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Error Bounds of Adaptive Dynamic Programming
Algorithms for Solving Undiscounted

Optimal Control Problems
Derong Liu, Fellow, IEEE, Hongliang Li, and Ding Wang

Abstract— In this paper, we establish error bounds of adaptive
dynamic programming algorithms for solving undiscounted
infinite-horizon optimal control problems of discrete-time deter-
ministic nonlinear systems. We consider approximation errors
in the update equations of both value function and control
policy. We utilize a new assumption instead of the contraction
assumption in discounted optimal control problems. We establish
the error bounds for approximate value iteration based on a new
error condition. Furthermore, we also establish the error bounds
for approximate policy iteration and approximate optimistic
policy iteration algorithms. It is shown that the iterative approx-
imate value function can converge to a finite neighborhood of
the optimal value function under some conditions. To implement
the developed algorithms, critic and action neural networks
are used to approximate the value function and control policy,
respectively. Finally, a simulation example is given to demonstrate
the effectiveness of the developed algorithms.

Index Terms— Adaptive critic designs, adaptive dynamic
programming (ADP), approximate dynamic programming,
neural networks, neurodynamic programming, nonlinear
systems, optimal control.

I. INTRODUCTION

DYNAMIC programming [1] is a very effective tool
in solving the optimal control problem of nonlinear

systems, which relies on solving the Hamilton–Jacobi–
Bellman (HJB) equation. However, it is often computationally
untenable to run dynamic programming to obtain optimal solu-
tions due to the curse of dimensionality [2]. Adaptive dynamic
programming (ADP) [3], also known as approximate dynamic
programming [4]–[6] or neurodynamic programming [7],
has received significantly increasing attention as a learning
method for optimizing the policy when interacting with the
environment. The ADP techniques have been applied in many
practical areas, such as call admission control [8], engine
control [9], energy system control [10], temperature control
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of water gas shift reaction [11], differential games [12]–[14],
interconnected systems [15], and multiagent systems [16].
Some comprehensive surveys are given in [3], [17], and [18].
Value iteration and policy iteration are two classes of
ADP algorithms to solve optimal control problems of
nonlinear systems with continuous state and action spaces.
Optimistic policy iteration represents a spectrum of iterative
algorithms, which contains the value iteration and policy
iteration, and it is also known as generalized policy
iteration [19] or modified policy iteration [20].

Value iteration algorithms can solve the optimal control
problem of the nonlinear systems without requiring an initial
stabilizing control policy. It iterates between value function
update and policy improvement until the iterative value func-
tion converges to the optimal one. Al-Tamimi et al. [21]
proved the convergence of the value-iteration-based heuristic
dynamic programming algorithm for solving the discrete-time
HJB equation. Dierks et al. [22] relaxed the need of partial
knowledge of the system dynamics by online system identi-
fication, and demonstrated the convergence of neural network
implementation using Lyapunov theory. In [23] and [24],
an iterative ADP algorithm was derived to solve the near-
optimal control for discrete-time affine nonlinear systems with
control constraints. Wang et al. [25] solved the finite-horizon
optimal control problem for discrete-time nonlinear systems
with unspecified terminal time. Heydari and Balakrishnan [26]
derived a value-iteration-based ADP algorithm to solve
the fixed-final-time finite-horizon optimal control problem.
In [27] and [28], a greedy heuristic dynamic programming
algorithm was presented to solve the optimal tracking control
problem for a class of discrete-time nonlinear systems.
Zhang et al. [29] proposed an iterative heuristic dynamic
programming algorithm to solve the optimal tracking control
problem for a class of nonlinear discrete-time systems with
time delays. Liu et al. [30] and Wang et al. [31] presented
an iterative ADP algorithm to solve the optimal control for
unknown nonaffine nonlinear discrete-time systems with dis-
count factor in the cost function. The book written by Zhang
et al. [32] gave a good summary on value-iteration-based
iterative ADP methods for solving the optimal control of non-
linear systems. For all the value iteration algorithms mentioned
above, it is assumed that the value function and control policy
update equations can be exactly solved at each iteration.

In contrast to value iteration, the policy iteration
algorithm [33] requires an initial stabilizing control policy.
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The policy iteration is built to iterate between policy evaluation
and policy improvement until it converges to the opti-
mal control. The convergence of policy iteration algorithm
for continuous-time nonlinear systems was given in [34].
In [35], the policy iteration algorithm was applied to optimal
robust guaranteed cost control of continuous-time uncertain
nonlinear systems. Chen and Jagannathan [36] analyzed the
convergence of policy iteration algorithm for solving the
generalized HJB equation of discrete-time affine nonlinear
systems offline. In [37], a policy iteration ADP approach
was developed to obtain the optimal control of discrete-time
nonlinear systems. Optimistic policy iteration generalizes the
value iteration and policy iteration algorithms. Tsitsiklis [38]
established the convergence of optimistic policy itera-
tion for discounted finite-state Markov decision problems.
Bertsekas [39] gave the convergence of optimistic policy
iteration within weighted sup-norm contraction framework.
However, it is still an open problem if the convergence results
of optimistic policy iteration can be extended to undiscounted
optimal control of discrete-time nonlinear systems.

Since most realistic systems have a large or continuous
state space, the value function needs to be approximated.
Bertsekas [40] and Busoniu et al. [41] provided good
surveys on approximate value iteration and approximate policy
iteration methods with value function approximation. Error
bounds of some ADP methods have been established for
discounted infinite-horizon optimal control problems formal-
ized by Markov decision processes. Roy [42] established
performance loss bounds for approximate value iteration with
state aggregation. Munos [43], [44] gave bounds on the error
between the performance of policies induced by the approx-
imate value iteration algorithm and the optimal policy as a
function of weighted L p-norms of the approximation errors.
Munos [45] also provided error bounds for approximate policy
iteration using quadratic norm. Bertsekas [39] established error
bounds for approximate policy iteration based on weighted
sup-norm contractions. Perkins and Precup [46] studied a
model-free form of approximate policy iteration, and proved
that the approximate policy iteration algorithm can converge
to a unique solution from any initial policy. Li and Si [47] pro-
posed an approximate robust policy iteration using a multilayer
perceptron neural network and analyzed the error bounds
for approximate value function. Thiery and Scherrer [48]
and Scherrer et al. [49] proposed three implementations of
approximate modified policy iteration and provided error prop-
agation analysis. Bertsekas [39] established error bounds for
approximate optimistic policy iteration and extended the result
of Thiery and Scherrer [48] and Scherrer et al. [49].
In this paper, we will show what will happen for the undis-
counted optimal control problem with continuous state and
action spaces in the presence of function approximation errors.

In [50], an inequality version of the HJB equation was
used to derive bounds on the optimal cost function. For
undiscounted discrete-time nonlinear systems, Rantzer [51]
introduced a relaxed value iteration scheme to simplify
computation based on upper and lower bounds of the optimal
cost function, where the distance from optimal values can be
kept within prespecified bounds. In [52], the relaxed value

iteration scheme was used to solve the optimal switching
between linear systems, the optimal control of a linear
system with piecewise linear cost, and a partially observable
Markov decision problem. In [53], the relaxed value iteration
scheme was applied to receding horizon control schemes
for discrete-time nonlinear systems. Compared with [51],
Liu and Wei [54] and Wei et al. [55] presented a convergence
analysis for the approximate value iteration algorithm using a
new expression of approximation errors at each iteration.

For the optimal control problems with continuous state and
action spaces, ADP methods use a critic neural network to
approximate the value function and an action neural network to
approximate the control policy. Iterating on these approximate
models will inevitably give rise to approximation errors.
However, the research on ADP methods considering the
approximation errors of neural networks is quite sparse
for undiscounted infinite-horizon optimal control problems.
The main topic of this paper is to understand how the
approximation errors at each iteration influence the
ADP algorithms for solving undiscounted infinite-horizon
optimal control problems of discrete-time deterministic
nonlinear systems. Discrete-time deterministic optimal control
problem is a major part in the field of optimal control [1],
and covers a large class of systems [21]–[32]. We consider
approximation errors in both value function and control
policy update equations. First, we utilize a new assumption
instead of the contraction assumption in discounted optimal
control problems. We establish the error bounds for the
approximate value iteration algorithm based on a new error
condition, which extends a result of Liu and Wei [54].
Then, we establish the error bounds for approximate policy
iteration. Furthermore, we prove the convergence of exact
optimistic policy iteration by a novel method, and establish
the error bounds for approximate optimistic policy iteration.
It is shown that the iterative approximate value function
can converge to a finite neighborhood of the optimal value
function under some conditions. To implement the developed
algorithms, two multilayer feedforward neural networks are
used to approximate the value function and control policy.
Finally, a simulation example is given to demonstrate the
effectiveness of the developed algorithms.

The remainder of this paper is organized as follows.
Section II provides the problem formulation of undiscounted
infinite-horizon optimal control problems of discrete-time
nonlinear systems. We establish the error bounds for approx-
imate value iteration, approximate policy iteration, and
approximate optimistic policy iteration in Sections III–V,
respectively. In Section VI, we propose the neural network
implementation of the developed approach. Section VII
presents a simulation example to demonstrate the effectiveness
of the developed algorithms. Finally, the conclusions are drawn
in Section VIII.

The following notations will be used throughout this paper.
R denotes the set of real numbers and R

n is the n-dimensional
Euclidean space. A function V : � ⊆ R

n → R is positive
definite if: 1) it is continuous and 2) V (0) = 0 and V (x) > 0
∀x ∈ � − {0}. The notation κ1 ≥ κ2 means κ1(s) ≥ κ2(s),
∀s ∈ R

n .
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II. PROBLEM FORMULATION

Consider a discrete-time deterministic nonlinear dynamical
system described by

xk+1 = f (xk, uk), k = 0, 1, 2, . . . (1)

where xk ∈ R
n is the system state at time k and uk ∈ R

m

is the control input. Let x0 be the initial state. The system
function f (xk, uk) is Lipschitz continuous on a compact set
� ⊆ R

n containing the origin, and f (0, 0) = 0. Hence, x = 0
is an equilibrium state of (1) under the control u = 0. Assume
that (1) is stabilizable on the compact set � [21].

Definition 1: A nonlinear dynamical system is defined to be
stabilizable on a compact set � ⊆ R

n if there exists a control
input u ∈ R

m such that, for all initial conditions x0 ∈ �, the
state xk → 0 as k →∞.

Define the undiscounted infinite-horizon cost function as

J (x0, u) =
∞∑

k=0

U(xk, uk) (2)

where U is a positive definite utility function. In this
paper, the utility function is chosen as the quadratic form
U(xk, uk) = x T

k Qxk + uT
k Ruk , where Q and R are positive

definite matrices with suitable dimensions. Our goal is to find
a control policy uk = u(xk), which can minimize the cost
function (2) for every initial state x0 ∈ �. For the optimal
control problem, the designed feedback control must not only
stabilize (1) on � but also guarantee that the cost function (2)
is finite, i.e., the control must be admissible [21].

Definition 2: A control μ(x) is said to be admissible with
respect to the cost function (2) on � if μ(x) is continuous on
a compact set � ⊆ R

n , μ(0) = 0, μ(x) stabilizes (1) on �,
and, ∀x0 ∈ �, J (x0, μ) is finite.

For any admissible control policy μ(x), the map from any
state x to the value of (2) is called a value function V μ(x).
Then, we define the optimal value function as

V ∗(x) = inf
μ
{V μ(x)}. (3)

According to Bellman’s principle of optimality [2], the optimal
value function V ∗(x) satisfies the discrete-time HJB equation

V ∗(x) = min
μ
{U(x, μ)+ V ∗( f (x, μ))}. (4)

If it can be solved for V ∗, the optimal control policy μ∗(x)
can be obtained by

μ∗(x) = arg min
μ
{U(x, μ)+ V ∗( f (x, μ))}. (5)

Similar to [56], we define the Hamiltonian function as

H (x, u, V ) = U(x, u)+ V ( f (x, u)). (6)

Then, we define the mapping Tμ as

(TμV )(x) = H (x, μ(x), V ) (7)

and define the mapping T as

(T V )(x) = min
μ

H (x, μ(x), V ). (8)

For convenience, T k
μ denotes the composition of mapping Tμ

k times
(
T k

μ V
)
(x) = (

Tμ

(
T k−1

μ V
))

(x). (9)

Similarly, the mapping T k is defined by

(T k V )(x) = (
T

(
T k−1V

))
(x). (10)

Therefore, the discrete-time HJB equation (4) can be written
compactly as

V ∗ = T V ∗ (11)

i.e., V ∗ is the fixed point of T .
In this paper, we assume the following monotonicity

property holds, which was used in [56].
Assumption 1: If V ≤ V ′, then H (x, u, V ) ≤ H (x, u, V ′),
∀x , u.

Besides the above monotonicity assumption, the contrac-
tion assumption in [39] is often required for the discounted
optimal control problem. However, for the undiscounted
optimal control problem, we utilize the following assumption
in [52] instead of the contraction assumption.

Assumption 2: Suppose the condition 0 ≤ V ∗( f (x, u)) ≤
λU(x, u) holds uniformly for some 0 < λ <∞.

The positive constant λ gives a measure on how contractive
the optimally controlled system is, i.e., how close the total
value function is to the cost of a single step [52].

Equation (4) reduces to the Riccati equation in the linear
quadratic regulator case, which can be efficiently solved. In the
general nonlinear case, the HJB equation cannot be solved
exactly. Some ADP methods using function approximation
structures are derived to learn the near-optimal control policy
and value function associated with the HJB equation. Because
of the approximation errors, the control policy and value
function are generally impossible to obtain accurately at each
iteration. Therefore, it is necessary to analyze the convergence
and to establish the error bounds for ADP algorithms
considering function approximation errors.

III. APPROXIMATE VALUE ITERATION

Section III-A presents the exact value iteration and is
followed by an approximate value iteration algorithm with an
analysis of error bounds in Section III-B.

A. Value Iteration

For the value iteration algorithm, it starts with any initial
positive definite value function V0(x) or V0(·) = 0. Then, the
control policy π1(x) can be obtained by

π1(x) = arg min
u
{U(x, u)+ V0( f (x, u))}. (12)

For i = 1, 2, . . . , the value iteration algorithm iterates between
the value function update

Vi (x) = T Vi−1(x)

= min
u
{U(x, u)+ Vi−1( f (x, u))}

= U(x, πi (x))+ Vi−1( f (x, πi (x))) (13)
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and the policy improvement

πi+1(x) = arg min
u
{U(x, u)+ Vi ( f (x, u))}. (14)

It should satisfy that Vi (0) = 0 and πi (0) = 0, ∀i ≥ 1. The
value iteration algorithm does not require an initial stabilizing
control policy.

According to Assumption 1, it is easy to give the following
lemma.

Lemma 1: If V0 ≥ T V0, the value function sequence {Vi}
is a monotonically nonincreasing sequence, i.e., Vi ≥ Vi+1,
∀i ≥ 0. If V0 ≤ T V0, the value function sequence {Vi}
is a monotonically nondecreasing sequence, i.e., Vi ≤ Vi+1,
∀i ≥ 0.

For undiscounted optimal control problems, the convergence
of value iteration algorithm has been given in the following
theorem [51].

Theorem 1: Let Assumptions 1 and 2 hold. Suppose that
0 ≤ αV ∗ ≤ V0 ≤ βV ∗, 0 ≤ α ≤ 1, and 1 ≤ β < ∞. The
value function Vi and the control policy πi+1 are iteratively
updated by (13) and (14). Then, the value function sequence
{Vi } approaches V ∗ according to the inequalities
[

1− 1− α

(1+ λ−1)i

]
V ∗ ≤ Vi ≤

[
1+ β − 1

(1+ λ−1)i

]
V ∗ i ≥ 1.

(15)

Moreover, the value function Vi converges to V ∗ uniformly
on � as i →∞.

B. Error Bounds for Approximate Value Iteration

For the approximate value iteration algorithm, function
approximation structures like neural networks are usually
used to approximate the value function Vi and the control
policy πi . In general, the value function and control policy
update equations (13) and (14) cannot be solved accurately,
because we only have some samples from the state space and
there exist approximation errors for function approximation
structures. Here, we use V̂i and π̂i to stand for the approximate
expressions of Vi and πi , respectively. We assume that there
exist finite positive constants δ ≤ 1 and δ ≥ 1 that make

δTπ̂i V̂i−1 ≤ V̂i ≤ δTπ̂i V̂i−1 (16)

hold uniformly, ∀i = 1, 2, . . . Similarly, we also assume that
there exist finite positive constants σ ≤ 1 and σ ≥ 1 that make

σT V̂i−1 ≤ Tπ̂i V̂i−1 ≤ σT V̂i−1 (17)

hold uniformly, ∀i = 1, 2, . . . Combining (16) and (17), we
obtain

σ δT V̂i−1 ≤ V̂i ≤ σ δT V̂i−1. (18)

For simplicity, (18) can be written as

εT V̂i−1 ≤ V̂i ≤ εT V̂i−1 (19)

by denoting

σ δ � ε, σ δ � ε. (20)

Based on Assumptions 1 and 2, we can establish the error
bounds for the approximate value iteration by the following
theorem.

Theorem 2: Let Assumptions 1 and 2 hold. Suppose that
0 ≤ αV ∗ ≤ V0 ≤ βV ∗, 0 ≤ α ≤ 1 and 1 ≤ β < ∞.
The approximate value function V̂i satisfy the iterative
error condition (19). Then, the value function sequence {V̂i }
approaches V ∗ according to the following inequalities:

ε

⎡

⎣1−
i∑

j=1

λ j ε j−1(1− ε)

(λ+ 1) j
− λiεi (1− α)

(λ+ 1)i

⎤

⎦ V ∗≤ V̂i+1

≤ ε

⎡

⎣1+
i∑

j=1

λ j ε j−1(ε − 1)

(λ+ 1) j
+ λiεi (β − 1)

(λ+ 1)i

⎤

⎦ V ∗ ∀i ≥ 0.

(21)

Moreover, the value function sequence {V̂i } converges to a
finite neighborhood of V ∗ uniformly on � as i →∞

ε

1+ λ− ελ
V ∗ ≤ lim

i→∞ V̂i ≤ ε

1+ λ− ελ
V ∗ (22)

under the condition ε < 1/λ+ 1.
Proof: First, we prove the lower bound of the approximate

value function V̂i+1 by mathematical induction. Letting i = 1
in (19), we obtain

V̂1 ≥ εT V̂0 = εT V0. (23)

Considering αV ∗ ≤ V0 and Assumption 1, we obtain

V̂1 ≥ εT V0 ≥ αεT V ∗ = αεV ∗. (24)

Thus, the lower bound of V̂i+1 holds for i = 0. According
to (19), Assumptions 1 and 2, we obtain

V̂2 ≥ εT V̂1 = ε min
u
{U(x, u)+ V̂1( f (x, u))}

≥ ε min
u
{U(x, u)+ αεV ∗( f (x, u))}

≥ ε min
u

{(
1+ λ

αε − 1

λ+ 1

)
U(x, u)

+
(
αε − αε − 1

λ+ 1

)
V ∗( f (x, u))

}

= ε

(
1+ λ

αε − 1

λ+ 1

)
min

u
{U(x, u)+ V ∗( f (x, u))}

= ε

(
1− λ(1− ε)

λ+ 1
− λε(1− α)

λ+ 1

)
V ∗. (25)

Hence, the lower bound of V̂i+1 holds for i = 1. The lower
bound of V̂i+1 in (21) can be proved by repeating the argument
i + 1 times.

In addition, the upper bound can be proved similarly.
Therefore, the lower and upper bounds of V̂i+1 in (21) have
been proved.

Finally, we prove that the value function sequence {V̂i }
converges to a finite neighborhood of V ∗ uniformly on
� as i → ∞. Since the sequence {λ jε j−1(1 − ε)/(λ + 1) j }
is a geometric series, we have

i∑

j=1

λ j ε j−1(1− ε)

(λ+ 1) j
=

λ(1−ε)
λ+1

(
1−

(
λε

λ+1

)i
)

1− λε
λ+1

. (26)
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Considering λε/(λ+ 1) < 1, we have

lim
i→∞ V̂i ≥ ε

1+ λ− ελ
V ∗. (27)

For the other part, if λε/(λ + 1) < 1, i.e., ε < 1/λ + 1, we
can show that

lim
i→∞ V̂i ≤ ε

1+ λ− ελ
V ∗. (28)

Thus, we complete the proof.
Remark 1: We can find that the lower and upper bounds

in (22) are both monotonically increasing functions of ε and ε,
respectively. The condition ε < 1/λ + 1 should satisfy to
make the upper bound in (22) be finite and positive. Since
ε ≤ 1, the lower bound in (22) is always positive. The values
of ε and ε may gradually refine during the iterative process
similar to [57], in which a crude initial operator approximation
is gradually refined with new iterations. We can also derive
that a larger λ will lead to a slower convergence rate and
a larger error bound. In addition, a larger λ also requires
more accurate iteration to converge. When ε = ε = 1, the
value function sequence {V̂i } converges to V ∗ uniformly on
� as i →∞.

IV. APPROXIMATE POLICY ITERATION

In Section IV-A, we present and analyze the exact policy
iteration and establish the error bounds for approximate policy
iteration in Section IV-B.

A. Policy Iteration

For the policy iteration algorithm, an initial stabilizing
control policy is usually required. In this paper, we start
the policy iteration from an initial value function V0, which
satisfies V0 ≥ T V0. We can see that the obtained control policy
μ1(x) by

μ1(x) = arg min
u
{U(x, u)+ V0( f (x, u))} (29)

is asymptotically stable for (1), because we have

V0( f (x, μ1(x)))− V0(x) ≤ V0( f (x, μ1(x)))− (T V0)(x)

= −U(x, μ1(x)) ≤ 0.

For i = 1, 2, . . ., the policy iteration algorithm iterates
between policy evaluation

Vμi (x) = U(x, μi (x))+ Vμi ( f (x, μi (x))) (30)

and policy improvement

μi+1(x) = arg min
u
{U(x, u)+ Vμi ( f (x, u))}. (31)

When the policy evaluation equation (30) cannot be solved
directly, the following iterative process can be used to solve
the value function at the policy evaluation step:

V j+1
μi

(x) = U(x, μi (x))+ V j
μi

( f (x, μi (x))), j ≥ 0 (32)

with V 0
μi
= Vμi−1 , ∀i ≥ 1 and V 0

μ1
= Vμ0 = V0. Then, we can

obtain the following lemma.
Lemma 2: Let Assumption 1 hold. Suppose that V0 ≥ T V0.

Let μi+1 and V j
μi be updated by (31) and (32). Then, the

sequence {V j
μi } is a monotonically nonincreasing sequence,

i.e., V j
μi ≥ V j+1

μi , ∀i ≥ 1. Moreover, as j →∞, the limit of
V j

μi denoted by V∞μi
exists, and it is equal to Vμi , ∀i ≥ 1.

Proof: We prove the lemma by mathematical induction.
Letting i = 1 and j = 0 in (32), we obtain

V 1
μ1

(x) = U(x, μ1(x))+ V 0
μ1

( f (x, μ1(x)))

= U(x, μ1(x))+ V0( f (x, μ1(x)))

= T V0 ≤ V0 = V 0
μ1

(x). (33)

According to (32) and Assumption 1, we have

V 2
μ1

(x) = Tμ1 V 1
μ1

(x) ≤ Tμ1 V 0
μ1

(x) = V 1
μ1

(x). (34)

Similarly, we can obtain that V j
μi ≥ V j+1

μi holds for i = 1
by induction. Since the sequence {V j

μ1} is a monotonically
nonincreasing sequence and V j

μ1 ≥ 0, the limit of V j
μ1 exists,

which is denoted by V∞μ1
, and V j

μ1 ≥ V∞μ1
. Considering

V j+1
μ1

(x) = U(x, μ1(x))+ V j
μ1

( f (x, μ1(x))), j ≥ 0 (35)

we have

V j+1
μ1

(x) ≥ U(x, μ1(x))+ V∞μ1
( f (x, μ1(x))), j ≥ 0. (36)

Letting j →∞ in (36), we have

V∞μ1
(x) ≥ U(x, μ1(x))+ V∞μ1

( f (x, μ1(x))). (37)

Similarly, we obtain

V∞μ1
(x) ≤ U(x, μ1(x))+ V j

μ1
( f (x, μ1(x))), j ≥ 0. (38)

Letting j →∞ in (38), we can obtain

V∞μ1
(x) ≤ U(x, μ1(x))+ V∞μ1

( f (x, μ1(x))). (39)

Combining (37) and (39), we have

V∞μ1
(x) = U(x, μ1(x))+ V∞μ1

( f (x, μ1(x))). (40)

Considering (30), we obtain that V∞μi
(x) = Vμi (x) holds

for i = 1.
We assume that it holds for V j

μi ≥ V j+1
μi and

V∞μi
(x) = Vμi (x), ∀i ≥ 1. Then, considering (31) and (32),

we obtain

V 1
μi+1
= Tμi+1 V 0

μi+1
= Tμi+1 Vμi ≤ Vμi = V 0

μi+1
. (41)

According to (32) and Assumption 1, we have

V 2
μi+1
= Tμi+1 V 1

μi+1
≤ Tμi+1 V 0

μi+1
= V 1

μi+1
. (42)

Similarly, we can obtain that V j
μi+1 ≥ V j+1

μi+1 holds for i + 1
by induction, and V∞μi+1

(x) = Vμi+1 (x). Therefore, the proof
is completed.

Lemma 3: Let Assumption 1 hold. Suppose that V0 ≥ T V0.
Let μi+1 and V j

μi be updated by (31) and (32). Then, the
sequence {Vμi } is a monotonically nonincreasing sequence,
i.e., Vui ≥ Vui+1 , ∀i ≥ 0.

Proof: According to Lemma 2, we obtain

V 0
ui+1
≥ V∞ui+1

= Vui+1 . (43)

Then, considering

Vui ≥ T Vui = Tμi+1 Vui = Tμi+1 V 0
ui+1

(44)
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and Assumption 1, we obtain

Vui ≥ Tμi+1 Vui+1 = Vui+1 . (45)

Therefore, the sequence {Vμi } is a monotonically nonincreas-
ing sequence, ∀i ≥ 0.

Based on the lemmas above, an extended result in
[51, Proposition 5] is given in the following theorem.

Theorem 3: Let Assumptions 1 and 2 hold. Suppose that
V ∗ ≤ V0 ≤ βV ∗, 1 ≤ β <∞, and that V0 ≥ T V0. Let μi+1

and V j
μi be updated by (31) and (32). Then, the value function

sequence {Vμi } approaches V ∗ according to the inequalities

V ∗≤Vμi ≤
[

1+ β − 1

(1+ λ−1)i

]
V ∗ ∀i ≥ 1. (46)

Proof: First, we prove that Vμi ≤ Vi holds by induction,
∀i ≥ 1, where Vi is defined in Section III. According to
Lemma 2, we have Vμ1 ≤ T V0 = V1. Assume it holds for
Vμi ≤ Vi , ∀i ≥ 1. Considering Assumption 1 and Lemma 2,
we have

Vui+1 ≤ T V 0
ui+1
= T Vui ≤ T Vi = Vi+1. (47)

Therefore, considering (3) and Theorem 1, we can obtain the
conclusion.

B. Error Bounds for Approximate Policy Iteration

Similar to Section III, we use function approximation struc-
tures to approximate the value function and control policy.
Here, we use V̂μ̂i and μ̂i to stand for the approximate
expressions of Vμi and μi , respectively. We assume that there
exist finite positive constants δ ≤ 1 and δ ≥ 1 that make

δVμ̂i ≤ V̂μ̂i ≤ δVμ̂i (48)

hold uniformly, ∀i = 1, 2, . . ., where Vμ̂i is the exact value
function associated with μ̂i Considering Lemma 2, we have

V̂μ̂i ≤ δTμ̂i V̂μ̂i−1 . (49)

Similarly, we assume that there exist finite positive constants
σ ≤ 1 and σ ≥ 1 that make

σT V̂μ̂i−1 ≤ Tμ̂i V̂μ̂i−1 ≤ σT V̂μ̂i−1 (50)

hold uniformly, ∀i = 1, 2, . . . Combining (49) and (50), we
obtain

V̂μ̂i ≤ σ δT V̂μ̂i−1 . (51)

On the other hand, considering (48), (50), and Assumption 1,
we obtain

V̂μ̂i ≥ δVμ̂i ≥ σ δV ∗. (52)

Therefore, the whole approximation errors in the value func-
tion and control policy update equations can be expressed by

σ δV ∗ ≤ V̂μ̂i ≤ σ δT V̂μ̂i−1 . (53)

Using the notation in (20), (53) can be written as

εV ∗ ≤ V̂μ̂i ≤ εT V̂μ̂i−1 . (54)

Similar to Section III, we can establish the error bounds for
approximate policy iteration by the following theorem.

Theorem 4: Let Assumptions 1 and 2 hold. Suppose that
V ∗ ≤ V0 ≤ βV ∗, 1 ≤ β < ∞, and that V0 ≥ T V0.
The approximate value function V̂μ̂i satisfies the iterative
error condition (54). Then, the value function sequence {V̂μ̂i }
approaches V ∗ according to the following inequalities:

εV ∗≤ V̂μ̂i+1 ≤ ε

⎡

⎣1+
i∑

j=1

λ j ε j−1(ε − 1)

(λ+ 1) j
+ λiεi (β − 1)

(λ+ 1)i

⎤

⎦ V ∗,

i ≥ 0.

Moreover, the approximate value function sequence {V̂μi }
converges to a finite neighborhood of V ∗ uniformly on
� as i →∞

εV ∗ ≤ lim
i→∞ V̂μ̂i ≤

ε

1+ λ− ελ
V ∗ (55)

under the condition ε < 1/λ+ 1.

V. APPROXIMATE OPTIMISTIC POLICY ITERATION

In Section V-A, we prove the convergence of exact
optimistic policy iteration, and establish the error bounds for
approximate optimistic policy iteration in Section V-B.

A. Optimistic Policy Iteration

According to Lemma 2, we can see that the policy
evaluation can be obtained as j →∞ in (32). However, this
process will usually take a long time to converge. To avoid this
problem, the optimistic policy iteration algorithm only makes
finite iterations in (32).

For the optimistic policy iteration algorithm, we start the
iteration from an initial value function V0, which satisfies
V0 ≥ T V0. The initial control policy ν1 = μ1 can be obtained
by (29). For i = 1, 2, . . ., and for any positive integer ni , the
optimistic policy iteration algorithm updates the value function
Vνi (x) = V ni

νi (x) by

V j+1
νi

(x)=U(x, νi (x))+ V j
νi

( f (x, νi (x))), 0 ≤ j ≤ ni − 1

(56)

where V 0
νi
= Vνi−1 , ∀i ≥ 1, and V 0

ν1
= Vν0 = V0. Using the

definition in (9), the value function Vνi (x) can be expressed
by Vνi (x) = T ni

νi Vνi−1(x). The optimistic policy iteration
algorithm updates the control policy by

νi+1(x) = arg min
u
{U(x, u)+ Vνi ( f (x, u))}. (57)

The optimistic policy iteration becomes value iteration as
ni = 1, and becomes the policy iteration as ni → ∞.
For policy iteration, it solves the value function associated
with the current control policy at each iteration, while it
takes only one iteration toward that value function for value
iteration. However, the value function update in (56) has to
stop before j → ∞ in practical implementations. Next, we
will show the monotonicity property of value function, which
is given in [56], and then establish the convergence property
of optimistic policy iteration by a novel method.

Lemma 4: Let Assumption 1 hold. Suppose that V0 ≥ T V0.
Let Vνi and νi+1 be updated by (56) and (57). Then, the value
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function sequence {Vνi } is a monotonically nonincreasing
sequence, i.e., Vνi ≥ Vνi+1 , ∀i ≥ 0.

Proof: According to Assumption 1 and Lemma 2, we have

Vν0 = V0 ≥ T V0 = Tν1 V0 ≥ T n1
ν1

V0 = Vν1 . (58)

Thus, it holds for i = 0. Similarly, we obtain

Vν1 ≥ T n1+1
ν1

V0 = Tν1 Vν1 ≥ T Vν1 = Tν2 Vν1 ≥ Vν2 . (59)

Therefore, the conclusion can be proved by induction.
Theorem 5: Let Assumptions 1 and 2 hold. Suppose that

V ∗ ≤ V0 ≤ βV ∗, 1 ≤ β <∞, and that V0 ≥ T V0. The value
function Vνi and the control policy νi+1 are updated by (56)
and (57). Then, the value function sequence {Vνi } approaches
V ∗ according to the inequalities

V ∗ ≤ Vνi ≤
[

1+ β − 1

(1+ λ−1)i

]
V ∗ ∀i ≥ 1. (60)

Moreover, the value function Vνi converges to V ∗ uniformly
on �.

Proof: First, we prove that Vνi ≤ Vi holds by mathe-
matical induction, ∀i ≥ 1, where Vi is defined in Section III.
According to Lemma 2, we have

Vν1 = V n1
ν1
≤ V 1

ν1
= T V0 = V1. (61)

Thus, it holds for i = 1. Assume that it holds for i ≥ 1,
i.e., Vνi ≤ Vi . According to Lemma 2, we have

Vνi+1 = V ni
νi+1
≤ V 1

νi+1
= T Vνi . (62)

Considering Assumption 1, we obtain

T Vνi ≤ T Vi = Vi+1. (63)

Thus, we can obtain Vνi+1 ≤ Vi+1. Then, it can also be proved
that Vνi ≥ V ∗ by mathematical induction, ∀i ≥ 1. Therefore,
considering Theorem 1, we obtain

V ∗ ≤ Vνi ≤ Vi ≤
[

1+ β − 1

(1+ λ−1)i

]
V ∗. (64)

As i →∞, the value function Vνi converges to V ∗ uniformly
on �.

Remark 2: Although it only makes finite iterations in (56),
the convergence of optimistic policy iteration can still be
guaranteed. Moreover, we can find that the convergence rate
of optimistic policy iteration is determined by λ/(λ+1), while
for the discounted optimal control problem, the convergence
rate is determined by the discount factor [39]. The optimistic
policy iteration algorithm has faster convergence rate than the
value iteration and requires less computation in value function
update than policy iteration.

B. Error Bounds for Approximate Optimistic Policy Iteration

Here, we use V̂ν̂i and ν̂i to stand for the approximate expres-
sions of Vνi and νi , respectively. Without loss of generality,
we let ni be a constant integer K for all iteration steps.

We assume that there exist finite positive constants δ ≤ 1
and δ ≥ 1 that make

δT K
ν̂i

V̂ν̂i−1 ≤ V̂ν̂i ≤ δT K
ν̂i

V̂ν̂i−1 (65)

hold uniformly, ∀i = 1, 2, . . . Considering Lemma 2, we have

V̂ν̂i ≤ δT K
ν̂i

V̂ν̂i−1 ≤ δTν̂i V̂ν̂i−1 . (66)

Similarly, we assume that there exist finite positive constants
σ ≤ 1 and σ ≥ 1 that make

σT V̂ν̂i−1 ≤ Tν̂i V̂ν̂i−1 ≤ σT V̂ν̂i−1 (67)

hold uniformly, ∀i = 1, 2, . . . Combining (66) and (67), we
obtain

V̂ν̂i ≤ σ δT V̂ν̂i−1 . (68)

On the other hand, considering (65), (67), and Assumption 1,
we obtain

V̂ν̂i ≥ δT K
ν̂i

V̂ν̂i−1 ≥ σ δT
(
T K−1

ν̂i
V̂ν̂i−1

)

≥ · · · ≥ σ δT K V̂ν̂i−1 . (69)

Therefore, the whole approximation errors in the value func-
tion and control policy update equations can be expressed by

σ δT K V̂ν̂i−1 ≤ V̂ν̂i ≤ σ δT V̂ν̂i−1 . (70)

Using the notation in (20), (70) can be written as

εT K V̂ν̂i−1 ≤ V̂ν̂i ≤ εT V̂ν̂i−1 . (71)

Then, we can establish the error bounds for the approximate
optimistic policy iteration by the following theorem.

Theorem 6: Let Assumptions 1 and 2 hold. Suppose that
V ∗ ≤ V0 ≤ βV ∗, 1 ≤ β < ∞, and that V0 ≥ T V0.
The approximate value function V̂ν̂i satisfies the iterative
error condition (71). Then, the value function sequence {V̂ν̂i }
approaches V ∗ according to the following inequalities:

ε

⎡

⎣1−
i∑

j=1

λ j ε j−1(1− ε)

(λ+ 1) j

⎤

⎦ V ∗≤ V̂ν̂i+1

≤ ε

⎡

⎣1+
i∑

j=1

λ j ε j−1(ε − 1)

(λ+ 1) j
+ λiεi (β − 1)

(λ+ 1)i

⎤

⎦ V ∗, i ≥ 0.

(72)

Moreover, the approximate value function sequence {V̂ν̂i }
converges to a finite neighborhood of V ∗ uniformly on
� as i →∞

ε

1+ λ− ελ
V ∗ ≤ lim

i→∞ V̂ν̂i ≤
ε

1+ λ− ελ
V ∗ (73)

under the condition ε < 1/λ+ 1.
Proof: First, we prove the lower bound in (72). According

to (71) and Assumption 1, we have

V̂ν̂1 ≥ εT K V0 ≥ εT K V ∗ = εV ∗ (74)
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Fig. 1. Structure diagram of approximate optimistic policy iteration.

i.e., it holds for i = 0. Similarly, we obtain

V̂ν̂2 ≥ εT K V̂ν̂1 = ε min
u

{
U(x, u)+ T K−1V̂ν̂1( f (x, u))

}

≥ ε min
u

{
U(x, u)+ εT K−1V ∗( f (x, u))

}

= ε min
u
{U(x, u)+ εV ∗( f (x, u))}

≥ ε min
u

{(
1− λ

1 − ε

λ+ 1

)
U(x, u)

+
(
ε + 1− ε

λ+ 1

)
V ∗( f (x, u))

}

= ε

(
1− λ(1 − ε)

λ+ 1

)
V ∗

i.e., it holds for i = 1. Therefore, we can obtain the lower
bound by induction. Similar to Theorem 2, we can obtain the
upper bound in (72) and the conclusion in (73).

VI. NEURAL NETWORK IMPLEMENTATION

FOR OPTIMAL CONTROL

We have just proved that the approximate value iteration,
approximate policy iteration, and approximate optimistic
policy iteration algorithms can converge to a finite neigh-
borhood of the optimal value function associated with the
HJB equation. It should be mentioned that we consider
approximation errors in both value function and control policy
update equations at each iteration. This makes it feasible to
use neural network approximation for solving undiscounted
optimal control problems of nonlinear systems. It should be
mentioned that kernel methods [58] and linear parametric
architectures with learned basis functions [59]–[61] can also
be applied. Since the optimistic policy iteration contains the
value iteration and policy iteration, we only present a detailed
implementation of the approximate optimistic policy iteration
using neural networks in this section. The neural network
implementation of approximate value iteration can be found
in [54] and [62].

The whole structure diagram of the approximate optimistic
policy iteration is shown in Fig. 1, where two multilayer feed-
forward neural networks are used. The critic neural network is

used to approximate the value function, and the action neural
network is used to approximate the control policy.

A neural network can be used to approximate some smooth
function on a prescribed compact set. The value function
V j+1

νi (xk) in (56) is approximated by the critic neural network

V̂ j+1
ν̂i

(xk) =
(
W j+1

c(i)

)T
φ
((

Y j+1
c(i)

)T
xk

)
(75)

where the activation functions are selected as tanh(·). The
target function of the critic neural network is given by

V j+1
ν̂i

(xk) = U(xk, ν̂i (xk))+ V̂ j
ν̂i

(xk+1) (76)

where xk+1 = f (xk, ν̂i (xk)). Then, the error function for
training critic neural network is defined by

e j+1
c(i) (xk) = V̂ j+1

ν̂i
(xk)− V j+1

ν̂i
(xk) (77)

and the performance function to be minimized is defined by

E j+1
c(i) (xk) = 1

2

(
e j+1

c(i) (xk)
)2

. (78)

The control policy νi+1(xk) in (57) is approximated by the
action neural network

ν̂i+1(xk) = W T
a(i+1)φ

(
Y T

a(i+1)xk
)
. (79)

The target function of the action neural network is defined by

di+1(xk) = arg min
uk

{
U(xk, uk)+ V̂ν̂i (xk+1)

}
. (80)

Then, the error function for training the action neural network
is given by

ea(i+1)(xk) = ν̂i+1(xk)− di+1(xk). (81)

The weights of the action neural network are updated to
minimize the following performance function:

Ea(i+1)(xk) = 1

2
(ea(i+1)(xk))

T ea(i+1)(xk). (82)

We use the gradient descent method to tune the weights of
neural networks on a training set constructed from the compact
set �. The details of this tuning method can be found in [54].
Some other tuning methods can also be used, such as Newton’s
method and the Levenberg–Marquardt method [62], in order
to increase the convergence rate of neural network training.

A detailed process of the approximate optimistic policy
iteration is given in Algorithm 1, where the approximate
value iteration can be regarded as a special case. If we have
an initial stabilizing control policy, the algorithm can iterate
between Step 4 and Step 5 directly. It should be mentioned that
Algorithm 1 runs in an offline manner. Note that it can also be
implemented online but a persistence of excitation condition
is usually required.

VII. SIMULATION STUDY

In this section, we provide a simulation example to
demonstrate the effectiveness of the algorithms developed in
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Algorithm 1 Approximate Optimistic Policy Iteration
Step 1. Initialization:

Initialize critic and action neural networks;
Select an initial value function V0 satisfying V0 ≥ T V0;
Set policy evaluation steps K and maximum number of
iteration steps imax.

Step 2. Set i = 0. Update the control policy ν̂1(xk) by
minimizing (82) on a training set {xk} randomly selected
from the compact set �.

Step 3. Set i = 1.
Step 4. For j = 0, 1, . . . , K − 1, update the value function

V̂ j+1
ν̂i

(xk) by minimizing(78)on a training set {xk} randomly
selected from the compact set �. After convergence,
set V̂ν̂i (xk) = V̂ K

ν̂i
(xk).

Step 5. Update the control policy ν̂i+1(xk) by minimizing
(82) on a training set {xk} randomly selected from the
compact set �.

Step 6. Set i ← i + 1.
Step 7. Repeat Steps 4–6 until the convergence conditions are

met.
Step 8. Obtain the approximate optimal control policy ν̂i (xk).

this paper. Consider the following discrete-time nonlinear
system xk+1 = h(xk)+ g(xk)uk :

h(xk) =
[

0.9x1k + 0.1x2k

−0.05(x1k + x2k(1− (cos(2x1k)+ 2)2))+x2k

]

g(xk) =
[

0
0.1 cos(2x1k)+ 0.2

]
(83)

xk = [x1k x2k]T ∈ R
2, and uk ∈ R, k = 0, 1, . . . Define the

cost function as

J (x0, u) =
∞∑

k=0

(
x T

k Qxk + uT
k Ruk

)
(84)

where Q =
[ 0.1 0

0 0.1

]
and R = 0.1.

To implement the developed algorithms, we choose three-
layer feedforward neural networks as function approximation
structures. The structures of the critic and action neural
networks are both chosen as 2–8–1. The initial weights of
the critic and action neural networks are chosen randomly
in [−0.1, 0.1]. The maximum number of iteration steps is
selected as imax = 20. The compact set � or the operation
region of the system is selected as −1 ≤ x1 ≤ 1 and
−1 ≤ x2 ≤ 1. The training set {xk} is constructed by
randomly choosing 1000 samples from the compact set � at
each iteration.

The initial value function is selected as V0 = 2x2
1k + 2x2

2k .
According to Fig. 2, it can be observed that V0 ≥ V1 holds for
all states in the compact set �. We implement Algorithm 1
by letting K = 1, K = 3, and K = 10, respectively.
For the initial state x0 = [1,−1]T , the convergence curve
of the value function sequence {V̂ j

ν̂1
} is shown in Fig. 3.

We can see that {V̂ j
ν̂1
} is a monotonically nonincreasing

sequence, and it is basically convergent at K = 10. Thus,

Fig. 2. 3-D plot of V0 − V1 in the compact set �.

Fig. 3. Convergence curve of the value function V̂ j
ν̂1

at x0.

Fig. 4. Convergence curves of the value function V̂ν̂i
at x0 when K = 1,

K = 3, and K = 10.

the algorithm for K = 10 can be regarded as the approximate
policy iteration. The algorithms for K = 1 and K = 3 are the
approximate value iteration and approximate optimistic policy
iteration, respectively. After implementing the algorithms for
imax = 20, the convergence curves of the value functions
V̂ν̂i at x0 are shown in Fig. 4. It can be observed that all
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Fig. 5. State trajectories.

Fig. 6. Control inputs.

the value functions are basically convergent with the iteration
index i > 10, and the obtained approximate optimal value
functions at i = 20 are quite close. Although there exist
approximation errors in both value function and control policy
update steps, the approximate value function can converge to
a finite neighborhood of the optimal value function.

Finally, we apply the obtained approximate optimal control
policies ν̂20 by the algorithms to (83) for 60 time steps. The
corresponding state trajectories are displayed in Fig. 5, and the
control inputs are displayed in Fig. 6. Examining the results,
it is observed that all the control policies obtain very good
performance, and the differences between the three trajectories
are quite small.

VIII. CONCLUSION

In this paper, we established error bounds for value iteration,
policy iteration, and optimistic policy iteration for undis-
counted discrete-time nonlinear systems by defining a new
error condition at each iteration. We considered approximation
errors in both value function and control policy update
equations. It was shown that the iterative approximate value
function converges to a finite neighborhood of the optimal
value function under some mild conditions. The results
provided theoretical guarantees for using neural network

approximation for solving undiscounted optimal control
problems. To implement the developed algorithms, the critic
and action neural networks were used to approximate the
value function and the control policy, respectively. A sim-
ulation example was given to demonstrate the effectiveness
of the developed algorithms. It should be mentioned that the
system model is assumed to be known a priori. It will be
desirable to extend the developed results to unknown nonlinear
systems.
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