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Abstract This paper proposes a probably approximately
correct (PAC) algorithm that directly utilizes online data
efficiently to solve the optimal control problem of contin-
uous deterministic systems without system parameters for
the first time. The dependence on some specific approxi-
mation structures is crucial to limit the wide application of
online reinforcement learning (RL) algorithms. We utilize
the online data directly with the kd-tree technique to
remove this limitation. Moreover, we design the algorithm
in the PAC principle. Complete theoretical proofs are
presented, and three examples are simulated to verify its
good performance. It draws the conclusion that the pro-
posed RL algorithm specifies the maximum running time to
reach a near-optimal control policy with only online data.

Keywords Reinforcement learning - Probably
approximately correct - Kd-tree

1 Introduction

The online reinforcement learning (RL) draws a lot of
attention both from the computer science [1-4] and from
the optimal control science [5—7], because it uses the online
data to achieve an optimal policy through the interaction
with the environment. Compared to the offline RL, the
efficient usage of online data or the trade-off of exploration
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and exploitation becomes more critical. Besides, some
issues related to practical implementation, e.g., the con-
vergence rate and the obtained optimality, also need our
consideration. Lots of efforts [8—16] have been devoted to
solve such problems from different aspects.

Among many studies to overcome these problems, the
probably approximately correct (PAC) is one of the most
effective approaches. In the running process of an online
learning algorithm, if the sum of steps when it implements
non-optimal actions is finite and bounded, then it is called a
PAC algorithm. Considering finite Markov Decision Pro-
cesses (MDPs) with finite states, a lot of PAC algorithms
have been proposed, including E [17], RMAX [18], MBIE
[19], Delayed Q-learning [20].

For recent years, many researchers have concentrated on
continuous-state systems to solve online optimal control
problems in the PAC principle. These include Kakade et al.
with their Metric-E> [21] and Pazis and Parr with their
C-PACE [22]. However, time bounds (number of steps that
implement non-optimal actions) for these algorithms are
proved to be polynomial and finite only with probabilities.
This means with some possibilities, it fails to draw their
conclusions. Meanwhile, Bernstein and Shimkin [23] pro-
pose the ARL algorithm for continuous deterministic sys-
tems. They prove their algorithm has a determinate finite
time bound. But, the implementation requires some
parameters of systems. So, it is partially dependent on
system information, which limits its application.

In this paper, we consider the optimal control problem
of continuous deterministic systems and propose an online
data-based RL algorithm. Without relying on any specific
approximation structure, the online data are used directly.
A kd-tree technique is adopted. The implementation is
based on the current collected data and is applicable for
arbitrary control problems.
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As we adopt kd-tree and consider the PAC principle on
continuous-state systems, we term our algorithm as kd-
CPAC. The major contributions are summarized as fol-
lows. The implementation of kd-CPAC is not dependent on
any specific approximation structure and is totally based on
data. Through analysis, it is proved that kd-CPAC satisfies
the PAC principle. This conclusion helps to infer that for
certain online cases, the maximum running time to reach a
near-optimal policy is bounded. It is the first implementa-
tion of a PAC algorithm that directly utilizes samples to
solve continuous deterministic systems without any system
parameters.

The paper is organized as follows. Section 2 introduces
the background for RL, and Sect. 3 describes the kd-tree
technique adopted in the algorithm. The whole process of
kd-CPAC algorithm and the theoretical results are pre-
sented in Sect. 4. Proofs of lemmas and theorems are given
in Sect. 5. We simulate three examples in Sect. 6 to verify
the performance of our algorithm. The end is our discus-
sion and conclusion.

2 Formulation of online reinforcement learning

A continuous-state system with deterministic transition
function can be represented by a four-tuple, (S, A, R, F).
S is an n-dimensional continuous-state space, A denotes a
discrete action set, R(s, a) is the reward function, and F(s,
a) is the deterministic transition function that indicates the
next-step state at state-action pair (s, a). Suppose the state
space is bounded, not infinitely extended. The reward
function also has an interval, namely rpi, < R(s, a) < Fpax-
Note that in this case, R and F are both unknown to
algorithms. So, the only available information is online
observations (s, a, r, s"), where r is the received reward and
s'is the next-step state at (s, a).

During the interaction with the environment, we assume
that at time ¢, the agent has experienced a history of states
and actions, denoted by

ht = {80,61075‘1701, . 'asfflaaffhst}'

In the online case, the policy is non-stationary as algo-
rithms can modify it at any moment. So, actions are
selected following a series of policies © = {n,},°,, namely
a; = 1(sy).

To evaluate the performance of a policy, we adopt the
discounted return criterion. Given a policy m and an initial
state so = s, the discounted return is defined as

o0

Jn (S) é Z ytrf|sr):S,ax:“z(sr) (1)

t=0

where v is the discounted factor satisfying 0 < y < 1. Note
that in some systems, agents may stop and get stuck at
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some terminal states. Then, the discounted return in this
case is modified to

T-1

J" (S) £ Z ytrl + V(ST) |x0:x,a,:n,(x,) (2)
t=0

where st indicates the terminal state and Vst is a prede-
fined value to estimate the success or failure at st. We see
(2) as a special case of (1) and only consider the first
expression below.

The target of RL is maximizing the value of J™(s),
namely finding the optimal value function, defined by
V(s) = mfo”(s). The corresponding policy is called the

optimal policy, T* £ arg mﬁlxl". Sometimes, the optimal

policy is too difficult to obtain, and then, a near-optimal
policy with the similar performance is acceptable. Policy
n is called e-optimal if J"(s) > V(s) —¢ holds for all
seS.

In some cases, optimal action-value function or optimal
Q function is preferred for the implementation of RL. It is
defined as Q(s,a) 2 r +yV(s') and can be expressed in a
Bellman principle

O(s,a) = r+ymax Q(s',d'),
and the optimal policy is generated by

n*(s) = arg max O(s,a).

Similarly, V is obtained from Q by V(s) = max Q(s,a). In
the following sections, our interest is mainly focused on the
form of Q function.

As the reward function is bounded in an interval
[Fmins Tmax)»> SO the discounted return has a lower bound and

an upper bound, denoted by {'2‘"/ and =, respectively.

Furthermore, define V;, £ %_y (Fimax — Fmin) as the maximum
difference of returns between any two policies.

To evaluate the performance of an online algorithm, a
definition of policy-mistake count (PMC) is introduced,
which specifies the sum of steps when the algorithm
implements non-optimal actions during its whole process
of online running.

Definition 1 (PMC) [23] In an algorithm, #; is its history
of states and actions and A, = {7}, is the policy that the
algorithm implements at time ¢. The discounted return of A,
from ¢ is denoted by JA(s,) £ 320, Y |y s)- SO
the policy-mistake count is defined as

o0

PMC(e) £ > T{J*(s) <V(s) — &}

t=0

where I{-} is a signal function. If the event in brace occurs,
it outputs 1, otherwise 0.
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So, at the other time excluding the PMC steps, the
algorithm has near-optimal performance at corresponding
states. If an algorithm’s PMC is finite and bounded, the
algorithm is called PAC.

As the information of systems is only from online
observations, the storage of these samples is a major
problem in the algorithm. Next, we will give a brief
description about kd-tree, which is used to store online
samples.

3 Kd-tree for the storage of samples

Kd-tree, as an efficient approach to split the state space and
store data, has been applied widely in the field of RL. For
example, Munos and Moore [24] use kd-trie, a special
version of kd-tree, to accomplish a variable resolution
discretization of state space for dynamic programming.
Ernst et al [25] study the kd-tree-based regression algo-
rithm. Here, kd-tree is adopted to store the online samples.
Details about kd-tree technique are available in [26]

Suppose a sample is denoted by (s, d, 7, §'). We take § as
the key to refer the sample. For convenience, each action
corresponds to a kd-tree and there are |A| kd-trees—|A|
indicates the number of actions. At the beginning, each tree
has an empty root, which occupies the whole state space.
When samples arrive, they are stored in the root. When the
number of stored samples reaches a maximum number
Ngoii—split condition, the space of the root is split into two
nodes by a split hyperplane at the split dimension. There-
fore, the Ny samples are divided equally into two chil-
dren. This process will continue if more samples arrive and
the depth of the tree will increase larger and larger.

The split dimension and hyperplane are determined by
the following principle. Calculate the variance of each
dimension among the samples in the node which is going to
be split. For better comparison, states are normalized by the
span of the state space before the calculation. The dimen-
sion corresponding to the maximum variance is selected as
the split dimension. Then, choose the median value at this
dimension among samples as the split hyperplane.

When a new sample (§, d, 7, §') is required to be added in
kd-trees, search the kd-tree of action a for the leaf which §
belongs to. Then, put the sample in the leaf node.

For arbitrary states, it is also convenient to find their
neighboring samples in kd-trees. Given a state s, the
neighboring samples of s refer to the set of samples
(8,a,7,8) which satisfy d(s,§) <. d is a metric d:
S x § — R to specify the distance between two states, and
0 is the neighboring distance. Start from the root and
estimate the area of each node if it is close to s within J. If
not, its children and the included samples are also farther
away than 0 and there is no need to consider them.

Otherwise, if the distance between the node and s is less
than 6, and the node has children, then continue to estimate
each child in the same way until reaching leaves. Compare
the samples in the leaves with s and output those whose
distances are less than ¢ as neighboring samples.

Based on the principle of storing samples with kd-tree,
we present the kd-CPAC algorithm in the following sec-
tion, whose theoretical proof is given in Sect. 5.

4 Kd-tree-based continuous PAC algorithm
Before introducing the kd-CPAC algorithm, some
assumptions about the continuity of systems are required.

Assumption 1 (Continuity) [23] For any s;,s, € S and
a € A, there exist two constants ¢ and 8 such that

IR(s1,a) — R(s2,a)| <ad(s1,52)
d(F(s1,a),F(sy,a)) < pd(s1,s2).

o and f§ are called continuity constants of reward and
transition functions, respectively.

Based on Assumption 1, a lemma about the optimal Q
function is deduced.

Lemma 1 For any s1,s, € S and a € A, we have
|O(s1,a) — Q(s2,a)| < d(d(s1,52))

where @ is defined as

L Ifyp<1
_ o
w(z)*1 yﬁz
2. > 1

@(z) = czloss(1/?)

where

N o log(1/7) log,(16)
=20 —— Vi, C88U0P)
‘ ﬁ(vﬁ - 1) °

The above lemma is about the continuity of Q(s,a). For
@, if z — 0, @(z) — 0. Note that a similar result is avail-
able in [23], while the original statement refers to V(s). But
the mechanism of the proofs is almost the same, so we omit
it here.

Note that o, 8, and @ are all parameters and function
about systems. In general, they are unknown to algo-
rithms. Next, we will present a detailed description of our
algorithm. In its implementation, no knowledge of these
values is required. But in the theoretical analysis, these
parameters and function will help to obtain our lemmas
and theorems.

@ Springer
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4.1 Data set

Based on the previous section, suppose the current time is ¢
and we have a data set D, = {(§;,d;,#;,§;)} stored in kd-
trees, in which are selective samples of the past time. As #;
and § are determined by §; and d;, so we can simplify the
expression of a sample by the pair (§;, d;). Or just §; if given
d.

Use D;(a) to represent the set of samples belonging to a.
Furthermore, for an arbitrary state s at action a, we construct
aneighboring set—C,(s, a), which includes the neighboring
samples (§;, a, 7, §';) in D;(a) that have d(s, §;) < J, where 0
is the predefined neighboring distance. If there exists no
such samples, we say C;(s,a) = J. So, C,(s,a) indicates
the set of samples that is d-close to s and we can further use
them to approach (s, a). Moreover, for any pair (s, @) and its
arbitrary neighboring sample (§;,a,7;,§;), they have the
following inequalities based on Assumption 1

|R(s,a) — R(§;,a)| < ad (3)
d(F(s,a) — F(5i,a)) < 6. (4)
4.2 Data-based Q-Iteration

Based on the data set, we can utilize it to define a Data-
Based Q-Iteration (DBQI) operator.

Definition 2 (DBQI operator) Given a function g : S X
A — R and arbitrary s and a, the DBQI operator 7 is
defined as

T(g)(s,a) = { o [remnatsia] i civarse (5)
Vmax l} otherwise

where (§;,a,7;,§;) denotes the neighboring samples of (s,
a) if Cy(s,a) is not empty.

DBQI operator means for a pair (s, a), if its C,(s,a) is
empty, we assign the value of (s, a) with the upper bound
of value function, Vy,,x. Otherwise, we use the neighboring
samples in C,(s,a) to approach its value, more concretely,
the minimum one corresponding to the right side of the
equation in (5). It is obvious that the calculation of DBQI
operator is totally based on the stored samples.

We can prove 7 is a contraction operator, so there exists
a fixed solution that has Q, = 7(Q,). Q, is called Data-
Based Q Function (DBQF). To calculate Q,, value iteration
(VD [27, 28] or policy iteration (PI) [29, 30] can be used.
In Appendix, we present a simple and convenient VI
method to calculate it. The only need in the method is to
calculate Q values of stored samples, and then, the exact Q,
over the whole state space is obtained.

@ Springer

About 7 and Q,, we have two lemmas as follows and
the corresponding proofs are presented in the next section.

Lemma 2 The operator T is a contraction with the factor
y in the infinity norm.

Lemma 3 For every time t, Q, has the following rela-
tionship with respect to the optimal Q function

.  ad +y0(p9)

0,(s,a) > O(s,a) T, Vs € S and Va € A.

With @,, a greedy policy is extracted and applied to the
system online to obtain a new observation at the next step

m,(s) = arg max Qt(s7 a). (6)

4.3 Escape event

The next issue is whether to add the new observation into
D; or not. At the beginning of the algorithm, Dy is empty.
As the implementation progresses, some observations are
added in D;, while some are ignored to avoid the data set
increasing infinitely. The principle is only storing the
samples that have useful information about systems. So, a
definition of known is given here.

Definition 3 (Known) Given an observation (s, a, r,s"). If
C/(s,a) # & and there exists a sample ($;,a; 7,5 €

Ci(s,a) such that |max 0,(s',d)) — max 0,(8i,db)| < ek,
a 3

then the observation is known. Otherwise, we say it is
unknown. The parameter ¢ is called known error.

Based on Definition 3, we have the following lemma
about C(s,a).

Lemma 4 For any s and a, C/(s,a) can include at most
LVb / SKJ samples. We denote this value by N..

When a new observation arrives, we determine whe-
ther it is known or unknown first. If known, we regard it
with no wuseful information for our algorithm. If
unknown, the observation contains some knowledge we
have not encountered. Then, it is added into the data set
and D, — D,;;. Update Q, and 7; to Qz+1 and 7,;. To
denote this process, an escape event is defined. Before
that, we introduce a common definition about the horizon
time.

Definition 4
defined as

(en-HorizonTime) A eg-horizon time Ty, is

Vi
Tsu élogl/yg_I:-
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This definition indicates that the rewards after Ty, steps
only have at most ¢y influence to the current return.

Definition 5 (Escape event) At time ¢, the system starts
from a state s and A, = {7}, is the policy implemented
by the algorithm. An escape event is defined as
E(s) = {starting a trial from s and following policy

Ay, a pair (s;,a.) is encountered within T,

steps, such that (s;, a;) is unknown in D,,

where r<t<t+T, — 1}
whenever an escape event occurs, the data set is increased
and the data-based Q function is updated. The next lemma
reflects a relationship between the return of A, and Q,
associated with the escape event.

Lemma 5 For every time t,
max Q,(s,, a) —JY(s,)
a

oo n
L=y

<I{E/(s)}Vp + &K + én

Y
=9
4.4 Main theorem

Before we present our main results, another definition is
introduced which will be used in our theorems.

Definition 6 (Largest minimal cover) [21] In a whole
state space, a d-cover is a set of points with the property
that for any state s, there exists a point § in the set satisfying
d(s,$) <0. Let Ns be the size of the largest minimal J-
cover—that is the largest d-cover set that the removal of
any point in it could render the set no longer d-cover.

Theorem 1 In our kd-CPAC algorithm, its PMC is
bounded by

.
PMC(¢) < N;Nc|Allog, /, g—b
H

200+ (o)

where & = =

+ 1 ek + en.

So, during the whole process of our algorithm, the sum
of steps when kd-CPAC implements non-optimal actions is
finite and bounded. Therefore, kd-CPAC is a PAC algo-
rithm. In particular, this theorem helps to deduce a result
that bounds the running time for some online cases to reach
a near-optimal policy.

Theorem 2 For an online problem, suppose it has an
initial state sy and each episode has a fixed Tepisoq. length.
At the beginning of each episode, the system is set to sq,
and after Tepisoae Steps, the episode ends and the state is
reset. Apply kd-CPAC algorithm to the system. The maxi-
mum number of episodes for kd-CPAC to stop and output a
near-optimal policy is bounded by NsNc|A| (correspond-
ing to NéNC|A|Tepisode steps).

Therefore, the maximum running time of our algorithm
to achieve a near-optimal policy is finite and deterministic
in some parameters about systems and kd-tree. Note that
the supposition about the online problem is quite common
in practice. Besides, the optimal error ¢ of the learned
policy is related to neighboring distance J, the known
error ¢k, and the horizon time error ey. If these parame-
ters are set smaller values, the final learned policy is more
optimal. But on the contrary, this will increase the run-
ning time because Ns and Nc are increased. However, in
the theorems, NsN¢ is the number of samples stored in
data set at the worst case. While in practice, when the
algorithm stops, the actual stored samples are far less than
N;sNc.

Another point that needs more attention is the final
learned policy. From the result of Theorem 1, the policy is
near-optimal only for the states along the trajectory starting
from the initial state so within Tps04e length of the episode.
For the other area of state space, the optimality is not
concerned. However, for online problems, the main issue is
controlling systems from the start with a near-optimal
performance. So here, it is simplified to declare the final
policy is near-optimal.

Algorithm 1 Kd-CPAC Algorithm
Require: value function upper bound Vijax
|A| kd-trees

neighboring distance §

known error e i
initialize Dg

[y

— O, Qo
arg maxa Qo (s,a)
fort=0,1,2,... do
observe (s¢,at,rt, S;)
if (s¢,a+) is unknown in D; then
(s¢,at,re,sy) is added into Dy
update Q; according to (5)
produce 7; according to (6)
end if
execute ¢ on the system
: end for no change of D; happens in an episode

— Vmax and mo(s) =

—

The whole process of kd-CPAC is presented in Algo-
rithm 1. Note that no parameters about systems are
involved.

5 Theoretical proof

First, we give the proofs for Lemma 2 and Lemma 3.

Proof (Lemma 2) Given two functions g; and g,, for any
s and a, we have,

1. If C(s,a) = &, then |T(g1)(s,a) — T (g2)(s,a)| = 0.
2. If C/(s,a) # &, then

@ Springer
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T (g1)(s;a) = T(g2) (s, a)]

< max

A N
< Fi+ymax g (§';,a)
$i€Cy(s,a) a,

1

—F; — ymax g(§';, aj)
@
<y max max|g(§;,d) — g (5, d)|
§;€Ci(s,a) d

<7llgr — &2l oo

To summarize, || 7(g1) — 7 (g2)ll, <7llg1 — &2l 1s sat-
isfied for any s and a. The proof is completed. O

Proof (Lemma 3) With Lemma 2, we know Q, is the
fixed solution of operator 7. Here, we divide the proof of
Lemma 3 into two cases. For any state s and action a, their
four-tuple is denoted by (s, a, r, s').

1. If C/(s,a) = &, then O,(s,a) = Vimax > O(s,a).
2. If C(s,a) # &, then
0,(s,a) — Q(s,a)

== rAmin + Y mE,IX Qt (‘S?/miny a/l)
a

—r—ymaxQ(s',a3)

> — o+ "/mi/n[QA[(f,mimal) - Q(Sla a,)]
= —ud + V[Qr(f/mim a;nin) - Q(S/’ a:niﬂ)}'

In the first and last equalities, for simplicity, we
denote (Smin, @, Fmin, Syyy) and aj; to specify the min-
imum sample and the minimum action. By Lemma 1,

we know that in the optimal Q function,
{Q(f/mim a;nin) - Q(S/7 a;nin)| S (I)(d(§/mina S/))
< a(po)

is satisfied, where the second inequality follows (4).
Then, the following is further deduced

Qt(sv a) - Q(s,a)
> —ad — ya(po)

/ /

+ V[Ql‘(§inin’ amin) - Q(‘f:nim amin)]'

It is obvious that the result of Q,(5.  a . )—
O(8) s Ahin) also follows the two cases.

Thus, proceeding iteratively, we can conclude a low bound
for Lemma 3:

Oi(s,a) = Q(s,a) 2 D 7' (=0 — y3(B0))
=0
_ @t y0(Bd)

I—y
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Now, let us prove the property of neighboring set in
Lemma 4.

Proof (Lemma 4) In our algorithm, an observation can be
added into data set only if it is unknown. So, according to
the definition, for any two samples in C,(s, a), (§;,a, 7, '),
and (S}, a, 7;,$;), they must have
max 0,(§' af) — max 0,(5),d3)| > ek
1 2
Meanwhile, the range of Q value is bounded by V;,. So, the
number of samples that can be stored in C,(s, a) is bounded

by |Vp/ex|. O

With the greedy policy m, from Qt, the implemented
algorithm’s policy is formed by A, = {7 };—,. Next, we

discover the relationship between J* and Q,.

Proof (Lemma 5) We assume the current time is #, and
the state is s,,. Considering the implementation of A, on
the agent for the next T, steps, one of the following two
cases must happen:

(1) There exists at least one time f € [tg, g + Ty, — 1]
that the pair (s;,a;) is unknown in D;;

(2) For every time € [to,to+ To — 1], (s,a;) 1is
known.

If case (1) occurs, we know that an escape event Ej, (s;,)

happens. Then, we have max Oy, (515, a@) — J40 (5) <

I{E;,(ss)} Vb, based on the definition of the maximum
difference of returns.

For case (2), during the time interval [to, 7o + Ty, — 1],
the pair (s;,a,) is always known in D,. That means D;, Q,,
A, remain unchanged for T, steps starting from #,. For
simplicity, let o = 0, D for D,, Q for Q,U and = for m;,. So,
we can write the history of agent’s states and actions as
(s0,a0,81,a1, - - ST, 1 aTuH,l). First, we consider sy at the
beginning. Because 7 is greedy of 0, we have
max O(s0,a) = O(so0,a0). As no escape event happens,

C(so,ap) is not empty and there exists a sample
(§0,a0,f0,§’0)6C(s0,a0) such that §6 and s; have

max Q(§o, d,) — max Q(s;,d,)| < ek, by the definition of
I d,

known. Combined with the definition of Q, we have

So,ap) = min
Q( ’ ) f,’GC(So,(l())

{f,- + ymax O(§';, a’)}
al
<7y +ymax Q(§o,d")
a/
= Fo + yex + yma/le(sl,a’).
a

Meanwhile, according to the Bellman principle,
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J*(s0) = ro + pJ"(s1).

In this way, we can derive that

max Q(so, a) — J"(s0)

< Fo +yex +ymax Q(si, ') — ro — 217 (s1)
a
<oad + yeg + 7 [ma}x O(s1,d) — J“(sl)] .

For max O(s1,d’) — J*(s1), the analysis is the same. So, by

iterative inferences, we have

Ty —1

max O(s0,a) — J™(so) < Z Y (ad + yex) + yTn V.
=0

By the definition of T, we know 77 Vi, <éey. Then,

o
|

1
Y (6 + yek) + en

‘H

max Q(so,a) — J™(s0) <

e 1M

< v (2d + yeg) + e

Il
o

r
od y
1—V+1—V

IN

&k + éy.

Summing up case (1) and (2), we can conclude that the
following inequation is satisfied for every time

max Q,(s,, a) — JA (s1)

od Y
l—y T—y

< H{E,(S,)}Vb + &k + €

O

In the end, we give the proofs of our main theorems in
kd-CPAC.

Proof (Theorem 1) From Lemma 4, for any s and a, their
C,(s,a) has maximum N, samples stored in it. In other
words, at any action, an arbitrary state is surrounded by at
most N, J-close neighboring samples. Based on Defini-
tion 6 of largest minimal cover Ny and the lemma (Lemma
4.5, Exploration Bound) in Kakade et al. [21], for |A]
actions, at most NsN.|A| samples can be stored in data set.
Considering the worst case, each sample corresponds to an
escape event with T, length. So, in the whole process of
kd-CPAC, the total number of steps when escape event
happens is bounded by NsN.|A|T,,.

Meanwhile, combine Lemma 3 and Lemma 5 and let
&= mt/—j(ﬁb)—kﬁa{ +en, we have JY(s)> max
O(s,a) — e —I{E;(s;)} V. So, at one moment, if escape
event is not encountered, the greedy action of kd-CPAC is
near-optimal. Then, it is inferred that the sum of steps when

implemented policies are non-optimal is no more than the
number of steps when escape event happens, namely

o0

Vi
PMC(2) < Y {E(s;)} <NsNc|Allog, /.y,g_;
=0

The proof is completed. [

Proof (Theorem 2) Based on the supposition of the online
problem, during the implementation of kd-CPAC, if no
escape event happens in one episode, it is indicated that in
the following episodes, trajectories are all the same and no
more samples are stored in data set. Then, the algorithm
stops and outputs a near-optimal policy from the result of
Theorem 1.

From the above analysis, the maximum number of
stored samples is NsN.|A|. Considering the worst case, the
upper bound of episodes that encounter escape events is
NsNc|A|. So, after this maximum number of episodes, kd-
CPAC is determinate to stop and output a near-optimal
policy. In other words, the upper bound of running time is
NsNc|A|Tepisode Steps. O

6 Examples

In this section, we apply kd-CPAC to three different
problems, mountain car, inverted pendulum, and cart—pole
balancing. Mountain car is a two-dimensional system with
failure and success terminals. Inverted pendulum is also
two-dimensional but without terminals. And cart—pole
balancing problem has four state variables, and it has only
a failure terminal but no success one.

In the implementation, a distance metric d is required.
Here, we choose d in a modified version of maximum
norm. For two states s; and s,, their distance is defined by
51 =5

Sjsup - Sj

inf

d(s1,$2) = max
J

where Sy and Siy¢ are the upper and lower bound of the
state space, and the superscript j indicates the j-th dimen-
sion. The value is normalized by Sg, and Sinr, which is
based on the same consideration in the calculation of
variances when choosing split dimension in kd-tree.

6.1 Mountain car

The mountain car is a widely used system to test RL
algorithms [24, 31]. A schematic is illustrated in Fig. 1. At
the beginning, the car is initialized at the bottom position
(p = —0.5). By applying a horizontal force, the car can
move left and right. The target is to reach the top of the
mountain (p = 1). The system dynamics is denoted by
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H(p)

Fig. 1 Schematic of mountain car system

. 1 dH(p) ., dH(p)d*H(p)
p=—"2\"" 83, P4 2

1+ (M) P p  dp

dp

where p € [—1,1] m is the horizontal position of the car,
p € [—3,3] m/s is its velocity, u € [—4,4] N is the hori-
zontal force, g = 9.81 m/s> is the gravitational accelera-
tion, and H denotes the shape of the hill, defined as

p>+p, ifp<0
H(p) = L7 if p>0-
v/ 1+ 5p?
In the simulation, the state variable is s = [p, p]" and the

action set is discretized by A = {—4,4}. Whenever the car
passes the left edge (p = —1) or its velocity is over three
(Ip| > 3), we regard it as a failure and stop the driving. The
success condition is the car reaching the right edge (p = 1)
within the speed limit (|p| <3). So, the failure terminal is

assigned with a low value, V(Sgiue) = —100, while the
success one with V(sgecess) = 0. In the middle of the
process, each step has a reward r = —1. The discounted

factor is y = 0.95, and the sample time is 0.1 s. The epi-
sode length Tgpigoq. is set to 10 s and the initial state
so = [-0.5, O]T. The split condition Ny; chooses 20.

First, we fix the value of neighboring distance 6 as 0.01
and study the impact of different known errors ey on the
final learned policies of kd-CPAC. To evaluate a policy,
the time length in an episode to success is adopted as its
performance. The results are illustrated in Table 1. Viewed
from the tendency, it is obvious that smaller known errors
lead to more optimal policies. This is consistent with our
theoretical results. Furthermore, if the known error is too
large, the policy can fail to move the car to the goal like the
last experiment in Table 1.

Then, we fix known error ¢ to 1.0 and examine the
influence of neighboring distance ¢. Similarly, we can
conclude from Table 2 that a large neighboring distance
leads to a bad policy. These two groups of experiments are
agreed with our theoretical results that the smaller values
and ey choose, the more optimal policy kd-CPAC learns.

@ Springer

Table 1 Mountain car: learned policies’ performance of kd-CPAC at
different known errors when ¢ = 0.01

&H 1.0 3.0 5.0 7.0 9.0
Length to success(s) 1.9 1.9 4.0 6.2 Fail

Table 2 Mountain Car: Learned policies’ performance of kd-CPAC
at different neighboring distances when ey = 1.0

0 0.01 0.015 0.02 0.025 0.03
Length to success(s) 1.9 1.9 1.9 2.0 Fail

Next, let 6 = 0.02 and eg = 1.0 and observe the process
of kd-CPAC. After 100 trials of running, the algorithm
stops and a total of 1,216 samples are stored. The stored
samples at each action are presented in Fig. 2, combined
with the partitions of state space by the leaves in kd-trees.
These figures illustrate that kd-tree can efficiently store
samples for our algorithm. Apply the learned policy to the
system starting from the initial state, the trajectories are
depicted in Fig. 3. It is revealed that after 1.9 s, the car
successfully reaches the goal. Besides, the policy is so
efficient that only one turn of actions in the episode leads to
the success.

6.2 Inverted pendulum

In the second simulation, we adopt the inverted pendu-
lum. It is a common example to estimate online algo-
rithms [2].The inverted pendulum is a device that rotates
a mass in a vertical plane and is driven by a DC motor. A
schematic is presented in Fig. 4, and its dynamics can be
denoted by

L1 . . K*. K
o= (mglsm(oc) — ba _7“+Eu>
where o and o are the angle and angular velocity of the
pendulum, satisfying the bound [—=n, 7] rad and [—157,
157] rad/s, respectively. u is the control action applied to
the DC motor and constrained to [—3, 3]V. For simulation,
dynamics parameters are adopted the same as [2], given in
Table 3, and the sample time is set to 0.01 s.

The goal is to swing up the pendulum from the bottom

and balance it at the top. So, the state input is s = [0, d]"

and the control action is discretized into three discrete
values, A = {—3, 0, 3}. The reward is designed by
r(s,a) = —s'Qs, where Q = diag(5, 0.1). The discounted
factor is set y = 0.98. The episode length T¢pisoqc is 6 s and
each trial starts from [, 0]".

In this experiment, we still choose Ngy; = 20 but set
0 = 0.005 and ex = 30.0. After 143 episodes of learning,

the algorithm stops and it stores 29,684 samples. Stored
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2r |7 Table 3 Parameters of inverted pendulum
= : Symbol Value Meanin
= y g
= m 0.055 Mass
g 9.81 Gravitational acceleration
1 0.042 Distance from center to mass
J 1.91le—4 Moment of inertia
g b 3e—6 Viscous damping
= K 0.0536 Torque constant
a, .
R 9.5 Rotor resistance
i space is split based on the samples’ distribution in a high
= | efficient way of utilization.
= 0 . . . .
= | Next, the learned policy is applied to the system to
(19 observe its performance. For comparison, an offline model-
s : : : ) - : )
0 0.5 1 1.5 2 based Fuzzy Q-Iteration from [2] is also applied to the

t[s]

Fig. 3 Mountain car: trajectories of states and actions under the
learned policy of kd-CPAC with 6 = 0.02 and ¢y = 1.0

Fig. 4 Schematic of the
inverted pendulum

@

Nl

motor
samples in three kd-trees are depicted in Fig. 5. As the

problem is complicated, more samples are stored and the
state space is partitioned by kd-trees to smaller sizes. Still,

same system. In its implementation, we set triangular fuzzy
partitions with 51 equidistant cores for both state variables.
After the offline learning, a convergent policy is obtained.
We apply the two policies learned by kd-CPAC and Fuzzy
Q-Iteration to inverted pendulum, and their results are
presented in Fig. 6. It is revealed that the policy of kd-
CPAC (blue solid lines) takes less steps to swing up and
balance the pendulum than Fuzzy Q-Iteration (green
dashed lines). So, it is indicated that our algorithm can
derive a more optimal policy than Fuzzy Q-Iteration, even
though it is online and has no information about the sys-
tem, while Fuzzy Q-Iteration is offline. The reason can be
explained by the following analysis. Observing the chosen
actions of Fuzzy Q-Iteration from the beginning to about
0.75 s, the policy almost selects the same action. This
selection at first is good to push the pendulum, but when
the pendulum cannot be pushed further more (at 0.4 s), the
old action is in fact a resistance for the movement. But in
kd-CPAC, actions are changed earlier and more frequently
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o’ [rad/s]

(c) u=3

-2 0 2
o [rad]

Fig. 5 Inverted pendulum: partitions of state space and the stored samples at each action of kd-trees with 6 = 0.005 and ¢x = 30.0

o [rad]

o’ [rad/s]

0 0.5 1 1.5 2

0 e -
= : /
-100 5 0.5 1 1.5 2

t[s]

Fig. 6 Inverted pendulum: trajectories of states, actions, and rewards.
The blue solid lines indicate the policy of kd-CPAC, while the green
dashed lines refer to the policy of Fuzzy Q-Iteration with 51 x 51
triangular fuzzy partitions

to adjust for the movement of the pendulum. In this way,
the pendulum in kd-CPAC is swung up more quickly.

In [23], Bernstein and Shimkin apply their ARL algo-
rithm, which is also a PAC algorithm, to the same problem.
However, their implementation relies on some system
parameters which is commonly unknown in practice. While
in our algorithm, no system information is required and this

@ Springer

benefits a wider application for our algorithm compared to
them.

6.3 Cart—pole balancing problem

The last example is a cart—pole balancing problem. The
task is to balance a pole upwards, which is hinged on a cart
(as illustrated in Fig. 7). The system has four state vari-
ables: the position of the cart x, the pole angle with respect

to the vertical axis 0, and their derivatives (x, ). A force u
is applied to the cart in the x-direction to control the sys-
tem. The dynamics can be denoted by

Imy, ¢ sin O+p,sign(x)

. u
0 +
gsin«97’uL |:0:|

Imy,

Im,cosO  —(me+mp) &

4 -
g [ —cos 0 |: 9]
where parameters are adopted the same values as in [32],
listed in Table 4.

In our experiment, the state vector is s = [x, %, 0, Q]T and
the control actions include 2 values, A = {—5, 5}. The
failure condition is whenever the cart drives outside the
track (|x| > 2.4) or the pole drops over 20° (|0 > & 7).
Besides, we support the derivatives are bounded by |x| <8
and || <. Considering the goal is to balance the pole
around the vertical position and drive the cart near x = 0,
the reward function is defined considering the difference
between two adjacent states. Given [xi,Xk, O, Ok]T and

[Xests Xer1, 01, Oxt]”, the reward at the k-th step is
denoted by

Iy = 100|6k — 0k+1| + 5|xk —xk+1|.

Actions that make states closer to the vertical and zero-
point position gain more rewards. Moreover, the value for
failure is assigned by V(stajure = 1,000). The length of an
episode is set to 60 s, and the sample time is 0.05 s. The
discounted factor is y = 0.95. The starting state is

0,0, {557, o'
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Fig. 7 Schematic of the cart—pole system

Table 4 Parameters of cart—pole

Symbol Value Meaning

Umax 5 Maximal force

g 9.81 Gravity acceleration

my 0.5 Mass of the pole

me 1.0 Mass of the cart

l 0.5 Length of the pole

e 1.0 Coefficient of friction of cart on track
Up 0.1 Coefficient of friction of pivot

L 2.4 Half length of the track

However, the learning of cart—pole balancing problem
is difficult. On the one hand, the states include four
variables, while the previous two systems include only
two. It is more complicated to control four variables.
Besides, it is much easier for the pole to loss balance in
the system. It can fall down after only few steps from the
beginning, which makes the learning process has to restart
again and again frequently. In this way, the implemen-
tation is much longer with more episodes to stop and
output a satisfying policy.

In kd-CPAC, split condition Ny is still equal to 20.
The neighboring distance ¢ is set to 0.02, and the known
error ex is 100. After learning, the final policy is applied to
the system from the starting state and the system can be
controlled within the limit of 6 and x successfully. The
corresponding trajectories are depicted in Fig. 8. To dis-
play clearly, only the first 20 s are presented in the figure. It
is revealed that the cart and the pole are conducted toward
zero point from the initial deflected position after few
seconds. So, the learned policy from kd-CPAC can suc-
cessfully balance the system around zero-point area. This
simulation illustrates that our algorithm can perform well
even for complicated systems.

7 Conclusion

In this paper, we consider continuous deterministic systems
and propose a new online RL algorithm, kd-CPAC. During
the online running, the algorithm selectively stores samples
and utilizes them directly to produce policies. These

t[s]

Fig. 8 Cart—pole balancing: trajectories of states and actions under
the learned policy of kd-CPAC with 6 = 0.02 and ¢y = 100

policies are prone to explore unvisited areas, which helps
to collect system information. By rigorous theoretical
analysis, we prove the algorithm satisfies the PAC princi-
ple. During the whole process, the sum of steps when
algorithm implements non-optimal actions is finite and
bounded. Furthermore, for online cases, the running time
for kd-CPAC to produce a near-optimal policy also has an
upper bound.

The near optimality and the finite time bound are the
main advantages of our algorithm compared to conven-
tional online RL algorithms. These conventional algo-
rithms consider less about the optimality of their final
learned policies and the running time of their implemen-
tation. Besides, our algorithm is totally model-free. It
directly utilizes the online data, and no system parameters
are required.

To avoid the dependence on approximation structures in
the implementation, we utilize the online data directly. It
benefits the algorithm with high efficient utilization of
online data. To store samples, a kd-tree technique is used.
It helps to divide the state space according to samples and
store them in a tree structure. Based on kd-tree, it is con-
venient for the algorithm to locate samples and search for
neighboring samples for arbitrary states.
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Appendix

Based on value iteration, to calculate Q,, we first initialize a
function Q§O> which can be assigned to any value. Usually,

Qﬁo) is equal to 0 or Viax. Then, calculate the Q values of
stored samples (§,4,7,§') € D, by

3" (5,a) = 7+ ymax 0" (8", d').

Furthermore, a new QAEI) can be obtained by

if C(s,a) #

otherwise

L 0) s
min Si,a),
GeCloa) G (Si,a)

Vmax )

0 (s,a) =

The above equation is totally equal to the process of cal-

culating Q;U from Q;O) by (5). Then, this calculation is
iterated.

In conclusion, suppose we have Q,(’ ) of the Jj-th iteration,
calculate Q values of stored samples using

¢/ (5,a) = 7+ ymax 0V (8, ).

Then, OV at the (j + 1)-th iteration is obtained by

if Ci(s,a) # &

otherwise

. NS
min Si,a
s}EC,(s,a) q: (la )a

Vmaxa

OV (5,a) =

As the above process is a variant of solving (5) by value
iteration, so it is convergent and the result is the same with

directly calculating Q, by value iteration. Moreover, in the
process, the only need is storing Q values of samples, and

the values of Q, over the whole state space are easy to
obtain.
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