IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, VOL. 20, NO. 1, FEBRUARY 2004 121

[14] C. Gosselin and J. Angeles, “The optimum kinematic design of a spher-
ical three-degree-of-freedom parallel manipulator,” ASME J. Mechan.,
Transmissions, Automat. Des., vol. 111, no. 2, pp. 202-207, 1989.

M. Karouia and J. M. Hervé, “A three-DOF tripod for generating spher-
ical rotation,” in Advances in Robot Kinematics, J. Lenarcic and M. M.
Stanisic, Eds. London, U.K.: Kluwer, 2000, pp. 395-4020.

P. Vischer and R. Clavel, “Argos: A novel 3-DOF parallel wrist mecha-
nism,” Int. J. Robot. Res., vol. 19, no. 1, pp. 5-11, 2000.

R. Di Gregorio, “A new parallel wrist using only revolute pairs: The
3-RUU wrist,” Robotica, vol. 19, no. 3, pp. 305-309, 2001.

D. Zlatanov, I. A. Bonev, and C. M. Gosselin, “Constraint singularities
of parallel mechanisms,” in Proc. IEEE Int. Conf. Robotics and Automa-
tion, 2002, pp. 496-502.

L. W. Tsai, Robot Analysis: The Mechanics of Serial and Parallel Ma-
nipulators. New York: Wiley, 1999.

R. Di Gregorio, “A new family of spherical parallel manipulators,”
Robotica, vol. 20, pp. 353-358, 2002.

M. Karouia and J. M. Hervé, “A family of novel orientational 3-DOF
parallel robots,” in RoManSy 14. Vienna, Austria: Springer, 2002, pp.
359-368.

M. Karouia and J. M. Hervé, “An orientational 3-DOF parallel mech-
anism,” in Development Methods and Application Experience of Par-
allel Kinematics, R. Neugebauer, Ed. Berlin, Germany: Verlag Wis-
senschaufliche Scripten, 2002, pp. 139-150.
R. S. Ball, A Treatise on the Theory of Screws.
bridge Univ. Press, 1900.

K. Hunt, Kinematic Geometry of Mechanisms.
ford Univ. Press, 1978.

K. H. Hunt, “Structural kinematics of in-parallel actuated robot arms,”
ASME J. Mechan., Transmissions, Automat. Des., vol. 105, pp. 705-712,
1983.

J. M. Hervé and F. Sparacino, “Structural synthesis of parallel robots
generating spatial translation,” in Proc. IEEE Int. Conf. Robotics and
Automation, 1991, pp. 808-813.

A. Frisoli, D. Checcaci, F. Salsedo, and M. Bergamasco, “Synthesis
by screw algebra of translating in-parallel actuated mechanisms,”
in Advances in Robot Kinematics, J. Lenarcic and M. M. Stanisic,
Eds. London, U.K.: Kluwer, 2000, pp. 433—440.

[15]

[16]
[17]

[18]

[19]
[20]

[21]

[22]

[23] Cambridge, U.K.: Cam-
[24] Cambridge, U.K.: Ox-

[25]

[26]

[27]

A Simple and Analytical Procedure for Calibrating
Extrinsic Camera Parameters

Fei-Yue Wang

Abstract—This paper presents a simple and analytical procedure for
calibrating extrinsic camera parameters. First, a calibration equation that
separates rotational and translational parameters is given. The calibrating
equation involves only rotational parameters and requires no absolute po-
sition information. A four-point calibration procedure is proposed that in-
volves three points on a line and one point out of the line, and leads to
four possible calibration solutions, obtained analytically. Additional steps
required to eliminate false solutions are also discussed. Once the true ro-
tational parameters are identified, the translational parameters are ob-
tained analytically and uniquely with additional absolute position informa-
tion. The required absolute position information appears in a simple and
explicit form. For extrinsic calibration among multiple cameras, such as
stereo cameras, it is easy to show that the absolution position information
is not needed.

Index Terms—Camera calibration, extrinsic, multiple camera systems,
parameter calibration.

I. INTRODUCTION

Camera calibration is an important task in computer vision, robotics
and automation, and computer-integrated manufacturing systems. Over
the past few decades, considerable effort has been made on develop-
ment of effective and accurate procedures and algorithms to identify
the internal camera geometric and optical characteristics (intrinsic pa-
rameters) and/or the three-dimensional (3-D) position and orientation
of the camera frame relative to a certain world coordinate system (ex-
trinsic parameters) for various applications [1], [3]-[5], [8], [12]. Most
work in this area is focused on the complete camera calibration that
involves calibrating both intrinsic and extrinsic camera parameters si-
multaneously.

However, for many applications, intrinsic camera calibration is re-
quired only once, but extrinsic camera parameters have to be calibrated
many times, and even constantly over extended operating periods. For
those applications, we can assume that the intrinsic camera parame-
ters have been calibrated, and the remaining task is to develop an ef-
fective and accurate procedure for calibrating extrinsic parameters fre-
quently. Such applications can be found in vehicle guidance [2], [7],
[10], robotic vision, visual security systems, 3-D traffic monitoring, au-
tomated 3-D surveys of road accident sites, field monitoring systems in
mining operations, and motion estimation using airborne camera sys-
tems [9]. In those cases, position and orientation of cameras are sub-
ject to constant, random, and significant disturbances, due to motion,
thermal effects, environmental variation, or other unpredictable fac-
tors, and thus, the relative position and orientation of cameras must be
calibrated repeatedly for extracting any meaningful 3-D information
from computer images. In many situations, such as vehicle guidance
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TABLE 1
INTRINSIC CAMERA PARAMETERS
Symbol meanings
f focal length
‘xp 5 yp image coordinate of the principal point
ki k, .k, radial distortion
lens decentering distortion
P> P, £
a,,a, affinity distortion

and robotic vision, real-time information is critical for successful ap-
plications. Therefore, an efficient extrinsic parameter calibration pro-
cedure that requires less preparation in setup and less computation in
processing would be extremely useful.

Based on our previous work [11], the focus here is to specify a
simple, analytical, and accurate procedure for calibrating extrinsic
camera parameters that can meet the time and accuracy constraints
imposed by various real-time camera applications. Section II presents
the calibrating equation that involves rotational parameters only, Sec-
tion III introduces a simple calibrating procedure and its four possible
analytical solutions, and finally, Section IV gives the procedure for
calibrating extrinsic parameters between cameras without using the
absolute position information.

II. EXTRINSIC CAMERA CALIBRATION EQUATIONS

Let W = (X,Y,2Z)” be the 3-D world coordinate system and
¢ = (x, y)T be the corresponding 2-D image coordinate system of a
camera. For the sake of simplicity, it has been assumed that the camera
world and image coordinate axes are identical, and Z and = are the op-
tical axis of the camera. Then image coordinate ¢ and world coordinate
W are related by [6]

d<c,<>:<:§’c)=—§ (f) (1)
Y

where ¢ = (ki, k2, k3, p1,p2, a1, a2, Ty, yp, f) is the vector of in-
trinsic camera parameters, and

dy = Ax(1+ k7?4 kor® 4 ksr®)
+ 01 (7 4 2A2%) + 2pa AxAy
dy = Ay(1+ Fur? 4 kor® 4 ksr®)
+ p2(r® 4+ 2A0%) + a1 Az + az Ay
Az =z —ap
Ay=y—up
r? = Az? + Ayz.

In (1), both the effects of symmetrical and asymmetrical lens distor-
tions are considered. Table I gives the meaning of each intrinsic param-
eter. As we have assumed in the beginning, intrinsic camera parameter
vector ¢ is known here. Note that Tsai [8] had pointed out that, for
many applications, not all intrinsic parameters are needed.

Let GG be a reference world coordinate system, R be the rotation
matrix, and p the translation vector from W to G, then

W=R-P+p @)

where P is a point in the reference coordinate system G. In terms of
@, (1) can be written as

fr(1) 4+ dop(3) + [fR(1) + d.R(3)]P =0
Ip(2) +dap(3) + [fR(2) + d, R(3)|P =0

(3a)
(3b)

where p(j) and R(j),j = 1,2,3 are the jth element of translation
vector p and the jth row of rotation matrix IR, respectively. (p, ) rep-
resent the extrinsic parameters of the camera, and the objective here is
to find a procedure to determine their value.

To this end, let G;,i = 0,1,2,...,n be (n+ 1) points in G, called
calibration points. Gy and relative position information

AGi =G, — Gy, i=1,2,....n

are assumed to be known. The corresponding image coordinates ¢; of
G;,and thus d(c;,¢) = (dui,dy:)", are also given fori = 0,1,...,7n.
Therefore, for any two calibration points G; and G, we have

food [FR(L) + doy RO)G,
0 f dyj|p+ | [FR2)+dy,R(3G, | =0
f 0 duo [fR(1)+ d=0R(3)]Go
f 0 du [fR(1) + d,x R(3)|Gx
0 f dyw|p+ [|[fR(2)+dyR(3)]Gr | =0
0 f dyo [fR(2) + dyo R(3)]Go
which leads to
Auj(p + RGo)
[ woR(1)AG,; + u,u;R(3)AG, ]
= | v;R(1)AG,; — AujR(2)AG; + uov;R(3)AG; | (4a)
L —R(1)AG; — u; R(3)AG; |
Avi(p+ RGy)
-ukR(Z)AGk — Aka(l)AG =+ vOukR(S)AGk T
= voR(2)AG) + vovi R(3)AGH (4b)
L —R(2)AG) — v R(3)AGy |

where

wj = doy/f.

Since (4a) and (4b) must lead to the same solution for p, we conclude
that

vi =dy;/f, Auj=u; — uo,

Av; = v; — vo.

AleR(l)(’LLQAG]' =+ Au]AGk) — ukAuJR(Z)AGk

+ R(3)(uou;Avp AG; — vour Au;AGE) =0 (52)
vj AV R(IDAG; — Au; R(2)(Avpg AG; + voAGE)

+ R(3)(uov;Avp AG,; — vovp Au;AGE) =0 (5b)
Avy R(1)AG,; — Au R(2)AGy

4+ R(3)(u;jAviy AG; — v Au; AGy) = 0. (5¢)

When j = E, all three equations in (5) lead to
Av;R(DHAG; — AujR(2)AG) + (u;Av; — vju; )R(3)AG; = 0.

Using the above equation to eliminate R(2) in (5a) and R(1) in (5b),
we find

R(D(AurAG; — AujAGY)

+ R(3)(u;jAur AG; — upAu;AGE) =0 (6a)
R(2)(Avp AG; — Av;AGY)

+ R(3)(vjAur AG; — v Av;AGE) =0 (6b)
R(1)AwAG, — R(2)Au;AG,

+ R(3)(u;A0AG) — v Au;AGE) = 0 (6¢)
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where j = 1,2,...,n, which is identical to the result given in [11] for
a different camera model.

Equations in (6) involve a rotation matrix only and relative calibra-
tion information AG only. Therefore, they can be used to find the three
rotational parameters based on relatively positional information. Once
they are found, (4) can be used to obtain the translation parameter p.
Note that the absolute position information Gy appears independently
and explicitly in (4). As we can see later in Section IV, G is not needed
if the calibration is performed only between several cameras.

III. A SIMPLE CALIBRATION PROCEDURE AND
ITS ANALYTICAL SOLUTION

Let the rotation about the X, Y, and Z axes be denoted by w, ¢, and
¢, then

R = Rz(¢)Ry(¢)Rx(w)
cocy

= | cPsp SwWSsPsp + cwep  cwSPsp — Swe
—5¢

SWSPCY — CwsY  CWSOCp + swsp

swed cweo

where w, ¢, and ¢ are called yaw, pitch, and roll, respectively, and c¢ =
cos ¢, s¢ = sin ¢, etc.
Now let us assume that G, 1, and G2 all lie on the X axis of GG.
Then
AGy = (L1,0.0)", AGy = (L2.0,0)7

and (6) leads to

ajcospcosp —ersing =0 (7a)
by cosgsing —easing =0 (7b)
12 COS P COs P — bz cos psin — ezsing = 0 (7¢)
where
a; = Aule - Aule
a2 = A'UQLl
b1 = Ava Ly — Avy Lo
bz = Aung
€1 = Uy A'UgL] bl UQA’U,] LQ
eo = v1Ave L1 — vaAwvi Lo
ez = w1 Avo Ly — voAuy Lo,
From (7a) and (7b), we have
(arezcosp — brersing)cosg =0
which leads to:
D) ¢ =+m/2;
2) o+ ==x7/2, oro = £7/2 — a, where
cosa = ajea /A1, sina=biei/A;
A1 = /(ar1e2)? + (bier)?. (8)

The first case could be a false solution in most cases, and in
the second case, we have for ¢ that

a1hy cosp F Ajsing =0

which leads to
3) £ 3 ==xn/20r¢ = £n/2 F 3 where

cos 3 =a1b1/As, sinf = A;/A

Ay = /AT + (a1b1)2. ©

In summary, there are two possible analytical solutions for roll ¢,
and for each ¢, there are two possible analytical solutions for pitch ¢.
Therefore, there are four possible analytical solutions for pitch ¢ and
roll ¢ from relative information AG1 and AG..

Note that the three equations in (7) are not independent, and it is easy
to show that

a,2b1€1 - bzdlez - a,1b1€3 =0.

Thus, only two of them in (7) should be used to solve ¢, .

Once ¢ and ¢ are found, yaw w can be obtained using an additional
calibration point GGz which must not lie on the X axis of G.

An additional calibration G'3 will lead to six more calibration
equations according to (6), using combination (AG1, AG3) and
(AG2, AGs). Using (6a) and (6b), yaw w can be found uniquely
using either (AG1, AG3) or (AG2, AG3)

biacs + bi13s2s3 + e23ca bi2s2s3 — bizes + eozce

COos W
x|, =
Sin W

a1382¢3 — 1283 + €13¢2  @1282¢3 + a1383 + 01202]

|:61182 - £L11L12(73:| (10)

e2152 — bii1c2ss
where

co =cos¢p==xsinfF, sz =sin¢ = =xcosf

c3 =cCos@ = *sina, §3 =sine = L cosa
% %

and a,;, b;;, and e;; are constant from (6a) and (6b).
Note that the combination of (¢, ) must satisfy the constraint

2 . 2
cos" wHsin“w=1

an

where cos w and sin w are found directly from (10), as well as the other
four unused equations in (6). Therefore, we have five constraints to
eliminate the false calibration solution among the four possible analyt-
ical solutions for (¢, ¢). Note that constraint (11) should be used as the
most important one in selecting the correct calibration solution.

A simple and straightforward method to determine the correct cali-
bration solution is to use (3), and define the correct solution as the one
leads to the minimum total residual in (3).

IV. EXTRINSIC CALIBRATION OF MULTIPLE CAMERAS

To extract 3-D information, one needs multiple cameras or images
at different poses. In this case, we need to find the relative orientation
and position between two cameras or poses, the so-called extrinsic pa-
rameter calibration problem for multiple camera systems. Let B2 and
p12 be the rotation matrix and translation vector between two cameras,
ie.,

Wi = RiaWo + pro. 12)

(R1,p1) and (R2, p2) are the rotation and translation of the two cam-
eras obtained by the procedure described in Sections II and III. Then

Riy = RiR} (13)
p12 = p1 — Riapo
= (p1 + RiGo) — Ri2(p2 + R2Gh). (14)

Clearly, from (4) and (6), (13) and (14) are independent of the selec-
tion of the particular reference world coordinate system G and calibra-
tion point Gip. Therefore, no absolution position information is needed
for the extrinsic calibration of multiple cameras.

As a numerical example with synthetic data, consider two cameras
and four calibration points, as shown in Fig. 1. Table II presents the
corresponding image coordinates of the four calibration points for the
two cameras.
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G;
AG, =[10 0 Olem
AG,=[15 0 Olem
AG,=[0 5 0)em
Go Er’, éz
Fig. 1. Four calibration points.
TABLE 1I
IMAGE COORDINATES FROM TWO CAMERAS
Camera GO G1 G2 G3
X -0.2361 | -0.2921 -0.3209 | -0.1542
Camera one 1
" -0.1180 | -0.2101 -0.2574 | -0.2278
X -0.2016 | -0.2170 -0.2249 | -0.1336
Camera two 2
¥, -0.1210 | -0.1892 -0.2246 | -0.1827

Using the procedure described above, we find the following.
CAMERA 1

O, = [woy] = [45° 30° 60°] or [—135° 150° —120°]
p1 + RiGo =[2010300]" cm.

CAMERA 2

Oy = [woy] = [33° 37° 81°] or [—127° 143° —99°]
P2+ RaGo =[2515250]" cm.

Note that two correct solutions have been found for both cameras,
and both lead to the same rotation matrix, i.e.,

0.4330 —0.4356  0.7891
R = 0.7500 0.6597 —0.0474 for camera 1
—0.5000 0.6124 0.6124
0.1249 —0.5192 0.8455
Ry, = | 0.7888 0.5686 0.2328 for camera 2.
—0.6018 0.6378 0.4806
Therefore
—0.5334 0.0073  0.8456
Rio = | 0.8432 0.0796 0.5316
—0.0634 0.9968 —0.0486

pi2 =[—178.1640 —145.1759 298.7783]" cm.

V. CONCLUDING REMARKS

Finally, it is necessary to point out the major difference in the moti-
vation between the current research and many other camera calibration
works. The focus here is on real-time, repetitive extrinsic param-
eter calibration tasks (for example, caused by constant vehicle mo-
tion during the driving process), not offline, one-time full parameter
calibration (extrinsic and intrinsic) problems, as in most other studies.
Therefore, a simple and analytical calibration procedure is extremely
desired in those situations.
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Profile Sensing With an Actuated Whisker

Gregory R. Scholz and Christopher D. Rahn

Abstract—Obstacle avoidance and object identification are important
tasks for robots in unstructured environments. This paper develops an ac-
tuated whisker that determines contacted object profiles using a hub load
cell. The shape calculation algorithm numerically integrates the elastica
equations from the measured hub angle, displacement, forces, and torque
until the bending moment vanishes, indicating the contact point. Sweeping
the whisker across the object generates a locus of contact points that can be
used for object identification. Experimental results demonstrate the ability
to identify and differentiate square and curved objects at various orienta-
tions.

Index Terms—Contact sensing, flexible beam, shape sensing.
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