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The communication weights in traditional consensus problems are all positive, while the communication
weights in group consensus are partly real numbers. In addition, with regard to energy consumption and
communication constraints, event-triggered control has advantages over periodic control. Therefore, it is
of great significance to investigate group consensus based on event-triggered control. We develop two
event-triggered functions to decide when to activate the control input in centralized and decentralized
cases, respectively. Additionally, the infamous Zeno behavior can be excluded in the centralized case.
Moreover, in the decentralized case, we simplify the event-triggered function by calculating the
maximum and minimum of the corresponding parameters, so as to save memory of the systems.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Multi-agent systems have been a hot topic with abundant liter-
atures [1-6] in recent years. To adapt the advent of networks, the
idea of distributed or decentralized algorithm can be traced back to
[7,8]. Vicsek et al. [9] proposed a novel type of phase transition in a
system of self-driven particles, which is the origin of nearest nei-
ghbor rules. Then according to Vicsek's model, Jadbabaie et al. [1]
introduced nearest neighbor rules into the multi-agent systems. For
more details, refer to survey papers [2,10,11] and the references cited
therein.

Group consensus, which has attracted an increasing attention
[12,13], is one aspect in extended consensus problems. The agents in
the same sub-network can reach a consistent value, while no agree-
ment can be achieved between any two different sub-networks. In
addition, in discrete-time multi-agent systems, group consensus was
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termed as cluster consensus [14,15] with similar definition. In this
paper, we focus on group consensus with continuous time. In [16], Yu
and Wang proposed a new distributed control protocol with group
consensus, where the switching topologies were finite and the com-
munication delays were bounded. Moreover, a double-tree-form
transformation was introduced to reduce the order of the multi-
agent systems. Then Tan et al. [17] relaxed the assumption proposed
in [16], such that the sums of adjacent weights, from every node in
one group to all nodes in another group, are identical. Based on these
results, Shang [ 18] studied the group consensus with noises and time
delays. In addition, the methods proposed in [19] can be extended to
multi-group consensus. It is noted that the above papers all con-
centrate on the study of periodic control protocol, which is a serious
problem when we consider energy consumption and communication
constraints on wireless platform. Therefore, event-triggered control is
an appropriate choice for solving this problem.

Event-triggered control, which has a long history dating back to
[20,21], is aimed at improving the efficiency of control. In [22,23],
some advantages of event-triggered control were emphasized and
the motivation of the development of systematic designs was also
provided. Heemels et al. [24] gave an overview of event-triggered
and self-triggered control in recent years. Event-triggered control
in multi-agent systems is both conceptually interesting because
designing a distributed control protocol based on event-triggered
technique requires only relative information from local neighbors
[25,26], and practically interesting because it can solve real-time
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scheduling problem excluding the infamous Zeno behavior [27].
Furthermore, a periodic event-triggered control was proposed in
[28], which further reduced the number of control executions and
maintained the requirements of closed-loop performance. How-
ever, to the best of our knowledge, the communication weights in
multi-agent systems, based on event-triggered control mentio-
ned above, are all positive, while group consensus takes negative
weights into consideration. Hence, it is of great importance to
investigate group consensus based on event-triggered control.

Motivated by the above discussions, this paper investigates the
conditions for achieving group consensus with centralized and dece-
ntralized event-triggered control, respectively. The multi-agent sys-
tems are modeled containing two sub-networks in continuous time
with undirected topology. However, the communication weights
between the two sub-networks are not simply zeros but with bala-
nced in- and out-degree. By introducing a candidate Lyapunov func-
tion W(t) for input-to-state stability (ISS), we can get the derivative
V(t) and enforce it to be negative. Furthermore, with the help of
appropriate inequality zooming technique, the event-triggered func-
tions both in centralized and decentralized cases are deduced. Finally,
numerical examples are provided to validate the effectiveness of the
developed criteria.

The main contributions of this paper are listed as follows.

1. We introduce both centralized and decentralized event-trig-
gered control to group consensus to deal with energy con-
sumption and communication constraints considered in real
physical implementations.

2. We discuss the event-triggered based group consensus in the
presence of negative communication weights and the infamous
Zeno behavior can be excluded from centralized cases.

3. In decentralized event-triggered cases, by calculating the max-
imum and minimum of the corresponding parameters, we
simplify the event-triggered function with €(t) = A(¥ min/Mmax)
g?(t), which will be clarified in Section 4 in order to save
memory of the systems.

The remainder of this paper is organized as follows. Basic defini-
tions of group consensus and algebraic graph theory are given in
Section 2. Centralized and decentralized event-triggered control
on group consensus are discussed in Sections 3 and 4, respectively.
Implementations of three examples are conducted to demonstrate
the validity of the developed criteria in Section 5. Closing remarks
and the conclusion of the whole paper are given in Section 6.
The following notations are utilized throughout this paper:

X=(X1,X2, ..., Xs)' e R" and lIxll = /3", x? represents the Eucli-
dian norm of vector x. Ae R™" and IlAll represents its corre-
sponding Frobenius norm. 1 denotes the increase of the value of
variants and | denotes the decrease.

2. Backgrounds and preliminaries
2.1. Algebraic graph theory

A triplet G={V,&, A} is called a weighted graph if V= {vy,
Vo, ..., vy} is the set of N nodes, £ =V x V is the set of edges, and
A=(Aj) e RVN is the N x N matrix of the weights of G. Here we
denote A; as the element of the ith row and jth column of matrix
A. The ith node in graph G represents the ith agent, and a directed
path from node i to node j is denoted as an ordered pair (v;,vj) € &,
which means that agent i can directly transfer its information to
agent j. A is called the adjacency matrix of graph G and we use the
notation G(A): A; #0 < (vj,v;) €€ to represent the graph ¢

corresponding to A. In this paper, we assume that G represents
an undirected fixed topology. Note that self-loops will not be
considered in this paper, ie., A;=0,i=1,2,...,N. G is called
connected if there is a path between any two nodes of G. Let

d 0 - 0
0 d - 0
0 0 - dy

be the NxN diagonal matrix where di=3, .\ A; and
Ni={vjeV|(v;,v)e&} is the set of neighbor nodes of node
i,i=1,2,...,N. Then D is termed as the indegree matrix of G. The
Laplacian matrix is £ = D — A corresponding to G. In addition, for a
connected graph, £ has only one single zero eigenvalue [2]. We
denote by An(G) = An_1(G) = -+ > A2(G) = 41(G) = 0 the eigenvalues
of £ with A,(G) > 0 if G is connected.

2.2. Consensus and group consensus

Given the network with N agents where x; € R" represents the
state of the ith agent. In physical implementations, the state of a
node can represent the voltage or current of smart grid [29,30],
temperature of rooms [31], and attitude of unmanned aerial
vehicles [32,33], etc.

In this paper, we assume that each agent has the dynamics as
follows:
)'(i(t):u,-(t), i=1,2,...,N, (])
where x; e R. The most popular distributed control protocol is the
state feedback distributed control

ui(t)=— Y Ajxi(t)—x;(t)) @)

vi e N

proposed in [2,11,3], where A; > 0, Vv;,v; € V. Note that the first-
order multi-agent systems (1) with distributed control protocol (2)
can reach a consistent state asymptotically [2], i.e.,

. 1 .
tllmooxi(t) = NJ; x(0), i=1,2,..,N.

However, the multi-agent systems in physical implementations of
cooperative control can reach more than one consistent state in
complex networks, which can be called cluster consensus [14,15] or
group consensus [16,19]. In this paper, we investigate the case that
agents in a network can reach two consistent states asymptotically
with event-triggered distributed control. For convenient use, we
introduce the concepts of group consensus proposed in [16].
Suppose that the complex network ¢ contains N;+N;
(N1,N; > 0) agents consisting of two sub-networks G; = {V1, &,
A1y and Gy ={V5,&, Ay}, where x'=(x,x,...,xy,)"  and
x2 :(le+1,le+2,...,leJrNZ)T represent the states of G; and G,
respectively. Thus, all the agents are divided into two groups with
communication between the two groups. Furthermore, the whole
graph is G=W,&£,A4) and the corresponding state is
X=(X1,X2, ..., XN, +N2)T. Consequently, denote the index sets of
sub-networks by 7Z;={1,2,..,N;} and Z,={N;+1,N;+2
,...N71+N3}, and denote the node sets by Vi ={vi,va,...,Vn,}
and  Vy=(VnN,+1,VN;+2,--- VN, +N,),  Where ZT=7:JZ, and
V = V1JV2. More specifically, the neighbor sets of the correspond-
ing sub-networks are Ny;={vjeVi|(v,v)e& and Ny={y;
e V2| (vj,vi) € &}, where N ={v; e V|(vj,v;) € E} = N1iUN2i, Viel.
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A new distributed control protocol is proposed as follows:

— > Ajxi(0)—x;(0)
vje Ny;
— Z .AUX](t), ViGI];
¢ vj e Nai 3
HO=0 25 a0 —xi(0) 3
vj e Ny
— 3 Axi(t), VieTy,
vje Ny;
where A;>0,Vi,jeZ; and VijeI;;, AjeRV(i,j)eZE=

{i,DlieTr,je T} JlU,DIieZ,je ).

Remark 1. Note that the communication weights between the
two groups are real numbers. Therefore, distributed control pro-
tocol (3) is the extension of control protocol (2). In addition, the
existence of negative weights complicates the dynamics of the
multi-agent systems.

Definition 1. If the states of the agents in G satisfy the following
two conditions:

tl"-P HX,‘(I’)—Xj(f)” =0, Vi,jeIl; (4)
Jim (0 -x(0)1 =0, Vije, (5)

then the multi-agent systems (1) are said to reach a group
consensus asymptotically.

Note that given the set
IN'={x1=x= <o = XN,
XNy +1 =XNy+2 = =XN; +N, }»

then I is a globally attractive and invariant manifold if the group
consensus can be reached. In the sequel, we will discuss the group
consensus based on both centralized and decentralized event-
triggered distributed control protocols.

3. Centralized event-triggered control for group consensus

For each agent i in graph G(A), we introduce a time-varying
error function ¢;(t), where &;(t) = x;(t;)—x;(t),t > 0. t; is in the
sequence of event-triggered executions which are denoted by
to.t1,... . Then the corresponding control sequence updates are
u;(to), u;(tq), ..., thus the value of the distributed control input u,(t)
is in a zero-order hold form and piecewise constant between each
pair of event times, such as tel[t,ty,1),k=0,1,.... Further-
more, we introduce an error vector &(t)=(g&1(t),&ex(t),....en, +
No(t)T e RN +N2 then

£(f) = x(ty) — x(0),

where X(t) = (X1 (£), Xa(£), ..., Xy, + N, (D) € RN N2,

Our purpose is to design an appropriate centralized event-
triggered mechanism satisfying the group consensus in Definition 1.
Therefore, the event-triggered distributed control protocol developed
in the centralized case is shown in Fig. 1 and is defined analogous to

k=0,1,..., telti, tes1)s (6)

Centralized Event-
Triggered Mechanism +——

Fig. 1. Centralized event-triggered mechanism schematic.

(3) as follows:

— 3 Ajixity) —x;(ty))
vj e Nqi
- X Agxi(t), VieIy
Vvj € Ny 7
ut)=9 _ > A(xi(t) —X;(ty)) )
vj e Ny
— 3 Ajxi(ty), YieT,,
vj e Ny

where t € [ty, ty 1), k=0,1, ... .
Before proceeding, we introduce some key definitions and
lemmas related to our main results.

Definition 2 (cf. Yu and Wang [16]). The communication topology
G=1{G1,G,} of the multi-agent systems is consisted of N;+N,
nodes defined in Section 2.2. Given any i e Z1, the out-degree and
in-degree of node v; in G; to G, are defined as follows:

Ni+N, Ni+N>
dout(Vi, G2) = Y Ay din(vi,G)= > Ay
j=Ni+1 j=Ni+1

Givenie 7y, if di,(vi,G2) =0 and dout(vi, G2) = 0, then we say v; e Vq
is in-degree balanced and out-degree balanced to G,, respectively.
Similarly, given i e Z,, if di,(v;, G1) =0 and dou(v;, G1) =0, then we
say v; eV, is in-degree balanced and out-degree balanced to Gy,
respectively. Furthermore, if all nodes in G1(G,) are out(in)-degree
balanced to G»(G1), we say that G;(G») is out(in)-degree balanced to
G>(G1), and vice versa.

We use L to represent the Laplacian matrix of the communication
topology g, where £ = (lj)) e RNt +N2x(Ni+N2) s defined as follows:

—Ajj, j#L
I = Ni+N,
Y > A j=i
k=1k=#i

Suppose £ has a block form

L11 L2

L=
L1 L2

; ®

where £1; e RNNt and £,, € RV>*N2 | then the multi-agent sys-
tems (1) with u; given in (3) is equivalent to the following form:
21 1 2.
X (O)=—L11Xx —L12X7;
{ )

X2(t)= — Lnx" — Lx?,
where L1 = Lr1.

Assumption 1. Considering the balance of the two sub-networks
Gy and G, mentioned in Definition 2, we propose three assump-
tions for the convenience of later proofs as follows:

Ni+N»
(A1) > Ayj=0,Viel;;

j=Ni+1

Ny
(A2) Y Ay;=0.VieIy:
=1
(A3) (x")TL£12x? is in the form of (x;, —X;,)(Xi, — Xj,),
where (iy,j;) € &1 and (iz,j,) € &.

Lemma 1 (cf. Yu and Wang [19]). With Assumptions (A1), (A2) and
distributed control protocol (3), the multi-agent systems (1) can
reach the group consensus asymptotically if and only if

(i) £ has only two simple zero eigenvalues while the others have
positive real parts;
(ii) £1 and L, are in-degree and out-degree balanced to each other.
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Theorem 1. If the undirected communication graph G is connected
where the corresponding Laplacian matrix L is satisfied with the
condition (i) in Lemma 1, then with Assumption 1, given the multi-
agent systems (1) with the distributed control protocol (7) and given
centralized event-triggered mechanism

ICx()
V&

where a € (0,1), the multi-agent systems can asymptotically reach
group consensus. Furthermore, for any initial conditions in RN'+N
with t >0, the inter-event times {t,,|—t;} derived from the cen-
tralized event-triggered mechanism (10) are strictly positive, where
the lower bounded time is denoted by 7=a/I LI(1+ ).

let)ll = a

(10

Proof. From Assumption (A1), we know that

> Aj=0, Viely,

Vvj € Ny;
then the first part of control protocol (7) can be rewritten as

uit)=— Y At —xt)— > Axi(ty)

vje Ny vj e Nai
=- Z Ajj(xi(t) — X;(tr)
vie Ny
— D Ayt —x;(ty)
vj e Nai
== D Ayt —xi(t),
vj e Nj

where t e [ty, ty,1),k=0,1, ..., Vie Z;. Similarly, the second part of
control protocol (7) can be rewritten in the same form. Therefore,
the compact form of the event-triggered distributed control
protocol is

ut)= —Lx(ty), teltiteer), k=0,1,.... an

Note that we discuss the centralized form of the event-triggered
control, thus the dynamics of multi-agent systems (9) can be

rewritten in the form
X(t) = — LX(ty) = — LX(O) — L&), L€ [ty, tyir)-

We choose a candidate Lyapunov function for the closed-loop
system as follows:

V:%leZx
g o) £ Lz | (X
_f[(x ), %) } L1 Lo || x?
2 (L + 62 £ 4 206 £1002) (12)

Owing to the fact that £ has two zero eigenvalues and the rest are
with positive real numbers, without loss of generality we denote
the spectrum of £ by AL)={4,42,....4n,+n,}, Where
A1 =0,4;,=0. In addition, G is undirected. Thus, A3, 44, .... AN, 4N,
are all positive real numbers. Therefore, £ can be diagonalized
with a matrix U e RN +N2xWNi+N2) 1 o

P 0
0 2

c=U"| . 77 U=U"DU.
0 0 ANy N,

Thus, V can be rewritten as

1 1 1 Ny +N,
V=y (Ux)"D(Ux) = jiTch =3 > Ak =0.
i=1

With £ = £", the derivative of the Lyapunov function is
V= % KT Lx+x" %)
= % XL % +xT LX)
xTLx
—x'CL(x+e)

=—lcxl>—x"cce
—lLxIZ+1cxiichiel.

A

In order to make V < 0, we choose ¢ to satisfy

rLxll

Ll
where ae(0,1), then V <(a—1)II£xlI> <0. Thus, the event-
triggered times t,,k=0,1,..., are derived from Ile&(ty)ll = a(ll
Lx(t) |l /I1L1N. If the event-triggered function (10) is satisfied, then
lim;_, ;o V(t) = 0. Considering the form of (12),

lel <o (13)

1
aLnxl =5 > Ajxi—x)* (14)
(ij) € &
and
1
W)Xt =5 > Ajxi—x)° (15)
(ij) e &

are both in quadratic form. In addition, with (14), (15), (A3) and
condition (i) in Lemma 1, 2(x")"£,x® is in the form of
(Xi, —X;,)(xi, —Xj,), which can be transformed into the form of
[, —Xj,)+ (X, —X},)]>, where (i1,j;) € &1 and (i2,),) € £;. We will
show it later with Example 1 in Section 5. Therefore, with V(t) <0,
V(t) is in the quadratic form subject to lim;_,  .X(t) e I defined in
Section 2. Additionally, /" is a globally attractive and invariant
manifold. Thus, group consensus can be asymptotically reached.

In the sequel, we will demonstrate that the inter-event times
{ty.1—tx} are strictly positive by a lower bounded time
T=a/lLII(1+a). First of all, the study of the time derivative of
le)ll /11 Lx(E)1l is essential:

d/llel\ d (£Te)1/?
de (Mxn ) ~de \[(zx)T(cx))
_ (T 2eTeox) (X))

Il £x 112
e (X)) P ex) (cx)ETe)
Il £x 112
_ €% wo'exnlel
T T lellicxl Icxi®
lellIxl ICxIIChixllel
<
el Cxll I cxl®
3 1L el I —Lx+e)l
_(H L] ) x|
IChlel /ILxll+ 1 Cel
S(” TZX]] >< 1L )
ICl el \2
< <]+W> . (16)

Letting p = lle(t) !l /1l £x(t) I, with (16) we get p < (1+ I £Ip)?, then
p(t) <y (t,yy) such that

yr=1+1LIy)? 17)
and w(0,y) =y, Furthermore, according to (10) we have
w(t,0)=a/llLIl. The solution of (17) is w(z,0)=z/(1—7lLI).
Therefore, a/llLIl=z/(1-zlILl), ie, T=a/lILI(1+a) is the
lower bounded time. ©

Remark 2. Note that once the error function (10) is triggered, we
have &(ty) = x(t,)—x(ty) =0 and (13) is naturally satisfied. Hence,
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Table 1
Algorithm for centralized event-triggered control.

Step 1:
Step 2:
Step 3:

Step 4: Terminate the algorithm

Given the initial conditions with x(tp) = Xo, to =0 and the communication topology G, where X is the initial state of the multi-agent systems
While lle(t)ll > e where e € R is the given small bounded error, goto Step 3. Else goto Step 4
If lle(®) Il <al Lx(t)II /1 LI, then u(t) = — £x(t;) and goto Step 2. Else t;, =t,, 1, where &(t;, 1) =0 and goto Step 2

the error function always runs below an upper boundary and the
mechanism that resets error to zero is the core of event-triggered
design. The second part of Theorem 1 guarantees non-existence of
the infamous Zeno behavior which usually occurred in hybrid
system [34]. The algorithm for centralized event-triggered control
is shown in Table 1.

Remark 3. According to the form of 7z, we know that it is
proportional to @ € (0, 1) and inversely proportional to Il £Il. Thus,
if a1, then 71 and the error tolerance of Il el will increase and vice
versa. Moreover, || £Il represents the strength of communications
among the multi-agent systems. Therefore, if | £l 1, then 7|, which
shows that the frequency of updates increases with stronger
connectivity in the multi-agent systems. All the analyses men-
tioned above are in accordance with our intuitions and will be
illustrated in Section 5.2.

4. Decentralized event-triggered control for group consensus

The centralized event-triggered control requires a global error
function &(t) to decide when to trigger the condition (10). However,
this is impractical in physical implementations for the complexity of
scale in multi-agent systems. Hence, we introduce a decentralized
event-triggered mechanism to solve the group consensus. Particu-
larly, each agent will update its own control input u;(t) at event
times decided by information from itself and from its neighbors. We
denote these event times by ti,t,...,t,..., ¥ie Z. Defining the
error measurement function for agent i as

£i(0) = Xi(tj) — x;(1),

The distributed control protocol (3) can be written in decentralized
event-triggered form as

telti,ti, 1), k=0,1,.... (18)

_ (it —%; ;
ST Ay(xi(th) X(t]k(t)))
vj e Ny
- Aijxf(tJIlEm)’ viel
() Vi€ Nai 1o
ui(t) = [ :
i -3 Aij(Xi(fi)_XJ(t]l}(r)))
vj e Noj
= 3 A(t,). VieTs
vie Nii

where k(t) £ arg min, _ .o g {t— til} and tjzl}m is the latest event time

of agent j within t e [}, t} ).

Remark 4. From (19) we note that the control updates of agent i
depend not only on its own triggering times t, t}, ..., but also on
the triggering times of its neighbors ¢}, t,, ..., where v; e \V;.

Suppose Lx2q=(qy.qs.....qy, +n,)'- Then, git)= Yy eniAy
(x;(t)—x;(t)), Vie Z. We introduce a notation |Nf‘| =Zvje,vaij to
simplify the expression of the following proof.

Theorem 2. If the undirected communication graph G is connected
where the corresponding Laplacian matrix £ is satisfied with the
condition (i) in Lemma 1, then with the Assumption 1, given the
multi-agent systems (1) with the distributed control protocol (19) and

decentralized event-triggered mechanism

ef(n:/fzm—"' (t), (20)

max
the multi-agent systems (1) can asymptotically reach group consen-
sus. In addition, € (0,1), i, = Min; . 7{1—c| Nf‘| b Mmax = MaXje 7
{IN#| /c} and c e (Ni.z(0,1/|N:'|). Moreover, for any initial condi-
tions in RN *N2 with t > 0, 3 1 € Z, such that the next inter-event time
Tp is strictly positive.

Proof. With Assumptions (A1) and (A2), we know that
ZAU:O’ ViEI] and ZAU:O’ VieIz.

vj € Ny vj e Ny

Then by the similar mathematical operations in the proof of
Theorem 1, we can transform the decentralized event-triggered
control protocol (19) into the following form:

ui() = — > Ayxi(th) —x(t

k([))), Viel.
vieN;

Thus,

Xi(t) = u;(t)

_VEZNVA”(X"(G‘) = Xi(E,)

= ) Ay —x;(0)
vjeN;

=Y A —g(1), Viel. 1)

vj e Nj

Furthermore, we rewrite (21) in a compact vector form as
X(t) = — LX(t) — L&(t). (22)

We again choose a candidate Lyapunov function for the closed-
loop system as follows:

V=1xTrx.
Then,
V=xTrx=—X"LL(x+e)= —q'q—q' Ce.

Before proceeding we introduce a basic inequality
o, 1,
B )

2" ot

to better clarify our following proof. In the sequel, we will deduce
the first part of our conclusion in Theorem 2:

V== gt > Ajgiei—g)

[1s| < reR, seR, Vc>0 23)

ieT ieZvieN;
= _Zqiz_z Z Aijqiei+z Z A,-jqiej
ieZl ieZvieN; ieZvieN;
c 1
S-S a3 (5t gt
iel ieZvie N;
c 1
DAy <§q,?+z—csf) (cf. (23))
ieZvieN;
1
== a+cy INYIG +5 > INDIef
iel ieT ieT
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Table 2
Algorithm for decentralized event-triggered control.
Step 1: Given the initial conditions with x(tp) = xo, to = 0 and the communication topology G, where X is the initial state of the multi-agent systems
Step 2: Choose the appropriate parameters c, 8, ymin and . according to the given initial conditions
Step 3: While |¢;(t)| > e for any i e Z where e € R is the given bounded error, goto Step 4. Else goto Step 6
Step 4: If e2(t) </3;:% q?(t), VieZ, then u(t) = Yy en, Aij(x,v(t}'()—xj(tfé(t))) and goto Step 3. Else goto Step 5
Step 5: Suppose at t=t}, ; foranyieZ, (ti, ;) =ﬂ:‘“i" q3(ti,, ;). Then ti, =t} ; where ¢(t} , ;) =0, and all the agents j e A; U i update their control protocols
max
uj(t). Goto Step 3
Step 6: Terminate the algorithm
3 ~
.
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Fig. 4. Group consensus of five agents by centralized event-triggered control.
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Due to the symmetry of £, the last term above can be rewritten as

1 1 1
Z_CZ DAy J'ZZZ—CZ > Azj£?=2—CZIN;“|8,-2.

ieZvie N; ieZvieN; ieZ
Therefore,
v<-Ya c|NA\)2+Z'N”A'82
- 4 4 Cc v
el ieT

Consequently, in order to enforce V < 0, we suppose that 5 e (0, 1),
Ymin =MiNic 7{1=CIN{'I}, #max =maxic7{IN'| /c} and ceicr
(0,1/|N;*|). Then if

£2(t) < prmin g2(p),  VieZ,

Y
24
nmax ( )

Timels

Fig. 5. Error trajectories in centralized case.

we can obtain that

. NA
V<Y a-aning + Y N e

<

ieZ ieT
2 IN{'| oY min 2
- Z?minqi + Z—c pmg;
ieT ieT Mmax

- z:yminQi2 + anaxﬂymm in
Mmax

ieZ iel
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= (ﬁf l)ZYminQiz
iel

<0.

In Theorem 1 we have demonstrated that V(t) is in the quadratic
form so that lim;_, , . x(t) € I". Furthermore, /" is a globally attrac-
tive and invariant manifold. Therefore, group consensus can be
asymptotically reached with distributed control protocol (19) and
decentralized event-triggered mechanism (20).

In what follows, we will demonstrate that for any initial
conditions in RV *N> with t >0, 3leZ, such that the next inter-
event time 7p is strictly positive. Suppose that there exists a t’ such
that all errors &;(t')=0, Vie Z, or there is at least one agent that
can evolve with the increase of measurement error function (18).
Letting | = arg max;. 7| q;|, we have

£ e el el
| &1l <| 1l _

(N1 +No)|q —liql =gl — Icxl”

With the proof of Theorem 1 and the event-triggered mechanism
(19), we can deduce that the next inter-event interval of agent [ is
bounded by 7p, where

(N1 +Na)tp _ //}Ymin.
nmax

T—zpllLll
Therefore, this inter-event time can be explicitly expressed as

=, /ﬂ“ﬂ—“‘/(lwn JpLmin 4 N, +N2>
”max rlmax

and this completes the proof. ©

Remark 5. Note that q,—(t):ZVJ_EAfIA,-j(x,-(t)—xj(t)),VieI, only
includes the relative state information of agent i's neighbors and
its own state information. Therefore, it is a decentralized control
protocol. Seeing the proof, we simplify the event-triggered func-
tion with only three parameters f3, ¥, and #,., SO as to save
memory of the systems.

Remark 6. Note that 7p is more complicated than 7 in centralized
case because the triggering times in decentralized case depend on
every agent's dynamics. Thus, the decentralized event-triggered
control updates more frequently than the centralized one. More-
over, when the scale of the multi-agent systems grows larger, i.e.,
N1+N31, then 7pl|. The algorithm for decentralized event-
triggered control is shown in Table 2.

5. Examples and performance analysis

5.1. Examples

Example 1 (Centralized event-triggered control with group consen-
sus). Given the multi-agent systems with five agents and the
communication topology in Fig. 2. Agents 1, 2 and 3 are in one

-------- m==ay

-
Seams

Fig. 6. Topology of five agents for Example 2.

group, while agents 4 and 5 are in another group. Then

5 -3 -2 1 -1

-3 3 0o -1 1
Ly=]|-2 0 2

1 -1 O 2 =2

0o -2 2

The eigenvalues of £; are A1 =4,=0,43=2,14=3.55 and
A5 =8.45, which are all positive real numbers. X =(-5,2,
3,-8,1)" and a=0.85. In this example, x'=(x1,X2,X3)],

States of five agents

-12 i i 1
0 0.5 1 1.5 2 25 3

Time/s

Fig. 7. Five agents without group consensus.

States of six agents

-10 i i i i
0 0.5 1 1.5 2 25

Timels

Fig. 9. Group consensus of six agents.
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Table 3
Comparison of centralized case.
a Event-triggered times Tmean (S)
0.25 100 0.0300
0.45 59 0.0508
0.65 46 0.0652
0.85 35 0.0857

x% = (x4,x5)" and

1 -1
Li=|-1 1
0 o0

Then, (x)T£12%% = (X; —X2)(X4 —Xs) is in accordance with the proof
in Theorem 1. The group consensus is shown in Fig. 3. In addition,
from Fig. 4 we can see that centralized event-triggered control
contains fewer control updates than the periodic control in Fig. 3.

Therefore, the event-triggered control developed in group con-
sensus can reduce energy consumption and communication con-
straints. In Fig. 5, lle(t)lImax = a1 Lx(t) 11 /I L), at every triggering
time &(t) will become zero. Thus, the error accumulates gradually
but always below the boundary of Il&(t) ll pax.

Example 2 (Centralized event-triggered control without group con-
sensus). Given the multi-agent systems with five agents and the
communication topology in Fig. 6. Agents 1, 2 and 3 are in one
group, while agents 4 and 5 are in another group. Then

5 -3 -2 2 =2

-3 3 0o -2 2
Ly=]|-2 0 2

2 -2 0 1 -1

-2 2 0o -1 1
The eigenvalues of £, are 4 =4, =0,43 = —0.437,14,=2.87 and
A5 =9.57, xo=(—5,2,3,—8,1)" and a=0.85. Note that there is
one negative eigenvalue A3 = —0.437 which is not satisfied with

our requirement for Laplacian matrix. Thus, the group consensus
cannot be reached as shown in Fig. 7.

Example 3 (Decentralized event-triggered control with group con-
sensus). Given the multi-agent systems with six agents and the
communication topology in Fig. 8. Agents 1, 2 and 3 are in one
group, while agents 4, 5 and 6 are in another group. Then

5 -3 -2 1 -1 0

-3 3 0 -1 1 o0
-2 0 2 0 0 O
£=11 1 0 5 -2 -3
1 1 0 -2 3 -1

0 0 0 -3 -1 4

The eigenvalues of L3 are A1 =4,=0, A3=2.15, A,=3.92,
A5 =6.70 and Ag=9.23, which are all positive real numbers.
Xo=(—4,53,-8,1,-10)", ¢=01, p=05 y,,=05 and
Nmax = 50. In Fig. 10, it can be seen that the decentralized
event-triggered control requires fewer control updates than the
periodic control in Fig. 9. Furthermore, each agent updates on its
own triggering time in Fig. 10. In Fig. 11, |é&5(t)|max=

VBV min/Mmax | 450, it illustrates that | e5(t)| will not exceed the
boundary of | &5(t)| max in dot line.

5.2. Performance analysis

In Table 3, Trmean represents the mean time between each pair of
triggering times with different parameter « and the total running
times are the same. We can infer that znean Will increase with the
increase of @, which is in accordance with Remark 3. Therefore, in
physical implementations, tuning the parameter a can change the
performance of the multi-agent systems.

6. Conclusions

This paper establishes both centralized and decentralized event-
triggered control protocols for group consensus to deal with energy
consumption and communication constraints considered in physi-
cal implementations. In the presence of negative communication
weights, we develop two event-triggered functions to decide when
to activate the control input in centralized and decentralized cases,
respectively. In addition, the infamous Zeno behavior can be
excluded in centralized case. Moreover, in decentralized event-
triggered case, we simplify the event-triggered function by calculat-
ing the maximum and minimum of the corresponding parameters
so as to save memory of the systems. In future work, we will focus
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on the situations with communication noises and time delays,
which are more suitable to the physical world.
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