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Real-Time Dynamic Dubins-Helix Method for
3-D Trajectory Smoothing

Yu Wang, Shuo Wang, Min Tan, Chao Zhou, and Qingping Wei

Abstract— This brief presents the real-time dynamic Dubins-Helix
(RDDH) method for trajectory smoothing, which consists of Dubins-Helix
trajectory generation and pitch angle smoothing. The generated 3-D tra-
jectory is called the RDDH trajectory. On one hand, the projection of 3-D
trajectory on the horizontal plane is partially generated by Dubins path
planner such that the curvature radius constraint is satisfied. On the other
hand, the Helix curve is constructed to satisfy the pitch angle constraint,
even in the case that the initial and final poses are close. Furthermore, by
analyzing the relationship between the parameters and the effectiveness
of the RDDH trajectory, the smoothing algorithm is designed to obtain
appropriate parameters for a shorter and smoother trajectory. In the
end, the numerical results show the proposed method can generate an
effective trajectory under diverse initial conditions and achieve real-time
computation.

Index Terms— Autonomous system, path planning, robotics, trajectory
generation.

I. INTRODUCTION

Path planning is the act of providing a feasible and optimal
(or suboptimal) path between two given points. The feasibility of
path is usually measured by path length, threat or obstacle avoidance,
fuel consumption, and so on. Due to the wide use in autonomous
systems, several traditional solutions have been developed for path
planning, for example, A-star algorithm [1], graph theory [2]–[4],
evolutionary algorithms [5]–[8], rapidly exploring random tree [9],
and mixed-integer linear programming methods [10], [11]. However,
all the methods mentioned previously only tried to find an optimal
or suboptimal path connecting the initial position to the final one
without emphasizing trajectory smoothing. But, this is an important
step after the way-points produced by the above methods are sent to
the vehicle.

There are several problems to be considered for the purpose of the
feasibility of 3-D trajectory smoothing.

1) The unmanned vehicle’s minimum curvature radius and pitch
angle constraints should be satisfied because the vehicle’s cur-
vature radius is highly related to the kinematics and dynamics
of the vehicle. In addition, the pitch angle is generally limited in
a certain range for the sake of the vehicle’s safety in 3-D space,
namely, the pitch angle at all points on the trajectory must be
constrained between the assigned lower and upper bounds.

2) The optimal path is essential for path planning. Trajectory
smoothing should produce not only a feasible path, but also
the optimal (i.e., shortest) one connecting the initial pose to
the final pose.
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3) In lots of practical applications, real-time performance of
trajectory smoothing is required. The trajectory needs to
be dynamically generated according to the varying working
environment of the unmanned vehicle. Hence, the trajectory
smoothing method should produce a feasible trajectory in
real-time.

In 2-D space, the trajectory smoothing has been well resolved.
It has been proved that the shortest path between the initial and
final poses with minimum curvature radius constraint is a Dubins
curve [12]. This curve can be a CSC or CCC path, where C stands for
an arc and S stands for a straight line. Rathinam et al. [13] employed
Dubins curves to achieve path planning for UAVs in 2-D space. Based
on Dubins curves, Shanmugavel et al. [14] developed a trajectory
smoothing method with clothoid arcs. Analogously, Fraichard and
Scheuer [15] designed a continuous-curvature path using clothoid
arcs for car-like vehicles. In addition, Piazzi et al. [16] applied
η3-Splines with continuous tangent vector and curvature for wheeled
mobile robots. Anderson et al. [17] devised κ − trajector y in
2-D space for real-time dynamic trajectory smoothing. Another type
of curves with a closed-form expression of position, such as Bezier
curves and B-splines, were used for 2-D path smoothing as well
[18]–[20].

However, 3-D trajectory smoothing is much more challenging,
because not only the heading angle, but also the pitch angle have
to be considered. For solving 3-D trajectory smoothing, Bezier
and Pythagorean hodograph curves have been applied. Yang and
Sukkarieh [21] developed a continuous-curvature path-smoothing
algorithm based on the Bezier curve, while Shanmugavel et al. [22]
presented a method using the Pythagorean hodograph curve for 3-D
trajectory smoothing. Usually, search algorithms are utilized to satisfy
geometric constraints, but they hinder the real-time implementation.
So for simplicity and feasibility, Belkhouche and Bendjilali [23]
designed a trajectory, where the pitch angle and the heading angle are
both linear functions of the visibility line angles on the vertical and
horizontal planes. In addition, Babaei and Mortazavi [24] developed a
real-time and low computational complexity algorithm based on 2-D
Dubins path generation by the geometrical method. Nevertheless, the
trajectory smoothing methods in [21], [22], and [24] only satisfied
the curvature radius constraint, but did not address the pitch angle
constraint. So, based on 2-D Dubins curves, the 3-D trajectory
satisfying both the curvature radius and pitch angle constraints was
generated [25]. This algorithm has been implemented on the UAV,
and is only applicable when the distance between the initial and final
positions onto the x–y plane is large. Hota and Ghose [26] employed
a numerical method to obtain an optimal path meeting geometric
constraints. However, this method could not be applied in dynamic
trajectory smoothing because of time-consuming computation.

The aim of this brief is to develop the RDDH method for
3-D trajectory smoothing. The main contributions of this brief are
summarized as follows.

1) While satisfying both the curvature radius and pitch angle
constraints, the 3-D trajectory based on 2-D Dubins and
Helix curves is generated, which can achieve smooth transition
between the initial pose and the final pose.
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2) An effective trajectory in terms of path length can be produced.
In addition, the RDDH method can be employed for different
configurations of initial and final poses.

3) The effective and feasible trajectory can be calculated in real-
time, and only a few parameters are needed and stored for this
trajectory.

The rest of this brief is organized as follows. Section II presents the
problem statement and solution description. In Section III, the RDDH
trajectory smoothing is elaborated, including Dubins-Helix trajectory
generation, pitch angle smoothing, and radius selection. Finally, the
numerical results and conclusion are given in Sections IV and V,
respectively.

II. TRAJECTORY-SMOOTHING FRAMEWORK

A. Problem Statement

The vehicle initial and final poses are denoted by Ps (xs , ys ,
zs , ϕs , γs) and Pg(xg , yg , zg , ϕg , γg), respectively, where ϕi , γi (i =
s, g) represent the initial heading and pitch angles, respectively.
In the Cartesian coordinate frame (x, y, z), the path connecting the
two poses is provided by trajectory smoothing, which can be written
as

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dx
ds = cos ϕ(s) cos γ (s)
dy
ds = sin ϕ(s) cos γ (s)
dz
ds = sin γ (s)
dϕ
ds = μ1
dγ
ds = μ2

(1)

where s represents the curvilinear abscissa along the path, μ1 and
μ2 represent the control inputs, ϕ(s) and γ (s) denote the heading
angle and the pitch angle, respectively. The curvature radius R(s) is
calculated as follows:

R(s) = 1
√

μ2
1(s)cos2γ (s) + μ2

2(s)
. (2)

As there are certain relationships between geometric constraints
and the vehicle actual constraints [25], control inputs (μ1, μ2) should
be determined to satisfy the following geometric constraints:

1) the curvature radius constraint: |R| ≥ Rmin;
2) the pitch angle constraint: γmin ≤ γ ≤ γmax.

Essentially, finding the shortest path is an optimal control problem,
described as

min
∫ sg

0
ds (3)

where sg represents the planned trajectory length. This problem can
be solved by numerical methods. But, in practice, trajectory smooth-
ing usually needs to satisfy the real-time computing requirement,
especially for a high-speed unmanned vehicle. Therefore, a more
effective method instead of a numerical method is proposed in this
brief.

B. Solution Description

The RDDH trajectory smoothing is designed with the consideration
of both the curvature radius constraint and the pitch angle constraint.
The overall framework is shown in Fig. 1. The entire trajectory is
composed of three subpaths, i.e., ςs , ςD H , and ςg , where ςs and ςg
are the results of pitch angle smoothing, and ςD H is the generated
Dubins-Helix trajectory. On one hand, the projection of the Dubins-
Helix trajectory on the horizontal plane is the Dubins curve satisfying
the curvature radius constraint. On the other hand, the Helix curve
is exploited to meet the pitch angle constraint. In addition, the z-s
diagram of the 3-D trajectory is also a Dubins curve.

Fig. 1. Solution description. (a) Initial pose and the final pose. (b) Projection
of the RDDH trajectory on the x–y plane. (c) RDDH trajectory. The entire
trajectory is composed of three subpaths, i.e., ςs , ςDH , and ςg , where ςs
and ςg are generated by pitch angle smoothing, and ςDH is the generated
Dubins-Helix curve.

III. DESIGN OF 3-D RDDH TRAJECTORY SMOOTHING

The 3-D RDDH trajectory smoothing is composed of Dubins-Helix
path generation and pitch angle smoothing, which are both detailed
in this section. In addition, the selection of the curvature radius for an
effective path is presented, and the RDDH algorithm is summarized
as well.

A. Dubins-Helix Trajectory

The initial and final poses of the Dubins-Helix trajectory
are denoted by PD H,s(xD H,s , yD H,s, zD H,s , ϕD H,s , γD H,s)
and PD H,g(xD H,g, yD H,g, zD H,g , ϕD H,g, γD H,g), respectively.
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Fig. 2. 2-D Dubins path generation. (a) External tangential trajectories.
(b) Internal tangential trajectories. (c) LRL path. (d) RLR path, where R
stands for a right arc, and L stands for a left arc.

Fig. 3. Dubins-Helix trajectory. Subpaths ς1 ∼ ς4 are sequentially marked
in red, blue, green, and yellow, among which ς1, ς2, and ς4 are 3-D Helix
curves, and ς3 is a straight line.

Based on 2-D Dubins path generation, the Dubins-Helix trajectory
is created in this section. The Dubins curve and the Helix curve are
constructed in order to guarantee the curvature radius constraint and
the pitch angle constraint, respectively. As shown in Fig. 2, there are
four CSC paths and two CCC paths in 2-D Dubins curves. Take the
CSC path highlighted by the blue curve in Fig. 2(a) for example. The
length of the 2-D Dubins curve L2D is calculated as follows:

L2D = α ·Rh +
∥
∥
∥

−−−−→
Cts Ctg

∥
∥
∥ + β ·Rh (4)

where Rh is the curvature radius of the 2-D path, α and β are
the initial and final rotation angles, respectively, Cts and Ctg are
cutoff points as marked in Fig. 2. The shortest 2-D Dubins curve
is selected as the projection of the Dubins-Helix curve on the x–y
plane. In this section, we only discuss the Dubins-Helix trajectory
when the distance between the projections of PD H,s and PD H,g on
the x–y plane is larger than 2Rmin. In this case, the CSC paths are
employed on the x–y plane. Note that our method is still effective
when this distance is smaller than 2Rmin, and CCC paths can be
utilized. Since the implementation is similar, details are omitted.

As shown in Fig. 3, the Dubins-Helix trajectory is composed of
four subpaths ς1 − ς4. For simplicity, the pitch angle is assumed

TABLE I
PARAMETERS OF EACH SUBPATH

to be a fixed value in each subpath. ς1, ς2, and ς4 are 3-D helix
curves, while ς3 is a straight line. The parameters of each subpath
are listed in Table I. Note that (xts , yts) and (xtg, ytg) represent the
tangent points Cts and Ctg on the Dubins curve, respectively, γD H,s
and γD H,g are the initial and final pitch angles, respectively. All
the pitch angles of subpaths ς1 − ς4 should satisfy the pitch angle
constraint.

1) 3-D Helix Curve Equation: The projection of 3-D Helix curve
on the x–y plane is an arc with a radius of Rh . The initial position
is represented as S H (x H , y H , z H ), the pitch angle is represented
as γ H , and the center of the arc on the x–y plane is denoted by
O H (x H

o , y H
o ). By denoting P(x, y, z) as a point on the Helix curve,

the 3-D Helix curve equation is given by

⎧
⎪⎨

⎪⎩

[
x
y

]

=
[

x H
o

y H
o

]

+ Rh

[
cos θ − sin θ

sin θ cos θ

][
q H

ox
q H

oy

]

z = z H +|θ | · Rh · tan γ H

(5)

where
(
q H

ox , q H
oy

)T
is the normalized unit vector of

(
x H − x H

o ,

y H − y H
o

)
, θ is the rotation angle from the initial position

S H (x H ,y H ,z H ) to the position P(x, y, z) on the x–y plane. If the
rotation is counterclockwise, θ ≥ 0, otherwise, θ < 0.

In the Helix curve, the relationship between the curvature radius
on the horizontal plane and the one in 3-D space is

Rh = R · cos2γ H . (6)

2) Relationship of the Parameters and the Dubins-Helix Trajectory
Length: When a Dubins curve is selected, the parameters of the
Dubins-Helix trajectory and their relation with the trajectory length
are analyzed. In the following context, only the case of zts > ztg is
discussed, since the analysis for the case of zts ≤ ztg can be obtained
similarly.

We first explain the notations used in the following context.
The number of rotation laps in subpath ς2 is n, the pitch angle of the
vehicle γ is in the range of [γmin, γmax], and the other parameters
of the Dubins-Helix trajectory are denoted the same as mentioned
previously. L represents the distance between (xts , yts) and (xtg, ytg)
on the x–y plane. Hς23 represents the total height of subpaths ς2
and ς3.

The relationship between the parameters and the Dubins-Helix
trajectory length is discussed separately in two cases.

Case 1: Hς23 > L · tan |γmin|.
Case 2: Hς23 ≤ L · tan |γmin|.
In Case 1, the relationship of the parameters n, γ2, and γ3 is

2πn · Rh tan γ2 +L · tan γ3 = − Hς23 . (7)

The Dubins-Helix trajectory length S is calculated by

S = α ·Rh

cos γD H,s
+ 2πn · Rh

cos γ2
+ L

cos γ3
+ β ·Rh

cos γD H,g
. (8)

In (8), only γ2, γ3, and n are uncertain when the initial and
final poses are fixed. In Case 1, because Hς23 > L · tan |γmin|, we
have n ∈ N∗ . It is assumed that n is a fixed value, then from (7),
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Fig. 4. Expanded plane chart of subpaths ς2 and ς3.

we can get γ2 ∈ [γ2min, γ2max] and γ3 ∈ [γ3min, γ3max], which are
determined by

γmin ≤ γ2 ≤ − arctan

(
Hς23 +L · tan γmin

2πn · Rh

)

(9)

γmin ≤ γ3 ≤ − arctan

(
Hς23 +2πn · Rh tan γmin

L

)

. (10)

As shown in Fig. 4, for any γ2 ∈ [γ2min, γ2max], we can get Sς23,
the total length of subpaths ς2 and ς3, which is given by

Sς23 = 2πn · Rh

cos γ2
+ L

cos γ3
. (11)

When n is a fixed nonzero value, from Fig. 4, we can get

Sς 23 ≥ Sς 23min (12)

where Sς 23min, the length of the red solid line, is the minimizer of
the total length of subpaths ς2 and ς3. So if Sς23 = Sς 23min, we
determine the pitch angle as

γ2 = γ3 = − arctan

(
Hς23

2πn · Rh + L

)

. (13)

By substituting (13) into (9) and (10), we can find that γ2 and γ3
in (13) satisfy (9) and (10).

Since α · Rh/cos γD H,s and β · Rh/cos γD H,g are fixed, we can
obtain on the assumption of n being a fixed value, the Dubins-Helix
trajectory is the minimizer under the condition of (13). To satisfy the
pitch angle constraint, we can get n ∈ [nmin,∞), determined by

n ≥
⌊

Hς23 +L · tan γmin

2π · Rh | tan γmin |
⌋

+ 1. (14)

Fig. 4 shows that the length of the red solid line is increased
along with the increase of n. So the Dubins-Helix trajectory
length is the minimizer when n = nmin and γ2 = γ3 =
− arctan(Hς23/2πnmin · Rh + L).

The analysis of Case 2 is similar to the one of Case 1, except
that n can be zero. As shown in Fig. 4, when n is zero, the red
solid line is shorter than any one when n > 0. So, in Case 2, when
n = 0 and γ3 = − arctan(Hς23/L), the Dubins-Helix trajectory is the
minimizer. Note that in this situation, subpath ς2 disappears, but for
uniform description, we still assume that γ2 = γ3 for this degenerated
subpath. Thus, we have the following conclusion.

Remark 1: The shortest Dubins-Helix trajectory occurs when n =
nmin, γ2 = γ3 = − arctan(Hς23/2πnmin · Rh + L), where nmin is
given by

nmin =
⎧
⎨

⎩

0 Hς23 ≤ L · | tan γmin|
⌊ Hς23 +L tan γmin

2π Rh | tan γmin|
⌋

+ 1 Hς23 > L · | tan γmin|. (15)

Algorithm 1 Binary Search for Pitch Angle Smoothing

Fig. 5. Value of the RDDH trajectory on the z-axis versus the abscissa along
the RDDH trajectory.

B. Design of Pitch Angle Smoothing

In order to deal with the discontinuity of the pitch angle, the
smoothing process is added in the RDDH method. As shown in
Fig. 5, the Dubins curve is applied in the pitch angle smoothing
method. Subpaths ςs and ςg are added for pitch angle adjustment,
which occur on the initial and final positions, respectively. On subpath
ςs , the heading angle is fixed, while the pitch angle is revolved from
γs to γD H . The initial and final poses of ςs are Ps and PD H,s ,
respectively. Subpath ςg is similar, and the pitch angle is revolved
from γG H to γg . The initial and final poses of ςg are PD H,g and
Pg , respectively.

SD H , the length of the Dubins-Helix trajectory (marked as the red
line in Fig. 5), is uncertain. So, it is difficult to determine the pitch
angle γD H directly. In engineering applications, the binary search
algorithm (Algorithm 1) is employed to calculate the pitch angle
γD H . In order to decrease the number of iterations and thus reduce
the computational time, it is vital to select an appropriate initial value
of the pitch angle γD H . We use the initial pitch angle offered by (16)
if zs > zg . According to our experiments, γD H can be determined
in <5 iterations utilizing this initial pitch angle γD H 0. Note that the
calculation in the case of zs ≤ zg is similar

γD H0 = arctan

(
zg − zs

2π n0 ·Rmin + L2D0

)

(16)

where L2D0 is the length of the Dubins curve on the x–y
plane between the initial pose and the final pose, and n0 can be
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TABLE II
PARAMETERS OF THE DUBINS CURVE ON THE x–y PLANE

TABLE III
PARAMETERS OF THE PITCH ANGLE SMOOTHING METHOD

obtained by

n0 =
{

0 zs − zg ≤ L2D0 | tan γmin|⌊
zs−zg+L2D0 tan γmin

2π Rh | tan γmin |
⌋

+ 1 zs − zg > L2D0 | tan γmin|. (17)

C. Radius Selection

To meet the demands of engineering applications, an effective and
feasible path between the initial and final poses should be produced
in real-time. From Section III-A, we can see that the shortest Dubins-
Helix trajectory can be obtained once the Dubins curve is chosen. So,
an effective path can be generated by selecting a suitable horizontal
curvature radius Rh . The process is discussed in two cases, i.e., n = 0
and n 	= 0.

1) n = 0: If L2D is the shortest, the path is an effective one.
Hence, we select the minimum value of Rh to provide a 2-D Dubins
path. Actually, the minimum value of Rh should satisfy the curvature
radius constraint |R| ≥ Rmin. First, let Rh = Rmin. we can get a
trajectory produced by path generation, and the pitch angle of the
Dubins-Helix trajectory γD H . Second, choose a curvature radius Rh
on the x–y plane to satisfy δ1 ≥ Rh/cos2 γD H − Rmin ≥ 0, where
δ1 is a small threshold.

2) n 	= 0: n is a key parameter to determine the path length.
Assume that σ = Hς23 + L · tan γmin/2π Rh | tan γmin|+1−nref (σ ∈
(0, 1)), where nref is obtained by (15) when Rh = Rmin. On subpath
ς2, the length of a Helix curve with the rotation angle of 2π is
less effective, especially when σ is close to be 0. In order to get
an effective path, the horizontal curvature radius Rh is increased to
make δ2 < σ < 0, where δ2 is a negative threshold.

D. Summary

The parameters determining the RDDH trajectory are divided into
four categories, which are the initial and final poses, the parameters
of the Dubins curve, the parameters of the pitch angle smoothing
method, and the number of laps in subpath ς2 (denoted by n).
The parameters of the second and third categories are listed in
Tables II and III, respectively. Obviously, there are a limited number
of parameters to describe a path. Therefore, the RDDH trajectory
only needs small storage and low computation cost.

The procedure of the RDDH method is as follows:

1) select an appropriate curvature radius Rh for 2-D Dubins route
planning;

2) determine the parameters of subpath ςs and subpath ςg by
binary search algorithm;

3) let PD H,s and PD H,g be the initial and final poses of the
Dubins-Helix trajectory, and determine the 2-D Dubins curve;

Fig. 6. RDDH path and the optimal path.

TABLE IV
INITIAL AND FINAL POSES OF THE VEHICLE

4) compute the parameters of the shortest Dubins-Helix trajectory:
n = nmin, γ2 = γ3 = − arctan(Hς23/2πnmin · Rh + L);

5) obtain the equation of each subpath.

Following the above steps, a 3-D effective and feasible trajectory
is generated by the RDDH method.

Remark 2: The RDDH method can produce an effective path for
different configurations of initial and final poses. When the distance
between the initial and final poses onto the x–y plane is larger than
2Rmin, CSC paths of Dubins curves are utilized. Otherwise, CCC
curves instead of CSC curves are applied, and the other steps are
similar.

IV. NUMERICAL RESULTS

A. 3-D RDDH Trajectory Generation

In our simulations performed on a 2.2-GHz Pentium-class
computer with 2G RAM, 3-D RDDH trajectory generation can
achieve real-time computation; the average execution time is 65 μs.
Compared with the second-class execution time of the method in
[24] and the minute-class execution time of the method in [26], the
execution time of the RDDH method is microsecond-class.

In this section, the simulations are done under the condition of
Rmin = 40 m and −15◦ ≤ γ ≤ 20◦. In Fig. 6, we compare the
RDDH trajectory planned according to the data in Table IV with the
optimal trajectory generated by the numerical method [26]. As shown
in Fig. 7, the projection of the Dubins-Helix trajectory on the x–y
plane and the graph reflecting the relationship between z and the
abscissa along the RDDH trajectory are both Dubins curves. Subpaths
ςs and ςg are dedicated to achieve smooth transition of the pitch
angle. In Fig. 7(a) and (b), the blue parts at two ends of the curves
are the results of pitch angle smoothing, where the heading angle is
fixed, and the pitch angle is continuous for attitude adjustment. The
red curve is the Dubins-Helix trajectory, where the pitch angle is a
fixed value, and the projection on the x–y plane is a Dubins curve.

B. Comparisons and Discussion

In order to evaluate the effectiveness of the RDDH method, we
compare the length of the paths generated by three different methods,
including the RDDH method, the approach of Ambrosino et al. [25],
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Fig. 7. Description of the RDDH trajectory. (a) Projection of the RDDH
trajectory on the x–y plane. (b) Value of the RDDH trajectory on the z-axis
versus the abscissa along the RDDH trajectory. (c) Heading angle versus the
abscissa along the RDDH trajectory. (d) Pitch angle versus the abscissa along
the RDDH trajectory.

and the numerical method named multiple shooting [26]. The 3-D
path generation in [25] is effective in terms of path length (not far
from optimal) when the distance between the two points onto the

TABLE V
INITIAL AND FINAL POSES OF THE VEHICLE I

TABLE VI
COMPARISONS OF THE THREE METHODS I

TABLE VII
INITIAL AND FINAL POSES OF THE VEHICLE II

TABLE VIII
COMPARISONS OF THE THREE METHODS II

x–y plane is large. Therefore, the problem is discussed separately in
two cases according to this distance.

First, five pairs of poses with large distances are given in Table V,
while the lengths of trajectories produced by the three methods
are listed in Table VI. The length differences e(%) are given in
Table VI to compare the paths produced by the RDDH method and
the approach of Ambrosino et al. [25] with the ones produced by
the numerical method [26]. Second, another five pairs of poses with
small distances are given in Table VII, while Table VIII presents
the simulation results obtained by three methods. Under the same
conditions, the average execution time of the numerical method
in [26] is minute-class, while the average execution times of the
RDDH method and the approach of Ambrosino et al. [25] are both
microsecond-class, far less than the numerical method, which can
produce the optimal path.

According to the comparisons in Tables VI and VIII, we can
summarize that the RDDH method can generate an effective and
feasible trajectory in real-time. Additionally, it is more adaptable to
different configurations of initial and final poses than the approach
of Ambrosino et al. [25].
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Fig. 8. Simulation on a reduced closed-loop model. (a) Actual trajectory.
(b) Time history of the distance error.

C. Simulation on a Reduced Closed-Loop Model

In order to validate the feasibility and dynamic performance
of 3-D trajectory smoothing, the proposed method is tested on a
reduced closed-loop model. To simulate the actual situations, transient
disturbance of the triangular waves and inertia are added in the
closed-loop simulation system. In this test, the parameters are the
same as the ones in Section IV-A. In addition, the speed of the vehicle
is 1 m/s, and the threshold of the distance error between the expected
position and the actual one is set to be 2 m. The simulation results are
shown in Fig. 8, in which we can find transient disturbance occurs
at 750 s. From Fig. 8, the trajectory is replanned when the distance
error is beyond 2 m.

V. CONCLUSION

In this brief, we present a new method called RDDH method
for 3-D trajectory smoothing. This method combines Dubins-Helix
trajectory generation and pitch angle smoothing, thus making both
the curvature radius and pitch angle constraints satisfied. Based on
our analysis on the relationship between the parameters and length of
the generated trajectory, the algorithm for the parameter selection and
computation is designed to achieve a shorter and smoother trajectory.
The numerical results demonstrate that the proposed method can
generate an effective (not far from optimal) and feasible path, which
satisfies the geometric constraints and different initial conditions, and
is able to be implemented in real-time.
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“Co-operative path planning of multiple UAVs using Dubins paths with
clothoid arcs,” Control Eng. Pract., vol. 18, no. 9, pp. 1084–1092, 2010.

[15] T. Fraichard and A. Scheuer, “From Reeds and Shepp’s to
continuous-curvature paths,” IEEE Trans. Robot., vol. 20, no. 6,
pp. 1025–1035, Dec. 2004.

[16] A. Piazzi, C. G. L. Bianco, and M. Romano, “mmbη3-splines for the
smooth path generation of wheeled mobile robots,” IEEE Trans. Robot.,
vol. 23, no. 5, pp. 1089–1095, Oct. 2007.

[17] E. P. Anderson, R. W. Beard, and T. W. McLain, “Real-time dynamic
trajectory smoothing for unmanned air vehicles,” IEEE Trans. Control
Syst. Technol., vol. 13, no. 3, pp. 471–477, May 2005.

[18] P. Gallina and A. Gasparetto, “A technique to analytically formulate
and to solve the 2-dimensional constrained trajectory planning problem
for a mobile robot,” J. Intell. Robot. Syst., vol. 27, no. 3, pp. 237–262,
2000.

[19] T. Berglund, A. Brodnik, H. Jonsson, M. Staffanson, and I. Soderkvist,
“Planning smooth and obstacle-avoiding B-spline paths for autonomous
mining vehicles,” IEEE Trans. Autom. Sci. Eng., vol. 7, no. 1,
pp. 167–172, Jan. 2010.

[20] J. Huang, S. M. Farritor, A. Qadi, and S. Goddard, “Localization and
follow-the-leader control of a heterogeneous group of mobile robots,”
IEEE/ASME Trans. Mechatronics, vol. 11, no. 2, pp. 205–215, Apr. 2006.

[21] K. Yang and S. Sukkarieh, “An analytical continuous-curvature
path-smoothing algorithm,” IEEE Trans. Robot., vol. 26, no. 3,
pp. 561–568, Jun. 2010.

[22] M. Shanmugavel, A. Tsourdos, R. Żbikowski, and B. A. White, “3D
path planning for multiple UAVs using Pythagorean hodograph curves,”
in Proc. AIAA Guid., Navigat., Control Conf. Exhibit., Hilton Head, SC,
USA, 2007, pp. 20–23.

[23] F. Belkhouche and B. Bendjilali, “Reactive path planning for 3-D
autonomous vehicles,” IEEE Trans. Control Syst. Technol., vol. 20, no. 1,
pp. 249–256, Jan. 2012.

[24] A. R. Babaei and M. Mortazavi, “Three-dimensional
curvature-constrained trajectory planning based on in-flight waypoints,”
J. Aircraft, vol. 47, no. 4, pp. 1391–1398, 2010.

[25] G. Ambrosino, M. Ariola, U. Ciniglio, F. Corraro, E. De Lellis, and
A. Pironti, “Path generation and tracking in 3-D for UAVs,” IEEE Trans.
Control Syst. Technol., vol. 17, no. 4, pp. 980–988, Jul. 2009.

[26] S. Hota and D. Ghose, “Optimal path planning for an aerial vehicle in
3D space,” in Proc. 49th IEEE CDC, Atlanta, GA, USA, Dec. 2010,
pp. 4902–4907.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


