
Nonlinear neuro-optimal tracking control via stable iterative
Q-learning algorithm

Qinglai Wei a, Ruizhuo Song b,n, Qiuye Sun c

a The State Key Laboratory of Management and Control for Complex Systems, Institute of Automation, Chinese Academy of Sciences, Beijing 100190, China
b School of Automation and Electrical Engineering, University of Science and Technology Beijing, Beijing 100083, China
c School of Information Science and Engineering, Northeastern University, Shenyang 110004, China

a r t i c l e i n f o

Article history:
Received 22 February 2015
Received in revised form
10 April 2015
Accepted 19 May 2015
Communicated by H. Zhang
Available online 5 June 2015

Keywords:
Adaptive dynamic programming
Approximate
Dynamic programming
Q-learning
Optimal tracking control
Neural networks

a b s t r a c t

This paper discusses a new policy iteration Q-learning algorithm to solve the infinite horizon optimal
tracking problems for a class of discrete-time nonlinear systems. The idea is to use an iterative adaptive
dynamic programming (ADP) technique to construct the iterative tracking control law which makes the
system state track the desired state trajectory and simultaneously minimizes the iterative Q function. Via
system transformation, the optimal tracking problem is transformed into an optimal regulation problem.
The policy iteration Q-learning algorithm is then developed to obtain the optimal control law for the
regulation system. Initialized by an arbitrary admissible control law, the convergence property is
analyzed. It is shown that the iterative Q function is monotonically non-increasing and converges to the
optimal Q function. It is proven that any of the iterative control laws can stabilize the transformed
nonlinear system. Two neural networks are used to approximate the iterative Q function and compute
the iterative control law, respectively, for facilitating the implementation of policy iteration Q-learning
algorithm. Finally, two simulation examples are presented to illustrate the performance of the developed
algorithm.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

Adaptive dynamic programming (ADP), proposed by Werbos
[45,46], has demonstrated powerful capability to obtain the optimal
control policy by solving the Hamilton–Jacobi-Bellman (HJB) equation
for nonlinear systems [15,26,27,37,39,49–51,53,55]. In Werbos [47],
ADP approaches were classified into four main schemes: heuristic
dynamic programming (HDP) [13], dual heuristic programming (DHP)
[29], action dependent HDP (ADHDP), and action dependent DHP
(ADDHP). In [20], two more ADP approaches that are globalized-DHP
(GDHP) and ADGDHP were proposed. Iterative method is a primary
tool in ADP to obtain the solution of HJB equation indirectly. In general,
there are policy and value iterations according to the differences of the
iteration procedures [9,25,33,36,38,40,42–44]. In value iteration algo-
rithms, the initial value iteration algorithm is generally set to zero
[1,10]. In [24], a value iteration optimal control method was presented
for time-delay systems with saturating actuators. In policy iteration
algorithms, an admissible control law is necessary to initialize the
algorithms [14,41]. In [16,28], a policy iteration optimal control
method for continuous-time nonlinear systems was proposed. In
[12], a policy iteration algorithm for discrete-time nonlinear systems
was developed.

Optimal tracking control for nonlinear systems is always a focus
of research in ADP [11,17,18,22,23,48]. In [54], a value iteration
based optimal tracking control scheme was proposed. In [35],
considering approximation errors, value iteration algorithms for
discrete-time nonlinear systems were presented to obtain the
optimal tracking control. In [52], an optimal tracking control law
was obtained for time-delay nonlinear system by ADP. In [32,34],
considering the system and approximation disturbances, the opti-
mal tracking control laws were achieved for coal-based reaction
control systems. In the previous ADP-based optimal tracking control
problems, it was generally required to know the models of the
control systems, including analytical models and neural-network-
based models, and the optimal tracking control laws were designed
by the priori models. For many real-world control systems, the
priori models are difficult to construct. Hence, how to design the
optimal tracking control law for nonlinear systems without building
the system models is a key problem for ADP.

Q-learning, proposed by Watkins [30,31], is a representative
data-based ADP algorithm. In Q-learning algorithm, the Q function
depends on both system state and control, which means that it
already includes the information of the system and the utility
function. Hence, the optimal control law can be obtained directly
by minimizing the Q function instead of solving the HJB equation
[4]. Thus, Q-learning is preferred for data-based and model-free
optimal control of ADP [4,31]. In [9,20], Q-learning was named as
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action-dependent heuristic dynamic programming (ADHDP). In [7],
Q-learning algorithm was proposed to solve the optimal battery
control for residential energy systems. In [3,6], optimal controls of
renewable resources were obtained by Q-learning for smart micro-
grid systems. In [8], optimal collaboration problems for sensor
network systems were solved by distributed Q-learning. For pre-
vious iterative Q-learning algorithms, the convergence properties of
the Q functions were the main object of investigation. As is known,
stability is a basic property for control systems. To the best of our
knowledge, there is no discussion on how to design a stable Q-
learning algorithm via ADP to solve the optimal tracking problems
for nonlinear systems. This motivates our research.

In this paper, a new policy iteration Q-learning algorithm is
established for a class of discrete-time nonlinear systems. According
to system transformation, the optimal tracking problem is effectively
transformed into an optimal regulation one. The corresponding
tracking error system is presented. According to the tracking error
and the reference tracking control, the performance index function is
displayed. Next, the policy iteration Q-learning algorithm for the
transformed system is derived. The convergence and stability proper-
ties are analyzed. It is shown that any of the iterative control laws can
stabilize the nonlinear system. It is also proven that the iterative Q
function is monotonically non-increasing and converges to the optimal
Q function. Neural networks are employed to implement the policy
iteration Q-learning algorithm by approximating the iterative Q
function and iterative control law, respectively. Finally, simulation
results will illustrate the effectiveness of the developed algorithm.

The rest of this paper is organized as follows. In Section 2, the
problem formulation is presented. In Section 3, the policy iteration
Q-learning algorithm is derived. In Section 4, convergence and
stability properties of the policy iteration Q-learning algorithm are
discussed. In Section 5, the neural network implementation for the
developed iterative Q-learning algorithm is given. In Section 6,
the conclusion is drawn.

2. Problem statement

In this paper, we consider the following discrete-time non-
linear system:

xðkþ1Þ ¼ f ðxðkÞÞþguðkÞ; ð1Þ
where xðkÞARn is the state vector and uðkÞARm is the control
vector. Let f and g denote the system functions. For infinite-time
optimal tracking problem, the control objective is to design
optimal feedback control uðxðkÞÞ for system (1) such that the state
x(k) tracks the specified desired trajectory xrðkÞARn; k¼ 0;1;…. In
this paper, we assume that the control gain matrix g satisfies
rankfggZn for the convenience of our analysis. Let ur(k) be the
reference control. Then, the reference control ur(k) should satisfy

xrðkþ1Þ ¼ f ðxrðkÞÞþgurðkÞ; ð2Þ
and the reference control can be calculated by the following
equation:

urðkÞ ¼ gþ ðxrðkþ1Þ� f ðxrðkÞÞÞ; ð3Þ
where gþ is the Moore–Penrose pseudo-inverse matrix of g.
Define the tracking error as

yðkÞ ¼ xðkÞ�xrðkÞ: ð4Þ
Then, the tracking error system can be expressed as

yðkþ1Þ ¼ xðkþ1Þ�xrðkþ1Þ
¼ aðyðkÞÞþgcðkÞ ð5Þ

where aðyðkÞÞ ¼ f ðxrðkÞþyðkÞÞ� f ðxrðkÞÞ and the tracking error con-
trol input cðkÞ ¼ uðkÞ�urðkÞ.

The objective is to find an optimal tracking error control c(k)
which stabilizes the tracking error system (5) stable, and makes
the following performance index function minimum:

Jðyð0Þ; cð0ÞÞ ¼
X1
k ¼ 0

UðyðkÞ; cðkÞÞ ð6Þ

where cð0Þ ¼ fcð0Þ; cð1Þ;…g is the tracking error control input
sequence, and UðyðkÞ; cðkÞÞ40, for 8yðkÞ; cðkÞa0, is the utility
function.

Then we can define the optimal performance index function as

JnðyðkÞÞ ¼min
c ðkÞ

JðyðkÞ; cðkÞÞ : cðkÞAUðkÞ� �
; ð7Þ

where

UðkÞ ¼ cðkÞ : cðkÞ ¼ ðcðkÞ; cðkþ1Þ;…Þ; 8cðkþ iÞARm; i¼ 0;1;…
� �

:

On the other hand, according to Bellman's principle of optim-
ality, we can define Q-Bellman equation [19] as

QnðyðkÞ; cðkÞÞ ¼UðyðkÞ; cðkÞÞþ min
cðkþ1Þ

Qnðyðkþ1Þ; cðkþ1ÞÞ: ð8Þ

Therefore, the optimal performance index function satisfies

JnðyðkÞÞ ¼min
cðkÞ

QnðyðkÞ; cðkÞÞ ð9Þ

and the optimal tracking control input is expressed as

cnðyðkÞÞ ¼ argmin
cðkÞ

QnðyðkÞ; cðkÞÞ: ð10Þ

We know that the optimal Q function QnðyðkÞ; cðkÞÞ is generally an
unknown and non-analytic function, which cannot be obtained
directly by (8). Hence, a discrete-time policy iteration Q learning
algorithm will be presented to obtain the approximate optimal Q
function iteratively.

3. Policy iteration Q-learning algorithm for optimal tracking
control

In this section, we will develop a policy iteration Q-learning
algorithm to obtain the optimal tracking controller for discrete-time
nonlinear systems. Stability and convergence proofs will be given to
show the properties of the iterative Q-learning algorithm. For
optimal control problems, the developed control scheme must not
only stabilize the control systems, but also make the performance
index function finite, i.e., the control law must be admissible [1].

Definition 1. A control law cðyðkÞÞ is said to be admissible with
respect to (5) on a compact set Ω if cðyðkÞÞ is continuous on Ω,
cð0Þ ¼ 0, cðyðkÞÞ stabilizes (6) on Ω, and 8yð0ÞAΩ, Jðyð0ÞÞ is finite.

In the developed policy iteration Q-learning algorithm, the
iterative Q function and iterative tracking error control law are
updated by iterations, with the iteration index i-1. For i¼0, with
an arbitrary admissible tracking control c½0�ðkÞ [1], the initial
iterative Q function Q ½0�ðyðkÞ; cðkÞÞ is constructed by the following
generalized Q-Bellman equation:

Q ½0�ðyðkÞ; cðkÞÞ ¼UðyðkÞ; cðkÞÞþQ ½0�ðyðkþ1Þ; c½0�ðyðkþ1ÞÞÞ: ð11Þ
Then, the iterative tracking control is computed by

c½1�ðyðkÞÞ ¼min
cðkÞ

Q ½0�ðyðkÞ; cðkÞÞ: ð12Þ

For i¼ 1;2;…, the iterative Q function Q ½i�ðyðkÞ; cðkÞÞ satisfies the
following generalized Q-Bellman equation:

Q ½i�ðyðkÞ; cðkÞÞ ¼ UðyðkÞ; cðkÞÞþQ ½i�ðyðkþ1Þ; c½i�ðyðkþ1ÞÞÞ ð13Þ
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and the iterative tracking control is updated by

c½iþ1�ðyðkÞÞ ¼ argmin
cðkÞ

Q ½i�ðyðkÞ; cðkÞÞ: ð14Þ

In the following section, the property analysis for the developed
policy iteration based Q-learning algorithm (11)–(14) will be
established.

4. Properties of the policy iteration Q-learning algorithm

In this section, we will give detailed property analysis of the
developed policy iteration Q-learning algorithm.

Theorem 1. For i¼ 0;1;…, let Q ½i�ðyðkÞ; cðkÞÞ and c½i�ðyðkÞÞ be updated
by the policy iteration Q-learning algorithm (11)–(14). Then for
8 i¼ 0;1;…, the iterative tracking error control c½i�ðyðkÞÞ makes the
tracking error system (5) stable.

Proof. Define Lyapunov candidate as follows:

V ½i�ðyðkÞÞ ¼Q ½i�ðyðkÞ; c½i�ðyðkÞÞÞ: ð15Þ
Then we have

V ½i�ðyðkþ1ÞÞ�V ½i�ðyðkÞÞ ¼Q ½i�ðyðkþ1Þ; c½i�ðyðkþ1ÞÞÞ�Q ½i�ðyðkÞ; c½i�ðyðkÞÞÞ

¼ �UðyðkÞ; c½i�ðyðkÞÞÞ
o0: ð16Þ

Then c½i�ðyðkÞÞ) can make the tracking error system (5) stable.□

In the following theorems, the convergence property of the
policy iteration Q-learning algorithm will be proven.

Theorem 2. For i¼ 0;1;…, let Q ½i�ðyðkÞ; cðkÞÞ and c½i�ðyðkÞÞ be updated
by the policy iteration Q-learning algorithm (11)–(14). Then the
iterative Q function Q ½i�ðyðkÞ; cðkÞÞ is monotonically non-increasing,
i.e.,

Q ½iþ1�ðyðkÞ; cðkÞÞrQ ½i�ðyðkÞ; cðkÞÞ: ð17Þ

Proof. According to (14), we have

Q ½i�ðyðkÞ; c½iþ1�ðyðkÞÞÞ ¼min
cðkÞ

Q ½i�ðyðkÞ; cðkÞÞrQ ½i�ðyðkÞ; c½i�ðyðkÞÞÞ: ð18Þ

For i¼ 0;1;…, define a new iterative Q function Q½iþ1�ðyðkÞ; cðkÞÞ as
Q½iþ1�ðyðkÞ; cðkÞÞ ¼UðyðkÞ; cðkÞÞþQ ½i�ðyðkþ1Þ; c½iþ1�ðyðkþ1ÞÞÞ; ð19Þ
where c½iþ1�ðyðkÞÞ is obtained by (14). According to (18) for
8yðkÞ; cðkÞ, we can obtain

Q½iþ1�ðyðkÞ; cðkÞÞ ¼UðyðkÞ; cðkÞÞþQ ½i�ðyðkþ1Þ; c½iþ1�ðyðkþ1ÞÞÞ
¼UðyðkÞ; cðkÞÞþ min

cðkþ1Þ
Q ½i�ðyðkþ1Þ; cðkþ1ÞÞ

rUðyðkÞ; cðkÞÞþQ ½i�ðyðkþ1Þ; c½i�ðyðkþ1ÞÞÞ
¼Q ½i�ðyðkÞ; cðkÞÞ: ð20Þ

Now we prove inequality (17) by mathematical induction. For
i¼ 0;1;…, we have that c½iþ1�ðyðkÞÞ is a stable control input. Then,
we have yðkÞ-0, for 8k-1. Without loss of generality, let
yðNÞ ¼ 0, where N-1. We have c½iþ1�ðyðNÞÞ ¼ c½i�ðyðNÞÞ ¼ 0, which
obtains

Q ½iþ1�ðyðNÞ; c½iþ1�ðyðNÞÞÞ ¼Q½iþ1�ðyðNÞ; c½iþ1�ðyðNÞÞÞ
¼Q ½i�ðyðNÞ; c½i�ðyðNÞÞÞ
¼ 0 ð21Þ

and

Q ½iþ1�ðyðN�1Þ; cðN�1ÞÞ ¼Q½iþ1�ðyðN�1Þ; cðN�1ÞÞ
¼Q ½i�ðyðN�1Þ; cðN�1ÞÞ
¼UðyðN�1Þ; cðN�1ÞÞ: ð22Þ

Let k¼N�2, we have

Q ½iþ1�ðyðN�2Þ; cðN�2ÞÞ
¼UðyðN�2Þ; cðN�2ÞÞþQ ½iþ1�ðyðN�1Þ; c½iþ1�ðyðN�1ÞÞÞ
¼UðyðN�2Þ; cðN�2ÞÞþQ ½i�ðyðN�1Þ; c½iþ1�ðyðN�1ÞÞÞ
¼Q½iþ1�ðyðN�2Þ; cðN�2ÞÞ
rQ ½i�ðyðN�2Þ; cðN�2ÞÞ: ð23Þ

So, the conclusion holds for k¼N�2. Assume that the conclusion
holds for k¼ Lþ1, L¼ 0;1;…. For k¼L, we can get

Q ½iþ1�ðyðLÞ; cðLÞÞ ¼UðyðLÞ; cðLÞÞþQ ½iþ1�ðyðLþ1Þ; c½iþ1�ðyðLþ1ÞÞÞ
rUðyðLÞ; cðLÞÞþQ ½i�ðyðLþ1Þ; c½iþ1�ðyðLþ1ÞÞÞ
¼Q½iþ1�ðyðLÞ; cðLÞÞ
rQ ½i�ðyðLÞ; cðLÞÞ: ð24Þ

Hence, we can obtain that for i¼ 0;1;…, the inequality (17) holds
for 8yðkÞ; cðkÞ. The proof is completed.□

Theorem 3. For i¼ 0;1;…, let Q ½i�ðyðkÞ; cðkÞÞ and c½i�ðyðkÞÞ be updated
by the policy iteration Q-learning algorithm (11)–(14). Let

Q1ðyðkÞ; cðkÞÞ ¼ lim
i-1

Q ½i�ðyðkÞ; cðkÞÞ: ð25Þ

Then Q1ðyðkÞ; cðkÞÞ satisfies the optimal Q-Bellman equation, as
i-1, i.e.,

Q1ðyðkÞ; cðkÞÞ ¼ UðyðkÞ; cðkÞÞþ min
cðkþ1Þ

Q1ðyðkþ1Þ; cðkþ1ÞÞ ð26Þ

Proof. According to (24), we can obtain

Q1ðyðkÞ; cðkÞÞ ¼ lim
i-1

Q ½iþ1�ðyðkÞ; cðkÞÞrQ ½iþ1�ðyðkÞ; cðkÞÞrQ½iþ1�ðyðkÞÞ

¼UðyðkÞ; cðkÞÞþQ ½i�ðyðkþ1Þ; c½iþ1�ðyðkþ1ÞÞÞ
¼UðyðkÞ; cðkÞÞþ min

cðkþ1Þ
Q ½i�ðyðkþ1Þ; cðkþ1ÞÞ ð27Þ

Letting i-1, we can obtain

Q1ðyðkÞ; cðkÞÞrUðyðkÞ; cðkÞÞþ min
cðkþ1Þ

Q1ðyðkþ1Þ; cðkþ1ÞÞ ð28Þ

Letting ζ40 be an arbitrary positive number, there exists a
positive integer p such that

Q ½p�ðyðkÞ; cðkÞÞ�εrQ1ðyðkÞ; cðkÞÞrQ ½p�ðyðkÞ; cðkÞÞ: ð29Þ
Hence, we can get

Q1ðyðkÞ; cðkÞÞZQ ½p�ðyðkÞ; cðkÞÞ�ζ
¼UðyðkÞ; cðkÞÞþQ ½p�ðyðkþ1Þ; v½p�ðyðkþ1ÞÞÞ�ζ
ZUðyðkÞ; cðkÞÞþQ1ðyðkþ1Þ; v½p�ðyðkþ1ÞÞÞ�ζ
ZUðyðkÞ; cðkÞÞþ min

cðkþ1Þ
Q1ðyðkþ1Þ; cðkþ1ÞÞ�ζ ð30Þ

Since ζ is arbitrary, we have

Q1ðyðkÞ; cðkÞÞZUðyðkÞ; cðkÞÞþ min
cðkþ1Þ

Q1ðyðkþ1Þ; cðkþ1ÞÞ ð31Þ

Combining (28) and (31), we can obtain

Q1ðyðkÞ; cðkÞÞ ¼ UðyðkÞ; cðkÞÞþ min
cðkþ1Þ

Q1ðyðkþ1Þ; cðkþ1ÞÞ ð32Þ

Theorem 4. Let μðyðkÞÞ be an arbitrary admissible tracking error
control input, define a new Q function ΠðyðkÞ; cðkÞÞ, which satisfies

ΠðyðkÞ; cðkÞÞ ¼ UðyðkÞ; cðkÞÞþΠðyðkþ1Þ;μðyðkþ1ÞÞÞ: ð33Þ
Let Q ½i�ðyðkÞ; cðkÞÞ and c½i�ðyðkÞÞ be updated by the policy iteration Q-
learning algorithm (11)–(14). Then we have Q1ðyðkÞ; cðkÞÞr
ΠðyðkÞ; cðkÞÞ.

Proof. As μðyðkÞÞ is an admissible control law, we have yðkÞ - 0 as
k-1. Without loss of generality, let yðNÞ ¼ 0 where N-1.

Q. Wei et al. / Neurocomputing 168 (2015) 520–528522



According to (33), we have

ΠðyðkÞ; cðkÞÞ
¼ UðyðkÞ; cðkÞÞþ lim

N-1
Uðyðkþ1Þ;μðyðkþ1ÞÞÞ�

þUðyðkþ2Þ;μðyðkþ2ÞÞÞ
þ⋯þUðyðN�1Þ;μðyðN�1ÞÞÞþΠðyðNÞ;μðyðNÞÞÞ�; ð34Þ

where yðNÞ ¼ 0.
According to (32), the iterative Q function Q1ðyðkÞ; cðkÞÞ can be

expressed as

Q1ðyðkÞ; cðkÞÞ
¼ UðyðkÞ; cðkÞÞþ lim

N-1
Uðyðkþ1Þ; c1ðyðkþ1ÞÞÞ�

þUðyðkþ1Þ; c1ðyðkþ1ÞÞÞ
þ⋯þUðyðN�1Þ; c1ðyðN�1ÞÞÞþQ1ðyðNÞ; cðNÞÞg

¼ UðyðkÞ; cðkÞÞ

þ lim
N-1

min
cðkþ1Þ

Uðyðkþ1Þ; cðkþ1ÞÞþ min
cðkþ2Þ

Uðyðkþ2Þ; cðkþ2ÞÞ���

þ⋯þ min
cðN�1Þ

UðyðN�1Þ; cðN�1ÞÞþmin
cðNÞ

Q1ðyðNÞ; cðNÞÞ
� ����

:

ð35Þ
As c1ðyðkÞÞ is an admissible control law, we can get yðNÞ ¼ 0 where
N-1, which means Q1ðyðNÞ; cðNÞÞ ¼ΠðyðNÞ; cðNÞÞ ¼ 0. For N�1,
according to (32), we can obtain

ΠðyðN�1Þ; cðN�1ÞÞ ¼ UðyðN�1Þ; cðN�1ÞÞþΠðyðNÞ;μðyðNÞÞÞ
ZUðyðN�1Þ; cðN�1ÞÞþmin

cðNÞ
ΠðyðNÞ; cðNÞÞ

¼UðyðN�1Þ; cðN�1ÞÞþ min
cðN�1Þ

Q1ðyðNÞ; cðNÞÞ

¼Q1ðyðN�1Þ; cðN�1ÞÞ: ð36Þ
Assume that the statement holds for k¼ Lþ1, L¼ 0;1;…. Then for
k¼L we have

ΠðyðLÞ; cðLÞÞ ¼ UðyðLÞ; cðLÞÞþΠðyðLþ1Þ;μðyðLþ1ÞÞÞ
ZUðyðLÞ; cðLÞÞþ min

cðLþ1Þ
ΠðyðLþ1Þ; cðLþ1ÞÞ

ZUðyðLÞ; cðLÞÞþ min
cðLþ1Þ

Q1ðyðLþ1Þ; cðLþ1ÞÞ

¼Q1ðyðLÞ; cðLÞÞ: ð37Þ
Hence for 8yðkÞ; cðkÞ, k¼ 0;1;…, the inequality

Q1ðyðkÞ; cðkÞÞrΠðyðkÞ; cðkÞÞ: ð38Þ
holds.□

Theorem 5. Let Q ½i�ðyðkÞ; cðkÞÞ and c½i�ðyðkÞÞ be updated by the policy
iteration Q-learning algorithm (11)–(14). Define Q1ðyðkÞ; cðkÞÞ ¼
limi-1Q ½i�ðyðkÞ; cðkÞÞ, then we have Q1ðyðkÞ; cðkÞÞ ¼ QnðyðkÞ; cðkÞÞ.

Proof. According to the definition of QnðyðkÞ; cðkÞÞ in (8), for
8 i¼ 0;1;…, we have

Q ½i�ðyðkÞ; cðkÞÞ ¼ UðyðkÞ; cðkÞÞþQ ½i�ðyðkþ1Þ; c½i�ðyðkþ1ÞÞÞ

¼UðyðkÞ; cðkÞÞþ
X1
j ¼ 1

Uðyðkþ jÞ; c½i�ðyðkþ jÞÞÞ

ZUðyðkÞ; cðkÞÞþmin
c1
kþ 1

X1
j ¼ 1

Uðyðkþ jÞ; cðkþ jÞÞ

¼UðyðkÞ; cðkÞÞþQnðyðkþ1Þ; cnðyðkþ1ÞÞÞ
¼QnðyðkÞ; cðkÞÞ: ð39Þ

Letting i-1, we can obtain

Q1ðyðkÞ; cðkÞÞZQnðyðkÞ; cðkÞÞ: ð40Þ
On the other hand, for an arbitrary admissible tracking error
control law μðyðkÞÞ, we have (38) holds. Let μðyðkÞÞ ¼ cnðyðkÞÞ,
where cnðyðkÞÞ is an optimal tracking error control law. Then, we

can get

Q1ðyðkÞ; cðkÞÞrQnðyðkÞ; cðkÞÞ: ð41Þ
According to (40) and (41), we can obtain

Q1ðyðkÞ; cðkÞÞ ¼ QnðyðkÞ; cðkÞÞ: ð42Þ

5. Neural network implementation for the policy iteration Q-
learning algorithm

In this paper, backpropagation (BP) neural networks (NNs) are
used to approximate c½i�ðyðkÞÞ and Q ½i�ðyðkÞ; cðkÞÞ, respectively. The
number of hidden layer neurons is denoted by τ. The weight
matrix between the input layer and hidden layer is denoted by Y.
The weight matrix between the hidden layer and output layer is
denoted byW. Then the output of three-layer NN is represented by

F̂ ðX;Y ;WÞ ¼WTσðYTXþbÞ ð43Þ
where σðYTXÞARℓ , ½σðzÞ�ℓ ¼ ðezℓ �e� z

ℓ Þ=ðezℓ þe� z
ℓ Þ, ℓ ¼ 1;…; τ, are

the activation functions and b is the threshold value. There are two
NNs, which are critic and action networks, respectively, to imple-
ment the developed Q-learning algorithm. Both NNs are chosen as
three-layer BP networks.

5.1. The critic network

For 8 i¼ 0;1;…, the goal of the critic network is to approximate
the iterative Q function Q ½i�ðyðkÞ; cðkÞÞ. In the critic network, the
state yðkÞ and the control c(k) are used as the input and the output
can be formulated as

Q̂
½i�
j ðyðkÞ; cðkÞÞ ¼WjT

ciσðY
j
ciZðkÞþbjciÞ ð44Þ

where ZðkÞ ¼ ½yT ðkÞ; cT ðkÞ�T and j¼ 0;1;…. Define the error func-
tion for the critic network as

ejciðkÞ ¼ Q̂
½i�
j ðyðkÞ; cðkÞÞ�Q ½i�ðyðkÞ; cðkÞÞ; ð45Þ

where Q ½i�ðyðkÞ; cðkÞÞ is the target Q function which satisfies (13).
The objective function to be minimized in the critic network
training is

EjciðkÞ ¼
1
2
ðejciðkÞÞ2: ð46Þ

So the gradient-based weight update rule [21] for the critic
network is given by

ωjþ1
ci ¼ωj

ciþΔωj
ci

¼ωj
ci�αc

∂EjciðkÞ
∂ejciðkÞ

∂ejciðkÞ
∂Q̂

½i�
j ðyðkÞ; cðkÞÞ

∂Q̂
½i�
j ðyðkÞ; cðkÞÞ
∂ωj

ci

2
4

3
5; ð47Þ

whereωci
j denotes the weight matrices of the critic network which

can be replaced by Wj
ci, Y

j
ci, and bjci. Let αc40 be the learning rate

of critic network. If the training precision is achieved, then we say
that Q ½i�ðyðkÞ; cðkÞÞ can be approximated by the critic network.

5.2. The action network

For i¼ 0;1;…, the goal of the action network is to approximate
the iterative tracking error control law c½i�ðyðkþ1ÞÞ. According to an
array of y(k) and c(k), we can obtain yðkþ1Þ, immediately. Then,
the target of the iterative control law c½i�ðyðkþ1ÞÞ can be defined as
(14). In the action network, the state yðkþ1Þ is used as input to
create the iterative control law as the output of the network. The
output can be formulated as

ĉ ½i�j ðyðkþ1ÞÞ ¼WjT
aiσðY

jT
aiyðkþ1ÞþbjaiÞ: ð48Þ
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Define the output error of the action network as

ejaiðkþ1Þ ¼ ĉ ½i�j ðyðkþ1ÞÞ�c½i�ðyðkþ1ÞÞ; ð49Þ

where c½i�ðyðkþ1ÞÞ is defined as

c½i�ðyðkþ1ÞÞ ¼ arg min
cðkþ1Þ

Q ½i�1�ðyðkþ1Þ; cðkþ1ÞÞ: ð50Þ

The weights of the action network are updated to minimize the
following performance error measure:

Ejaiðkþ1Þ ¼ 1
2
ðejaiðkþ1ÞÞT ðejaiðkþ1ÞÞ:

The weights updating algorithm is similar to the one for the critic
network. By the gradient descent rule [21], we can obtain

ωjþ1
ai ¼ωj

aiþΔωj
ai

¼ωj
ai�βa

∂Ejaiðkþ1Þ
∂ejaiðkþ1Þ

∂ejaiðkþ1Þ
∂ĉ ½i�j ðyðkþ1ÞÞ

∂ĉ ½i�j ðyðkþ1ÞÞ
∂ωj

ai

2
4

3
5; ð51Þ

whereωai
j denotes the weight matrices of the critic network which

can be replaced by Wj
ai, Y

j
ai, and bjai. Let βa40 be the learning rate

of action network. If the training precision is achieved, then we say
that the iterative control law c½i�j ðyðkþ1ÞÞ can be approximated by
the action network.

6. Simulation study

In this section, we choose two examples for numerical experi-
ments to evaluate the performance of our policy iteration based Q-
learning algorithm.

6.1. Example 1

First, we consider the RLC circuit system [5] with modifications.
Consider the following system:

_x1ðkÞ
_x2ðkÞ

" #
¼

1 �0:2
C

0:2
L

1�0:2R
L

2
664

3
775 x1ðkÞ

x2ðkÞ

" #
þ0:2

C
1 0
0 1

� �
uðkÞ; ð52Þ

where we let C¼0.1 F, L¼1 H, and R¼ 3Ω. Let the initial state be
x0 ¼ ½1; �1�T . Now discretizing the system with the sampling
interval be Δt ¼ 0:05 s and let the desired state trajectory be

expressed as

xrðkÞ ¼ 0:5 cos ðkΔtÞ sin kΔtþπ
2

� 	h iT
: ð53Þ

Let the performance index function be expressed by (6). The utility
function is expressed as UðyðkÞ; cðkÞÞ ¼ yT ðkÞQyðkÞþcT ðkÞRcðkÞ,
where Q¼ I and R¼ I and I denotes the identity matrix with a
suitable dimension.

Let the sets of the states and control be Ωx ¼ fxj �1r
x1r1; �1rx2r1g and Ωu ¼ fuj �1ru1r1; �1ru2r1g,
respectively. Neural networks are used to implement the developed
Q-learning algorithm. The critic and action networks are chosen as
three-layer BP NNs with the structures of 4–8–1 and 2–8–2, respec-
tively. We choose 200 states and 200 controls in Ωx and Ωu,
respectively, to train the action and critic networks. For linear systems
we can easily find a linear admissible control, such as
c ½0�ðyðkÞÞ ¼ KyðkÞ, where K ¼ �0:24

0:32
0:01
�0:84


 �
. Initialized by c ½0�ðyðkÞÞ,

implement the developed policy iteration Q-learning algorithm for
20 iterations. For each iteration step, the critic network and the action
network are trained for 1000 steps using the learning rate of
αc ¼ βa ¼ 0:02 so that the neural network training error becomes less
than 10�6. Let iterative Q function Q ½i�ðyðkÞ; c½i�ðyðkÞÞÞ be defined as

Q ½i�ðyðkÞ; c½i�ðyðkÞÞÞ ¼min
cðkÞ

Q ½i�ðyðkÞ; cðkÞÞ: ð54Þ

The plots of the iterative Q function Q ½i�ðyðkÞ; c½i�ðkÞÞ are presented in
Fig. 1, where the term “In” denotes initial iteration and “Lm” denotes
limiting iteration. From Fig. 1 we can see that given an arbitrary
admissible control c ½0�ðyðkÞÞ, the iterative Q function is monotonically
non-increasing and converges to the optimum. Thus the monotonicity
of the iterative Q function can be justified. The trajectories of the
iterative control laws are shown in Fig. 2. The tracking errors of the
system under the tracking control law can be seen in Fig. 3 and
the trajectories of the system states are shown in Fig. 4. From Figs. 2 to
4, we can see that initialized by an admissible control law c ½0�ðyðkÞÞ, for
8 i¼ 0;1;…, the tracking error can be stabilized and the system states
can track the desired trajectories. Hence, the stability property of the
developed algorithm can be justified. For linear system (52), we know
that the optimal Q function can be expressed as QnðyðkÞ; cðkÞÞ ¼
ZT ðkÞPnZðkÞ, where ZðkÞ ¼ ½yT ðkÞ; cT ðkÞ�T . According to the discrete

Fig. 1. The plots of the iterative Q functions.
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Fig. 2. The trajectories of the iterative controls.
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algebraic Riccati equation (DARE), we know that

Pn ¼

15:09 �5:11 1:35 �0:37
�5:11 14:70 �0:51 1:31
1:35 �0:51 1:13 �0:04
�0:37 1:31 �0:04 1:13

2
6664

3
7775: ð55Þ

The optimal control law can be expressed as cnðyðkÞÞ ¼ KnyðkÞ, where
Kn ¼ �1:19

0:29
0:41
�1:15


 �
and the effectiveness of the developed algorithm

can be justified for linear systems.

6.2. Example 2

We now examine the performance of the developed algorithm
in an inverted pendulum system [2] with modifications. The

dynamics of the pendulum is expressed as

_x1ðkÞ
_x2ðkÞ

" #
¼

x1ðkÞþ0:1x2ðkÞ
0:1

g
ℓ
sin ðx1ðkÞÞþð1�0:1κℓÞx2ðkÞ

2
4

3
5þ 0:1

mℓ2

1 0
0 1

� �
uðkÞ:

ð56Þ
where m¼1/2 kg and ℓ¼ 1=3 m are the mass and length of the
pendulum bar, respectively. Let κ ¼ 0:2 and g ¼ 9:8 m=s2 be the
frictional factor and the gravitational acceleration, respectively.
Discretization of the system function with the sampling interval
Δt ¼ 0:025 s, and let the desired state trajectory be expressed as

xrðkÞ ¼ sin ðkΔtÞ; cos ðkΔtÞ
 �
: ð57Þ

Let the initial state be x0 ¼ ½1; �1�T . Neural networks are used to
implement the developed iterative Q-learning algorithm. The critic
network and the action network are chosen as three-layer BP NNs
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with the structures of 4–12–1 and 2–12–2, respectively. We choose
500 states and 500 controls inΩx andΩu, respectively, to train the
action and critic networks. For the nonlinear system (56), we can
obtain an admissible control law using action network, i.e.,
~c ½0�ðyðkÞÞ ¼Wa;initialσðYa;initialþba;initialÞ, according to Algorithm 1 in
[12] and the detailed method is omitted here. The weight matrices
of the action network Wa;initial, Ya;initial, and ba;initial for the admis-
sible tracking error control law are obtained as

Wa;initial

¼ �0:10 2:11 �1:08 2:13 �4:17 �14:27 �5:09 3:67 �0:41 0:35 �0:48 3:00
�0:28 1:17 1:21 �2:78 �5:37 �12:05 �0:39 �0:44 0:47 0:09 0:54 0:98

� �T
;

ð58Þ

Ya;initial

¼ 0:10 �0:01 0:29 �0:01 0:01 0:01 0:01 0:01 1:66 �0:88 1:12 �0:01
1:11 �0:02 �0:18 0:01 0:00 0:00 0:01 �0:00 �1:38 �0:98 �0:95 �0:00

� �
;

ð59Þ

and
ba;initial

¼ �0:03 �2:24 2:87 �1:20 2:15 �0:76 �0:03 1:19 �0:67 0:01 0:72 1:88

 �T

;

ð60Þ

respectively. Initialized by ~c ½0�ðyðkÞÞ, implement the developed
policy iteration Q-learning algorithm for 30 iterations. For each
iteration step, the critic network and the action network are trained
for 3000 steps using the learning rate of αc ¼ βa ¼ 0:01 so that the
neural network training error becomes less than 10�5. Let iterative
Q function Q ½i�ðyðkÞ; c½i�ðkÞÞ be defined as (54). The plots of the
iterative Q function Q ½i�ðyðkÞ; c½i�ðyðkÞÞÞ are presented in Fig. 5. From
Fig. 5 we can see that given an arbitrary tracking error admissible
control law ~c ½0�ðyðkÞÞ, the iterative Q function is monotonically non-
increasing and converges to the optimum. Thus the monotonicity
and optimality of the iterative Q function can be justified for
nonlinear systems. The trajectories of the iterative control laws

Fig. 5. The iterative Q function.
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are shown in Fig. 6. The tracking errors of the system under the
tracking control law can be seen in Fig. 7 and the trajectories of the
system states are shown in Fig. 8. From Figs. 6 to 8, we can see that
for 8 i¼ 0;1;…, the tracking error can be stabilized and the system
states can track the desired trajectories. Hence, the admissibility
property of the developed algorithm can be justified.
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