference BN:

{ic(t +1)= L)
§(t) = HX(r)
where X(7) € Ay» and J(f) € Ayp are the state and output of (34).
The output tracking and output regulation problems are intro-
duced as follows.

Definition 6 [18], [19]: 1) Given a reference signal y* = 65, €
Ayp, the output tracking problem of BCN (2) is solvable, if for
any initial state xo € Ao, there exist a control sequence U and
an integer T (xg, U) > 0 such that y(¢) = y*, ¥Vt > T'(xg, U).

2) The output regulation problem of BCN (2) and reference

BN (34) is solvable, if for any initial state xy € Ao, there exist
a control sequence U and an integer 7 (xg,U) >0 such that
y(0) =5(), Vi = T (x0, V).
Set M, ={6’,|Col;(H) = y*}. Then the output tracking prob-
lem is solvable, if and only if BCN (2) is M,-stabilizable.
Combining with BCN (2) and reference BN (34), we derive
the following augmented BCN:

Xt +1) = Lyu(n)x(1)
{y;((t) = Hpx (1)
where ¥(f) = x(DX(1) € Agwin, yy(f) = YOF(t) € App, Ly =
L(lnen ®17) % L(1),,,, ® 1) € Lynsigonsion and  Hy = H(In®
1;) *I:I(lgn ® i) € Lypyon+i. Assume My = U?Zl 0, where
0= {(5;,1+ﬁ|Coli(H);) = 6(22;1)2p+j }. Then, the output regulation
problem is solvable, if and only if system (35) is M;-stabiliz-

(34

(35)
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TABLE II
THE OLSTC STRATEGY IN EXAMPLE 3

Initial states

Triggering moments Corresponding controls

_[3 39 <47 <48
I = {564’ a0 Ogas 664}
_[s5 T 21 23 35
= {564’ 04> Ogar O 664]
_[s4 6 8 oll 512 <13 <l4 15 <16 36
I3 = [664’ G640 96> 0640 F64> 961> F64> Ogas Fpa> Opus

_ 522 24 29 30 31 32
Fy= {664’ a0 F64> Oga> Toar 564}

o)

I—*S:{él 62 69 6|O 517 518 619 620 625 626 627 628 533 634 637 638 54] 642 643

64> U64> T64> V64> T64° V647 647 T64° T64° T64° T64> T64> T64” U640 U640 U640

544 (545 646 649 650 51 652 653 654 555 (556 &7 658 559 560 561 662 663

64> 764> Y64 T64 T64° T64° 647 T64° U647 V647 T64° U647 T64° T64° 647 647 V64

1p=01=1 u(to) =63, u(ty) = 63

0=0,1=2 u(to) = 63, u(t) = 63

t0=0,1=3 u(to) = 63, u(t) = 83

10=0,1=4 u(to) = 83, u(t;) = 63
64> Y64 Y64° =0 u(to) :5%

64
64> 664 ]
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Fig. 7.
control and STC for Example 3.

Inter-execution intervals of the sampled-data control, state feedback

able. On the basis of these, one can design corresponding
STCs for output tracking and output regulation.

Example 4: Consider the “minimal” model of the lactose
operon in Escherichia coli [19]

Xi(7+1) = ~u (1) A (x3(8) V(1))
x2(1+1) =x1(7)
x3(7+ 1) = —~u (1) A ((%2(2) A ux(2))
V(=x2(1) AX3(1)))
y(@) =x1(?)
where Xi,Xp,x3 € B denote the mRNA, lacZ polypeptide,
intracellular lactose, and uj,u; € B are the external glucose

and external lactose, respectively. The reference BN is another
model for the lactose operon in Escherichia coli [19]

(36)

X1(t+1)=%3(r)

X(r+ 1) =x1(0)

X3(1+ 1) =X3(1) V (X2 (1) A X4 (1))

(1 +1) =X5(0) V (=% (1) A X4 (1))

X5(t+1) =%(r)

MOESSI6)

where Xi,%;,X3,%X4,%X5 € B are the mRNA, pf-galactosidase,
allolactose, intracellular lactose and lac permease, respec-
tively.

1) Given the reference signal y* = 6!, we discuss the output
tracking of BCN (36). Through routine calculations, we get
M, = {5é,6§,6§,5§}. By Propositions 1 and 2, we have 1 5, =
M, # 0, and (36) is M,-stabilizable, i.e., the output tracking
problem of (36) is solvable. Next, we design the STCs for the
output tracking. In fact, it can be obtained from Theorem 1
that there is a unique minimum-time and minimum-triggering

(37

STC: u(t) = u(ty) = 63, 1 € [tg, ).

2) Consider the output regulation of BCN (36) and refer-
ence BN (37). First, we can convert (36) and (37) into the aug-
mented system (35). And then, M; = 3 0= {6;8|Coli(H);) =
6}‘ or Col;(Hy) = 63} can be derived. By Propositions 1 and 2,
we get that 7 o, = M # 0, and (35) is Mj-stabilizable. That
is, the output regulation problem of (36) and (37) is solvable.
Skipping some tedious steps, the minimum-time and mini-
mum-triggering OLSTC can be designed for the output regu-
lation of (36) and (37), which is shown in Table III. Further-
more, 6% minimum-time and minimum-triggering SFSTCs
are obtained: u(t) = Kx(t), t € [tr, tir1 — 11, tee1 = tx + 7(x(22)),
where K € L4056 and 7(x(t)) are determined by

Coli(K) = 63,
Coli(K) € {6},03),
Coli(K) € {61,62,8%),

61256 el
61256 € r2 Ur4 UFS
61256 €l Ur6 Ur7

m(x(t) = 1, x(t) € T4 UTe
m(x(ty)) = 2, x(ty) eTsUTy
n(x(ty)) = oo, x(t) eI UL UT .

But, there is no minimum-time and minimum-triggering
OFSTC for the output regulation of (36) and (37). In compari-
son, 4240 state feedback controllers were obtained in [19].
Although the number of controllers obtained in [19] is abun-
dant, continuous updating of the controllers leads to resource
waste inevitably. Fortunately, the minimum-time and mini-
mum-triggering STCs designed in this paper can effectively
deal with this issue.

VII. CONCLUDING REMARKS

In this paper, set stabilization of BCNs and corresponding
STC strategies have been investigated. Using Tarjan’s algo-
rithm, we have given graph-theoretical conditions for set sta-
bilization based on SCCs. In light of a characteristic function,
we have designed the minimum-time and minimum-trigger-
ing OLSTCs, SFSTCs and OFSTCs for set stabilization. Com-
pared with the existing works, the graph-theoretical criteria
have reduced the computational complexity (Remark 2), and
our design approach for STCs is more general and effective
(Remark 4). Meanwhile, several crucial applications: self-trig-
gered synchronization, output tracking and output regulation
have been also considered.

As already pointed out, STCs are of great research impor-
tance in reducing energy consumption and saving network
resources. In this study, only self-triggered set stabilization is
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TABLE III
THE OLSTC STRATEGY IN EXAMPLE 4

Initial states

Triggering moments Corresponding controls

- ] 32
f ={6’256|iejL=Jl[aj,aj+3],aj =(j-18+1)

- . 4
Ty ={o)slie H{a,-,aﬁs,aﬁ 15,a;+16,a;+21, a;+22,a;+23,a;+24),a; = (j—1)64 +8}

- . 4
I3 ={ohssli € Ulaj.aj+8.a;+15.a;+16.a;+21, aj+22.a;+23.a;+24).a; = (- 1)64 +40}
=

. . 4
Iy= {6’256|i€jL:Jl{aj,aj+ Laj+16,a;+17},a; = (j- 1)64+5}

- . 4
Ts = {o)5li € jszl{aj,aj+6,a_,-+7,a_,-+8},aj = (j-1)64+7}

- . 4
o ={0hssli € Ulajoa;j+1.a;+15.a;+16}.a; = (j—1)64 +37}

J

=1
- . 4
[y ={o)sli e fL:Jl{a,-,a,-+6,a_,~+7,a,«+8},a,- = (j- 1)64+ 39

th=0 u(ty) = 63

to=0 u(ty) € {6},67}

=0 u(to) € {6},62,54)
=0, =1 u(to) € {63,082}, u(ty) = 63
1o=0,t; =2 u(to) € {0}, 63),u(tr) = 63
=01 =1 u(to) € {6},6%, 84}, u(t) = &3
=0, =2 u(to) € {6},63,03},u(t)) = 53

considered. There are still a lot of classical control problems,
such as observability, detectability and disturbance decou-
pling, deserving further investigation. On the other hand, it is
also interesting and significant to scale-up the STC method
proposed in this paper to large-scale BNs by combining the
network structures with pinning control [16], network aggre-
gation [43] and bisimulation [44].
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