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Seeking Consensus in Networks of Linear Agents: Communication
Noises and Markovian Switching Topologies

Yunpeng Wang, Long Cheng, Wei Ren, Zeng-Guang Hou, and Min Tan

Abstract—The stochastic consensus problem of linear multi-
input multi-output (MIMO) multi-agent systems (MASs) with
communication noises and Markovian switching topologies is
studied in this technical note. The agent’s full state is first es-
timated by the state observer, and then the estimated state is
exchanged with neighbor agents through a noisy communication
environment. The communication topology is randomly switch-
ing and the switching law is described by a continuous-time
Markovian chain. Then a consensus protocol is proposed for this
MAS, and some sufficient conditions are obtained for ensuring
the mean square and almost sure consensus. In addition, if the
communication topology is fixed, some necessary and sufficient
conditions for the mean square consensus can be obtained accord-
ing to whether or not each agent in the system has parents.

Index Terms—Communication noise, linear multi-agent system,
Markovian switching topology, stochastic consensus.

I. INTRODUCTION

Recently, the communication noise becomes an attractive topic in
the field of consensus of multi-agent systems (MASs) [1]-[9]. In order
to attenuate the effect of communication noises, a time-varying gain,
namely the stochastic-approximation type gain, was first introduced
in the consensus protocol proposed in [1]. In [2], it is proven that
the stochastic-approximation type gain is not only sufficient but also
necessary for ensuring the mean square consensus of first-order inte-
gral MASs. In [3], two kinds of communication constraints (commu-
nication noises and delays) were considered simultaneously, and the
stochastic-approximation type consensus protocol was still valid in this
situation. Some interesting applications (e.g., the distributed parameter
estimation) of the stochastic consensus of MASs were done in [4], [5].
In [6], a new protocol was presented for the mean square consensus
of second-order integral MASs with additive communication noises.
It is proved that the stochastic approximation type conditions are still
the necessary and sufficient conditions. Extensions to the sampled-data
based consensus protocol were made in [7]. Although some results
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on stochastic consensus were published, the study regarding linear
MASs with communication noises is still very rare. Recently, few
early attempts towards this challenge were made in [8], [9] where
the mean square consensus problems of continuous-time/discrete-time
linear single-input single-output (SISO) MASs with fixed topologies
were solved. However, many interesting questions are still left open
such as the almost sure consensus and the consensus under switching
topologies, which become the motivation of the study presented in this
technical note.

In this technical note, the MAS works under randomly switching
communication topologies. The switching signal is modeled by a
homogeneous ergodic Markovian chain with right continuous trajec-
tories. The transition matrix of this Markovian chain is assumed to be
a “doubly stochastic generator matrix”. Moreover, it is assumed that
only the agent’s output is available. A state observer is constructed to
estimate the agent’s state. The estimated state is sent to its neighbor
agents for the purpose of reaching consensus. A consensus protocol
is then proposed by combining the agent’s own estimated state and
the relative estimated states between the agent and its neighbors. A
time-varying gain matrix a(t)K> is applied to the relative estimated
states to attenuate the noise’s effect. It is proved that the mean square
and almost sure consensus can be solved by the proposed protocol if
the following conditions hold: 1) all possible communication topology
digraphs are balanced and the union of them has a spanning tree;
2) fooo a(t)dt = oo and Ooo a?(t)dt < oo; 3) all roots of “parameters
polynomials” have negative real parts. In addition, the stochastic
consensus of MASs with the fixed topology is further discussed.
According to whether or not each agent in the system has parents,
some necessary and sufficient conditions are obtained for the mean
square consensus of MASs, respectively.

This technical note is a continuation and improvement of the previ-
ous papers [6]-[9]. In [6] and [7], only the mean square consensus
problems of first-order/second-order integral MASs were studied.
Although the linear MAS was studied in [8], [9], this technical note
still has some distinguished features which are summarized as follows:
1) the agent is described by the stabilizable linear MIMO dynamics
rather than the controllable SISO dynamics; 2) both the randomly
switching topology and the fixed topology are investigated; 3) the
proposed protocol is based on the agent’s output rather than its full
state; and 4) the proposed protocol is able to solve not only the mean
square consensus problem but also the almost sure consensus problem.

Notations: 1, = (1,...,1)T e R"; 0, = (0,...,0)T e R™; I,
denotes the n x n dimensional identity matrix; © denotes zero matrix
with proper dimension; ® and & denote the Kronecker product and
Kronecker sum, respectively. For a given matrix X, X7 denotes its
transpose; || X1, || X||2 and || X || denote its 1-norm, 2-norm and
Frobenius norm, respectively; tr(X) denotes the trace of X; null(X)
denotes the null space of X. For a linear space H, its orthogonal
complement space is denoted by H*. diag(-) denotes a block di-
agonal matrix formed by its inputs. For a random variable/vector
xz, E{x} denotes its mathematical expectation, D{z} denotes its
variance. This technical note is based on the complete probability
space (2, F,P) which is equipped with a filtration {F%,¢> 0}.
Throughout this technical note, “m.s.” and “a.s.” are abbreviations
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for mean square and almost sure, respectively. For a random process
z(t), z(t) —— z* and x(t) — x* mean that z(¢) is m.s. and
a.s. convergent to a random variable z* as time goes to infinity,
respectively. Let C, R, RT denote the field of complex number, the
field of real number and the set of positive real number, respectively.
For any = € C, R(x) denotes its real part. Define an operator ¢ in the
following way: for a matrix V = [Vi, Va, ..., V,] € C™*" with V; €
CLop(V) =[VT,...,vT]" € C**, For a function f(z), T (x) =
max{f(x),0} and f~(x) = —min{f(x),0}. For a real function
6(t) : R — R, its indicator function is defined by

1, if0(t)=c
Toty=c = 0,

ifo(t) # c.
II. PRELIMINARY RESULTS, PROBLEM FORMULATION
AND CONSENSUS PROTOCOL

This technical note considers a MAS composed of N agents. The
ith agent is described by the following continuous-time linear MIMO
time-invariant system

#;(t) = Azi(t) + Bui(t), yi(t) = Cxy(t) (H

where z;(t) € R™, u;(t) € R™ and y;(¢t) € R" are the state, input and
output of the ith agent, respectively

A= {AA; ﬁj] e R )
where AT =[AT @]eRlx(n—l) A cRlexle A =diag(O, A, o,
142’37 ey A,Uflyv) S R(nil”)xpnile), Ai,i+1 = [Ilz,@} S RlinH’l
(i=1,...,0-1), A,.eRlvxle. A =[A,1,...,A,.] €
Rlox(n=le) A, e ReXb (1=1,...,0), ; <lp <+ <[, =
and Y7 ly+le=n; B=10,...,0,I,]T e R"™*™ and

C e R™"™. We assume that B is of full column rank. If it is
not, one can refer to the “y-equivalence” in [10] to deal with this
challenge. It is worth noting that any linear MIMO system can be
transformed into the Yokoyama canonical form defined by (1) in [10].
Through this technical note, it is assumed that (A, B) is stabilizable
and (A, C) is detectable. Since (A, B) is stabilizable, all eigenvalues
of A, must have negative real parts.
In the literature, the communication among agents is modelled by
a digraph G = {Vg,&g, Ag}, where V = {v1,..., o5}, Eg TV X
V= {e;jli,j=1,...,N} and Ag = [ov;;] € RV*N are the node
set, edge set, and adjacency matrix, respectively. Agent ¢ is de-
noted by node v;. The edge e;; € & denotes the information flow
from node j to node :. It is assumed that e;; € &g & a;; > 0 and
eij & Eg < a;; = 0. The neighborhood of v; is defined by N; =
{vjlei; € Eg}. If v; € N, then v; is called the parent node of v;.
The in-degree and out-degree of node i are defined by deg,,, (v;) =
Z;V:l a;; and deg,,,(v;) = Zjvzl «;;, respectively. The digraph G
is called balanced if deg;,, (v;) = deg,,,(v;) fori =1,..., N. The
Laplacian matrix of G is defined by Lg = Dg — Ag where Dg =
diag(deg,,, (v1), ..., deg;, (vn)). Inadigraph G, a directed path from
v;, to v;, is a sequence of end to end edges {6ij+1ij €&, j=
1,...,n — 1}. A digraph G is said to contain a spanning tree if there
exists a node from which there are directed paths to all other nodes.
Lemma 1 (Lemma 3.3 in [11]): The Laplacian matrix Lg of a di-
graph G has at least one zero eigenvalue and all non-zero eigenvalues
have positive real parts. And L has only one zero eigenvalue with the as-
sociated eigenvector 1 if and only if the digraph G has a spanning tree.
In practice, due to the link failure or packet loss, the communication
topology is actually time-varying rather than time-invariant. To model
this phenomenon, the communication topology can be described by
a tlme -varying digraph G(%) = {Vg, S(Gt) A(gf) 2 (afft))}, where
:[0,00) = S ={1,2,...,s} is a piecewise constant function and
S denotes the index set of all possible graphs. The piecewise-constant
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function 0, can be regarded as a switching signal. The communica-
tion topology is switched just at the instant that the value of 6, is
changed. In this technical note, this switching signal 6, is modeled as a
continuous-time Markovian chain adopted to the filtration { F;; ¢ > 0}.

Once the communication topology is constructed, the agent can send
its state to its neighbors for reaching consensus. However, the agent’s
full state x;(¢) may not be unavailable due to the physical limitation
or the implementation cost. To solve this problem, one possible way is
to estimate the agent’s state by its output. By this idea, the following
observer is proposed:

ii(t) = (A4 K.C)&;(t) + Bu;(t) — K.y;(t) (3)

where K. € R"*" is selected in such a way that A+ K.C is a
Hurwitz matrix. There must exist such a matrix K, since (A4, C) is
detectable.

When transmitting the estimated state to neighbors via practi-
cal communication channels, the transmitted information is prone
to be corrupted by communication noises. In this technical note,
it is assumed that the estimated state received by agent ¢ from
agent ] is Vij (t) = Z%]' (t) + Aijnij (t) where Mij (t) = (nijl(t)7 ey
Nijn(t))T € R™ are the n-dimensional standard white noise, A;; =
diag(dijl, .. .,§ijn) € R™™ and 5ijk >0 (l,] =1,...,.N;k =
1,...,n) are finite noise intensities. Additionally, it is assumed that
{nije(t);i,7=1,...,N;k=1,...,n} are independent with each
other and adapted to the filtration {F;,¢ > 0}.

Motivated by [1], [12], [13], the following protocol is proposed to

deal with the consensus problem with communication noises:
wi(t) = Kidi(t) +a(t) Y alf Ky (vis(t) = #:(1) (4
JEN;
where a(t) > 0 is the uniformly continuous gain function and a(G’)

is the ¢th row and the jth column element of A(ge’). The control gain
matrices K; and K have the following specific forms:

Kl - [_Av,e7 _Av,la _AU,Q - K1,17 ey _A'u,v - Kl,v—l]
K2: [("‘), KQJ, sy K2,v717[l1,]
where Kl,i = [K2y7;7 @} (S RleH’l and K?,i = [diag(bmlll,
b/L"QIZQ_l17 ey bi,iIli—li,1)7 @]T GRlei, i=1,...,v—1 The
parameters {b; ;[i =1,...,v—1;5=1,...,4} should be selected
insuch away that b; ; =1 (j¢Z;i=j5,j+1,...,v—1) and all

roots of the following polynomials (we call them the “parameter
polynomials™) have negative real parts

sV + bv,1’i8v7i71 +---+ bi+1,is + bi,i =0, i€Z (5
where Z = {1} | J{i]2<i<wv—1 and l;_1 <;}. Therefore, one
possible way to determine parameters b; ; in (4) is:

(i) Select v — i negative real numbers {ry, ...
of (5). )

(ii) Construct a polynomial [ [, "’ (s

(i) bj; (j=14,...,
v—1i

oy (5 = Tk)-

Remark 1: Compared to the protocol in [12], the improvements of

the proposed protocol are:

,Tw—qi} as the roots

Tk) =0.
v — 1) can be set as the coefficient of s~ in

* A time-varying gain a(¢) is introduced in the proposed protocol
to attenuate the noise’s effect. Therefore, the closed-loop MAS
becomes a time-variant system which cannot be dealt with by the
analysis approach used in [12].

e K; and K are only required to satisfy that all roots of (5)
have the negative real parts, however, the minimum non-zero
eigenvalue of Lg should be known for the design of control gains
in [12].

Finally, we give the mathematical definition of the mean square/

almost sure consensus.
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Definition 1: The protocol defined by (4) is said to be able to
solve the mean square/almsot sure consensus problems of the linear
MAS defined by (1) if there exists a random vector z* satisfying

E{||z*||3} < oo such that for i =1,..., N,

a.s.
square consensus) or z; (t) — z* (almost sure consensus).

x;(t) T (mean

III. MAIN RESULTS
Substituting (4) into (3) obtains that
X(t) = [IN ® (A+ BK,) —a(t)Ly" © BK,| X(t)
+a(t)2)n(t) — (Iy @ K.C)D(t)
X(t) = @T@),27),....a5@)", nt) =hh@),. ..,
7nNN( )]T )2 Gt) :dlag(z§0t),zgt)y~--725\?”),
f)Azla ( f)A7,27-.-,Oé7(;]9\;)AiN), L(get) is the

(dT(t),...,d5 ()" and d;(t) =
and (3), it follows that d;(t)

where
niy(t),...
Z(Gf) BK (
Laplacian matrix of G(%t), D( )=
e(ATEDG,(0) — 0.

By the definitions of K; and Ko, we can obtain that Ko(A +
BKl) @anngBKg K2 LetZ( ) (Zl(t) ,ZN(t))T and
z;(t) = K>2;(t), then the following system is obtamed:

Z(t)= —a(t)[(ﬁ(get)®lm)Z(t)— (In® ) SO n(1)] - D)

where D(t) = (Iy @ (KoK, Ce(ATKC)1)) D(0). ©

Before further discussion, the following four conditions are in-
troduced, which play fundamental roles in the study of stochastic
consensus.

(C1): All possible digraphs {G(;1 < i < s} are balanced and the
union of all those digraphs has a spanning tree.

2y [ =0 andf t)dt < oo (e.g. a(t) = 1/(t + 1)).

(C3): {Ht,ft,t >0} is a homogeneous ergodic Markovian chain
with right continuous trajectories, taking values on the set
{1,2,...,s}. The transition matrix of this Markovian chain is
denoted by @ = [g;;] € R°** which is a “doubly stochastic
generator matrix” (i.e., Ziﬂ.#j qi; = Zi’#j aji)-

(C4): All roots of the parameter polynomials defined by (5) have the
negative real parts.

Theorem 1: If Conditions (C1), (C2), and (C3) hold, then there
exists a] rgndom vector z* awith finite second-order moment such that
2i(t) — 2z* and z;(t) —— 2*,i=1,...,N.

Proof: See Appendix A. |

Lemma 2: Consider the following stochastic differential equation:

6+ > b (8)

¢(t) is a m.s. continuous random process, ((t) —WQC*

£ =<(®)
where
(C(®) N ¢*),and ¢* is arandom vector satisfying E{||C* |5} < oo.
(I If all roots of s? 4" |
then &(t) —— ¢* /b1 (£(t) —— ¢*/b1) and €D (t) —— 0
€O 5 0ni=1,...,p.
(I) If E{¢*} #0 and for any initial state, there exists a
random vector v € RPT! satisfying E{||v[|2} < oo such

that (£(¢), &), ..., &P))" —— v, then all roots of s +
v 1 bi sitl = 0 have negative real parts.

b;s'~! = 0 have negative real parts,

Proof (I). Let ©® denote the differential operator, namely
@"5( )= €M (t). Let {r;li =1,...,p} denote the roots of sP +
L bis™h =0, Let & (t) = [[1_,(® —r)&(t), then & (t) =
rlgl( )+ C(t). Tt follows that & (t) = & (0)e™? +1)(t), where
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t) = fot ¢(t)em(*=*)ds. According to the properties of m.s. inte-
gral, it can be obtained that

¢ 2
,/C*em(t—S)ds
0 t
< /E%{Kc(t)—

0
By L’Hopital’s rule, it follows that:

t

lim / B4 {1(¢(s)

0

2

C*)|2} e@?(rl)(tfs)ds

)2} R0 g

o BRI -
o ti{go %(7’1)

Meanwhile, it is noted that lim_, o [/ ¢*e7 (= *)ds = —*/r,. Hence,

&1(t) N —C*/ry. By repeating this procedure for p times, it can
be proved that &(t)2 T_n(@-me® S CATTE (=)

which leads to that £() —— ¢*/by and €(t) ——— 0,i=1,...,p.

If ¢(t) is a.s. convergent to ¢*, then there exists a subset 2y C Q2
(€ is the sample space) such that P{2y} = 0 and {(t) is convergent
to ¢* on the set 2\ Q. Since all roots of s” + > "  b;s'~! =0
have the negative real parts, by the knowledge of differential equation,
limy_, 00 £(t) = ¢*/by and limy_, o €D (t) =0 on Q\ Qp, which
means &(t) N ¢*/by and £ (1) 2 0i=1,...,p.

(II): It is clear that there exists a random variable £ such that
E{|€7]2} < oo and & (t) N &;, where &;(t) is defined in Proof
(I). This leads to that f(ry) < 0. If R(r;) = 0, then it is obtained
that B{|¢7[*} > [E{E}? =limy [61(0)e71 + E{u()}? = oo,
which contradicts E{|¢f|2} < oo. Hence, R(r1) < 0. By repeating
this procedure for p times, it can be obtained that all roots of s? +

P bis"™! = 0 have negative real parts. [ |

Theorem 2: The proposed protocol (4) can solve the m.s. and a.s.
consensus problems of linear MASs defined by (1) if Conditions (C1),
(C2), (C3), and (C4) hold.

Proof: Let x;(t)=(°zT(t), '27(t), ..., xT(t))" where iz (t) =
(s (), ..., Jz,(t)) " €RY, Iz;4(t) € R and J;x(t) € RE -1 (j =
1,...,5:7=1,...,v). Itiseasy to see that °&; (t) = A.°x;(t), which
indicates that ®x;(t) = e“<*(°x;(0)) — 0;, as t goes to oo.

By Lemma 1, if Conditions (C1), (C2), and (C3) hold, then
(i=1,...,N). This to-

gether with lim,_, 0 z;(t) — &;(t) = 0,, leads to that Koz, (t) ——s

KQ(IAIZ(t) 1} z* and Kgiiz(t) i} z*

z*  and  Kox;(t) %, 2%, Denote z* = (zT,..., z;jT)T,
where 27 € ]Rll and =2} € € Rli-li1 (i=2,...,v). Then,
(@I + > b;wCDk 7)(793” (t)) is convergent to z in

the m.s./a.s. sense where j€Z and Z is defined in (5). By
Lemma 2, if Condition (C4) holds, then 7z;;(t) is convergent
to z5/bj; and TtFz(t) =DF(Txy;(t) (k=1,...,v—j) are
convergent to Olj*qu in the m.s./a.s. sense. Therefore, x;(t)

2 = (0, ! *T,.A.,“ac in the m.s./a.s.
rt = (OT /bn)

, (i=1,...,0—1)
i—1 i
orf =T |

) v
By Lerr;)m; 2 and Theorem 2, we know that the selection of b; ; can
influence the convergence rate of consensus. Qualitatively speaking,
the larger the distance between the roots of the parameter polynomials
and the imaginary axis, the faster the convergence rate. Furthermore,
b; ; can partially determine the mathematical expectation of final

consensus value by the proof of Theorem 2.

N *T T
is convergent to :c )
and

sense, where
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IV. DISCUSSIONS ON FIXED COMMUNICATION TOPOLOGIES

In Section III, all possible digraphs are required to be balanced. In
fact, this requirement is unnecessary for MASs with fixed communi-
cation topologies. In this section, we discuss the stochastic consensus
problem under the fixed topology. Define four sets: 7 = {G|G is a
digraph which has N nodes}, 73 = {G € T|G does not contain
any spanning tree}, 7> = {G € T|G contains a spanning tree
and everynode of G has at least one parent node} and 73 = {G €
T|G contains a spanning tree and there exists one node of G which
has no parent node}. In the literature, the agent denoted by the node
without any parent node is called the leader. It is easy to see that
T=T1UTLUT:and T;(T; = 2,1 < i # j < 3. When the MAS
works under the topology G € T, the MAS is called the leaderless
MAS. When the MAS works under the topology G € T3, the MAS is
called the leader-follower MAS.

Since the communication topology is fixed, the protocol is

changed into
uz( ) - lez Z al]KZ Vl_j
JEN;

Consequently, the auxiliary system (6) becomes the following form:
Z(t) = —a(t) [(Lg © Im)Z(t) = (In @ K2)En(t)] = D(t).  (8)

By Lemma 2 and the proof of Theorem 2, the m.s. consensus problem

is solved if and only if Condition (C4) holds and there exists a random

vector z* € R™ such that E{||z*||%2} < co and Z(t) L N ® 2.
Case I—G € T;: The m.s. consensus problem cannot be solved.
Proof: By Lemma 1, there exist at least two left eigen-
vectors vy,vy € RN of Lg associated with zero eigenvalue such
that v; # vy and vF1y =vi1y =1. Let ,u( )= ((v1 —v2)T ®
L)E{Z(®)}. then u(t) = u(0) — ((v1 — v2)” ® I,,) [ D(s)ds

m.s.
Assume Z(t) —— 1y ® z*, where z* € R" is a random vector. It
is easy to see that

—#). O

=pu(0) — ((vl —v)T ® Im) /Jj(s)ds

= (’Ul — ’Ug)TlNE{Z*} = Om 0
This together with the arbitrariness of the initial states Z(0) and D(0)
leads to v; = vy which contradicts v; # v». Hence, the m.s. consensus
problem can not be solved. |
Case II—G € 7T5: The m.s. consensus problem can be solved if
and only if Conditions (C2) and (C4) hold.

Proof (Sufficiency): By Itd’s integral formula, the solution
to (8) is Z(t) = E1(t) + Za(t), where Zi(t) = ®(¢,0)Z(0) —
[y @(t,5)D(s)ds:  Ea(t) = [ B(t,s)a(s)(In ® K2)SdW (s);
D(t,to) is the state transition matrix of (8); and {W (¢), F;} is the
nN2-dimensional standard Brownian motion. Let (¢, ¢o) denote the
state transition matrix of differential equation £(t) = —a(t)Lg&(t).
Then, it is easy to see that ®(¢,t) = V(t,ty) ® I,,. According to
[14], if G € T3 and Condition (C2) holds, then lim;_, o, V(¢ o) =
1neT 2 W, where « is the left eigenvector of Lg associated with
eigenvalue zero and xT1y = 0. Moreover, (¢, ty) is uniformly
continuous and uniformly bounded with respect to time.

Therefore

lim p(t)

t—o0

lim 2 (t) = (Voo ® I, )D(s)ds

t—o0

2(0) - / (Voo ® I

= |V, ® K2K30/6<A+K3C>fdt D(0).

0

By the same approach used in [6], it can be proved that there exists a
random vector * € R such that E{||v*||3} < oo and lim;_, o, E x
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{IZ2(t) =1y @ v*[2} =0. Let z*= (kT ®1,)Z(0)+[x®
(Ko K3C [ e+ KsOtdt)| D(0)) 4 v*, then E{||2*|3} < oo and

Z0t) 1y @ 2.

(Necessity) Let v € RN denote a left eigenvector of Lg associated
with a nonzero eigenvalue \. It is easy to see that vT 1 = 0. By (8),
it is obtained that

—Afa(s)ds
(J@Jm)tlggoE{Z(t)} =e 0 (! ® I,,)Z(0)

t

t
— lim /efkfslm(T)dT(vT@)Im)D(s)ds

t— o0
=0T 1y EY2*} =
This together with the arbitrariness of the initial state Z(0) and D(0)
leads to f s)ds =

Let k € RN denote the left eigenvector of Lg associated eigen-
value zero. Denote ju(t) = (k ® 1,,)T Z(t), then D{u(t)} = (k¥ ®
17 Ko)exT (k@ KI'1,,) fot a?(s)ds. If the m.s. consensus prob-
lem is solved, then limy o D{ut)} =(xkT @ 1T Kz) STk ®
K31,) [, a*(s)ds < oo, which leads to thatf a?(s)ds < oc.

The necessity of Condition (C4) can be easily proved by Lemma 2. H

Case III—G € T3: The m.s. consensus problem can be solved if
and only if Condition (C4) and the following Condition (C2’) hold.

(C2%). fooo a(t)dt = oo and lim;_, o a(t) = 0.

Proof (Sufficiency): Without loss of generality, assume that node 1
is the agent without any parent node. Then the Laplacian matrix has
the following form:

0 0%
Lo=p ] ©)

which follows that 21( ) — Ky K3Ce(AT K39, (0). Thus, 24 () is

convergent to Z1 =- ngKgce(A+K30)td (0)dt.
0

Let &(t) = (27(t),27(t),...,25(t))" where 2(t) = 2(t) —
z1(t), then it can be obtained that 6(¢) = Z3(t) + Z4(t), where
Z5(t) = <<1><t 0) ® I)8(0) — [ (B(t, 8) ® L) D(s)ds,  Za(t) =
fo (t,s) ® Ip)a(s )'(IN,l ® Kg)ﬁ]dW(s): D(t,tg) is the state
transition matrix of £(t) = —a(t)L2€(t), X = diag(¥a,...,Xn),
D(t) = (Iy—1 ® KoK .C)diag(dy(t),...,dy(t)) and {W(t), F:}
is the nN(N — 1)-dimensional standard Brownian motion. By
[14], we know if Condition (C2’) holds, then lim;_, o, ®(¢,t) = ©
and ®(t,to) is uniformly bounded. Hence, it can be proved that
lim;_, o0 E3(t) = Oy (v—1)- By using the same techniques in the proof
of Theorem 1 in [14], it can be obtained that =, (t) N Om(N=1)-
Therefore, z; (t) N zi,i=1,...,N.

(Necessity) If the m.s. consensus problem is solved, then 6 (¢) N
O(v—1y which follows that: lim,_,, ®(¢,0) = ©. According to
[14], if foo t)dt < co, then limy ., ®(t,0) # ©. Therefore,
fo a(t)dt = oo is necessary.

Let p denote a eigenvector of Lo associated with eigen-

value A. If the m.s. consensus problem is solved, then it can
be obtained that lim;_,eo E{|(p ® 1,n)T8(t)]*} =limy_,ue || (pT @

t
m) K233 f(f eszfr alo)ds g2 (7)dr = 0, which implies that g(t) =

t
fot e I ‘Z(S)dSaZ(T)dT — 0 as t goes to oo. Since a(t) >0 is a
uniformly continuous function, by the proof of Theorem 1 in [14], if
a(t) - 0, then g(t) - 0. Therefore, lim;_, o a(t) = 0.
The necessity of Condition (C4) can be easily proved by Lemma 2. W
Since a(t) > 0 is a uniformly continuous function, it is easy to
see that fooo a?(t)dt < oo implies that lim;_, . a(t) = 0. Therefore,

Condition (C2’) is weaker than Condition (C2).
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Remark 2: By Condition (C2) and the properties of ®(,tg),
it is clear that {Z;3(¢)|F:}, {E4(t)|F:} are martingales and
supso E{|Z2()|I3} < 00, sup,sq B{[E4(8)]2} < so. By the mar-
tingale convergence theorem, it can be proved that =5 (¢) and =4 (t) are
a.s. convergent to some variable vectors. This together with the proofs
of Case II and Case III follows that: (i) for the leaderless MAS, the a.s.
consensus problem can be solved if Conditions (C2) and (C4) hold; (ii)
for the leader-follower MAS, the a.s. consensus problem can be solved
if Conditions (C2) and (C4) hold.

V. CONCLUSION

In this technical note, a dynamic output-feedback based protocol is
proposed to solve the stochastic consensus problem of generic linear
MIMO MASs with communication noises and Markovian switching
topologies. It is shown that the mean square and almost sure consensus
problems can be solved by the proposed protocol if the time-varying
gain a(t) satisfies fooo a(t)dt = oo and f t)dt < oo; all roots
of “parameter polynomials” have the negative real parts; all possible
topology graphs are balanced and the union of them has a spanning
tree; and the continuous-time Markovian chain is homogeneous and er-
godic, whose transition matrix is a doubly stochastic generator matrix.
Furthermore, for the fixed topology case, the sufficient and necessary
conditions are obtained for ensuring the mean square consensus of the
leaderless MAS and the leader-follower MAS, respectively.

APPENDIX

The Mean Square Case: The proof is divided into three parts.

Part I: This part is motivated by [15], and some techniques
used in [15] are borrowed here to prove this theorem. Let §(¢) =
Z(t) = JZ(t) = (L — J)Z(2), V(£) = E{5(£)37 (1)} and V; =
E{6(t)67 (t)119,=q}, where J = (1/N)1y51% @ I,,,. Then it is ob-
tained by the 1t6’s formula and [16, Lemma 4.2] that

Vi(t) = —a(t) ((cg’ ® Im) Vi(t) + Vi(t) (cg>T ® zm))
+ Zqﬂ

where 5 () = —E{3(t)1(,=i)} DT (t) (L — J), Ri(t) = (I —
DIy ® Ky )EWE(“T(I N @ KT)(Iny — J)pi(t) and pi(t) =

PO, = 1i).
Let V() = [Vo(£), Va(®) .., Vs (1)), then
G (V(t) = (~a F+QT®Im2N2) e (V1) + e (y(1)
+a*(t)g (R(t))
where I'= diag((ﬁ(gl) R 1)@ (ﬁ(gl) ®1In),... ,(Eg) @1, ®
(£ @ 1), (1) = [n(6) +77 (), 7 (0) 97 (1), R(E) =
[R1(%), ..., Rs(t)]. Therefore, it can be obtained that
dlle (V)
=207 (V(t) (el + Q@ ImgNg)
+2<pT(V )gp(’y Ydt + 2a>(t)p”

) 47 () + 7] (t) + a®(t) Ri(t)

@ (V(t))dt
(V t ) o (R(t
(10)
where I' = ([ +T7)/2and Q = (Q + QT)/2.
By Conditions (C1), (C3), Lemma 1 and Lemma 3.5 in [17], it is
easy to see that the null space of - Q RIn2isN = {lsy Qv @
1y ® valvg, vo € R™}. Therefore, it follows from [18, p. 178] that

{mT(f—Q®Im2Nz)x} —

113
where A denotes the smallest nonzero eigenvalue of Ir— Q R 12 n2.
It is noted that (1.xy ® v1 ® 1y @ v2)T(V(¢)) = 0, hence it is ob-
tained that

" (V) (-1

min
2 £0,2eN;

2

+Q® Lan2)e (V1) < =X | (V1)) ], -
(11)
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By Condition (C2), there must exist a constant ¢, > 0 such that V¢ >
to, a(t) < min{l, Ay }. Therefore, V¢ > ¢g, the following inequality
can be derived from (10) and (11):

d 2
W O - s o (v 2+ 109

where H (t) = 2¢7 (V(t))go(w(t)) + a®(t)||¢(R(t))]|3. This together
with the comparison theorem leads to

le™ (V)5 < 1t to) [l (V€

—A a(T)dT
Ltte) = 2 S0 T iy = Ji Lt r)ar()

le(R(7))3dr and Is(t,to) = 2 [} Li(t, 7)o" (V (1)) p(7(7))dr.

By Condition (C2), it is easy to see that lim; o, 1 (¢, ¢9) = 0. And,
it has been proved that lim;_, o, I5(t, o) = 0in [15]. Next, it is proved
that I5(¢,to) is convergent to zero as well. Before further analysis, an
assumption is made first:

(12)

t0))||2 + Lz (t, to) + Is(t, to)

where

(A1): There exist three finite positive constants M, M and c such
that [|o((7))[[2 < Mie" and [[p(V (1))[|2 < M.
If Assumption (A1) holds, we have that
t

L5 (¢, to) §2/11(tﬁ) ™ (V) ], lle ()l dr

t
0 t

t
<M, M, /5*2 Joe@ e 0 (S o),

to
Therefore, if Assumption (A1) holds, lim; ., || (V (¢))||? = 0 which
indicates that lim;_, ., E{||6(¢)||2} = 0.
Part II: In this part, it is proved that Assumption (A1) holds. The
first step is to prove that 7;(t) = E{4(t)1}9,—q} is bounded for all
t € R*. By Proposition 3.28 in [19], it is obtained that

dyi(t) = —a(t) (E(gi) ® Im> 7 (t)dt
+ Z 47 (t)dt — (Lny — J)D(t)p;(t)dt. (13)
Let () = [77 (1), 35 (t),..., 77 ()] and V,(t) = ||5(t)]|3. then it

is obtained by (13) that

Vo () =27"(1) (- ()£9+Q®ImN)V() )

3 (1) (P(t) © [T — )D(1)
where Lg = dlag(ﬁg C(l) , ..,CE;) + EE;)T) ®I,,/2 and
P(t) (pl(t)ap2( ) te 7ps(t))T'

By Conditions (C1), (C3), Lemma 1 and Lemma 3.5 in [17], it is
easy to see that the null space of ﬁg — Q ® Ly is Mo = {lsn ®
v|v € R™}. Therefore, it follows from [18, p. 178] (pp. 178) that

min (l:g — Q 9 L)z = AQ
z#O,zE‘ﬂ;— HxHQ
where 5\2 is the smallest nonzero eigenvalue of ﬁg — Q R LN

By the definitions of D(t) and P(t), there exist two positive
finite constants M and b such that || P(t) @ ((I,y — J)D(t))]l2 <
Mae~ ", It is noted that (1 ® v)T7(t) = 0, hence Vt > to, V, (1) <
(V,(t) + 1) Mze~"*. By comparison theorem, it is obtained that

t
f IW3e_deT
edo

V,(t) < V,,(0) +/M36_deT < oo

which follows that 7;(¢) is bounded. This together with the definitions
of D(t) and ~(t) leads to that there exist two finite positive constants
cand M such that [[@(v(¢))]|2 < Mie .

For Vt > to, it is obtained form (12) that d||p(V ())||2/dt <

e (V@) + Mie " +a* ()| (R(t)3. By  the
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comparison theorem, it is obtained that

le (V@)[2 < edo 7 g (V)|

2

t

+ [ (e + ) o (REDE) ar | <ox.
0
Therefore, there exists a positive constant M < 0o such that
le(V(t)|l2 < My forall t € RT.

Part III: It is noted that J (£<g€t> ® I,,,) = 0,,, ;. Then multiply-
ing both sides of (6) with J leads to d(JZ(t)) = a(t)J(Imn ®
Ky)% <9t>dW(t) JD(t)dt, which implies that JZ(t) = JZ(0) +
fo J(In ® K2)200) dWw (1 f JD(7)dr, where {W ()| F:}
is the nN 2_dimensional standard Brownlan motion.

Let z'=(1{®I./N)Z ( )+(A/N) [77 a(r) (15 @ K2)B0m)
aw (r)—(1% © I,,,/N) fo T)dT, then JZ(t) -1y 2" =
Iyt )+I5( ), where I,(t f"" J(In ® K2)S07) dW ()
and I5(¢ f JD )dr. It has been proved in [15] that
lim; E{HI4( )5} = 0. And it is easy to see that lim,_, o, I5(t) =
On . Therefore, it is proved that JZ(t) & Iy ® z*. _—

By combining the above three parts, it is proved that z; (t) — 2*,

i =1,..., N. Moreover, the statistic properties of z* can be calcu-
lated as
Ly 1 m =
E{z*} = &Z(o) + %D(T)dr
0
and
12 0o
|(1y @ K2)2O||
< 2 2
D{z"} 1r£1?<5 e /a (T)dr < 0
0

which implies E{||z*|3} < oc.

The Almost Sure Case: Let §(t) = Z(t) — 1y ® 2* and V (t) =

5T ()6(t), then by (6) and 1td’s formula, it follows that:
AV (t) = — a(t)sT (1) LTV 8(t)dt — 267 (t)D(t)dt

+ a®(t)tr ((IN ® Kp)SOIs@0T (1y @ KQT)) dt

+ 2a(t)6T (1) (Iy @ Ko) S dW (t)
where L 00) — (Ewt) + Ewt ) @ L.
of the above equation from to to t gives that V(t) =
Ig(t, to) — 2[7(t, to) + ]8 (t, to) + 2]9 (t to) where ]6 (t to) =
f;a(r)éT (LY 6 (r)dr,  Ir (t, to) f §T(r)D(r)dr,
Is(t, to) :f; a?(r)tr((Iy ® K2) S0 (Iy ® KQT))dr and
Io(t,to) = fjo a(T)8T (1) (In ® K3)SO dW (7).

Let  Iry (L, to) = fjo (6T (1) D (r))*dr and Ir_ (t, to) =
ﬁ; (6T (1) D (7)) dr, then Ir(t, to) = Iry (t, to) — Ir_(t, to).
It can be proved that {I;(t,t0)|F:} and {I7_(t, to)|F:} are
submartigale. Moreover, it is easy to see that E{I. L (t,t0)} < ocoand
E{IF (t,ty)} < oc. Therefore, by the submartingale convergence

theorem, I~ (¢, o) is a.s. convergent to certain random variable.
Fort > s > ty, we have

E{Ig(t,to)Ig(s,t0)|fg}:E{/ a2(7')tr

X (([N ® Ko) 20500 (In® K2T)) dr|Fs} >0

Integrating both sides
V(to) —

Hence, {Is(t,t9)|F:} is a submartingale. Moreover, by Condition
(C2), it is obtained that sup,,, E{IJ (t,t9)} < co. According to
the submartingale convergence theorem, Ig(t,to) is a.s. convergent to
certain random variable.

1379

Since () L 0. it is obtained that E{|I6()]|3} < oo. This
together with Condition (C2) leads to that {Io(¢,to)|F:} is a martin-
gale. Let V( ) =V (0) — Is(t,0) + 2I5(¢,0), then it is obtained that
E{V(t) = V(s)|Fs} = —E{Is(t,s)|Fs} < 0. Therefore, V(t) is a
supermartingale. It is noted that

sup I {V* (t, to)}

t>tg

*tthpE{ 718(1‘/’1‘/0))7}

<supE{V (t,to) + 217 (t,to) + I (t,t0) } < o

(t,to) + 217 (t, to)

By the supermartmgale convergence theorem, V(t to) is a.s. conver-
gent to a random variable.

From the above discussion, it is shown that V' (¢) is a.s. convergent
to a random variable. Meanwhile, it is noted that lim, ., E{V (t)} =

limy o E{67 (£)8()} = 0. Hence, z;(t) —— 2*,i=1,...,N.

REFERENCES

[1] M. Huang and J. H. Manton, “Coordination and consensus of networked

agents with noisy measurements: Stochastic algorithms and asymptotic

behavior,” SIAM J. Control and Optimiz., vol. 48, no. 1, pp. 134-161,

2009.

T. Li and J.-F. Zhang, “Consensus conditions of multi-agent systems with

time-varying topologies and stochastic communication noises,” IEEE

Trans. Autom. Control, vol. 55, no. 9, pp. 2043-2057, Sep. 2010.

[3] S. Liu, L. Xie, and H. Zhang, “Distributed consensus for multi-agent

systems with delays and noises in transmission channels,” Automatica,

vol. 47, no. 5, pp. 920-934, 2011.

Q. Zhang and J.-F. Zhang, “Distributed parameter estimation over unreli-

able networks with markovian switching topologies,” IEEE Trans. Autom.

Control, vol. 57, no. 10, pp. 2545-2560, Oct. 2012.

[5] S. Kar, J. M. F. Moura, and H. V. Poor, “Distributed linear parameter

estimation: Asymptotically efficient adaptive strategies,” SIAM J. Control

and Optimiz., vol. 51, no. 3, pp. 2200-2229, 2013.

L. Cheng, Z.-G. Hou, M. Tan, and X. Wang, “Necessary and suffi-

cient conditions for consensus of double-integrator multi-agent systems

with measurement noises,” IEEE Trans. Autom. Control, vol. 56, no. 8,

pp. 1958-1963, Aug. 2011.

L. Cheng, Y. Wang, Z.-G. Hou, M. Tan, and Z. Cao, “Sampled-data

based average consensus of second-order integral multi-agent systems:

Switching topologies and communication noises,” Automatica, vol. 49,

no. 5, p. 1458-146, 2013.

[8] L. Cheng, Z.-G. Hou, and M. Tan, “A mean square consensus protocol for
linear multi-agent systems with communication noises and fixed topolo-
gies,” IEEE Trans. Autom. Control, vol. 59, no. 1, pp. 261-267, Jan. 2014.

[9] Y. Wang, L. Cheng, Z.-G. Hou, M. Tan, and M. Wang, “Consensus seeking
in a network of discrete-time linear agents with communication noises,”
Int. J. Syst. Sci., 2014. doi:10.1080/00207721.2013.837544.

[10] R. Yokoyama and E. Kinnen, “Phase-variable canonical forms for lin-
ear, multi-input, multi-output systems,” Int. J. Control, vol. 17, no. 6,
pp. 1297-1312, 1973.

[11] W. Ren and R. W. Beard, “Consensus seeking in multiagent systems
under dynamically changing interaction topologies,” IEEE Trans. Autom.
Control, vol. 50, no. 5, pp. 655-661, May 2005.

[12] L. Cheng, Z.-G. Hou, Y. Lin, M. Tan, and W. Zhang, “Solving a modified
consensus problem of linear multi-agent systems,” Automatica, vol. 47,
no. 10, pp. 2218-2223, 2011.

[13] L. Cheng, H. Wang, Z.-G. Hou, and M. Tan, “Reaching a consensus in net-
works of high-order integral agents under switching directed topologies,”
Int. J. Syst. Sci., 2015. doi:10.1080/00207721.2014.966281.

[14] Y. Wang, L. Cheng, Z.-G. Hou, and M. Tan, “Containment control of
multi-agent systems in a noisy communication evironment,” Automatica,
vol. 50, no. 7, pp. 1922-1928, 2014.

[15] Q. Zhang, “Distributed Estimation and Control of Multi-Agent Systems
in Uncertain Enviroment,” Ph.D. dissertation, Chinese Academy of Sci-
ences, Beijing, China, 2012.

[16] M. D. Fragoso and O. L. Costa, “A unified approach for stochastic and
mean square stability of continuous-time linear systems with markovian
jumping parameters and additive disturbances,” SIAM J. Control and
Optimiz., vol. 44, no. 4, pp. 1165-1191, 2009.

[17] 1. Matei, J. S. Baras, and C. Somarakis, “Convergence results for the linear
consensus problem under markovian random graphs,” SIAM J. Control
and Optimiz., vol. 51, no. 2, pp. 1574-1591, 2013.

[18] R. A. Horn and C. R. Johnson, Matrix Analysis.
University Press, 1985.

[19] O.L. Costa, M. D. Fragoso, and M. G. Todorov, Continuous-Time Markov
Jump Linear Systems. Berlin/Heidelberg: Springer, 2013.

[2

—

[4

=

[6

[t

[7

—

New York: Cambridge




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues false
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


