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In this paper, a new inﬁnite horizon neural-network-based adaptive optimal tracking control scheme for
discrete-time nonlinear systems is developed. The idea is to use iterative adaptive dynamic programming (ADP) algorithm to obtain the iterative tracking control law which makes the iterative performance
index function reach the optimum. When the iterative tracking control law and iterative performance
index function in each iteration cannot be accurately obtained, the convergence criteria of the iterative
ADP algorithm are established according to the properties with ﬁnite approximation errors. If the
convergence conditions are satisﬁed, it shows that the iterative performance index functions can
converge to a ﬁnite neighborhood of the lowest bound of all performance index functions. Properties of
the ﬁnite approximation errors for the iterative ADP algorithm are also analyzed. Neural networks are
used to approximate the performance index function and compute the optimal control policy,
respectively, for facilitating the implementation of the iterative ADP algorithm. Convergence properties
of the neural network weights are proven. Finally, simulation results are given to illustrate the
performance of the developed method.
& 2014 Elsevier B.V. All rights reserved.
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1. Introduction
Optimal tracking control problems of nonlinear systems have
always been the key focus in the control ﬁeld in the latest several
decades. Traditional optimal tracking control is mostly implemented by feedback linearization [1]. However, the controller designed
by feedback linearization technique is only effective in the neighborhood of the equilibrium point. When the required operating
range is large, the nonlinearities in the system cannot be properly
compensated by using a linear model. Hence the control performance of feedback linearization technique is usually unsatisﬁed
and the nonlinear controller design of the optimal tracking control
is necessary. The difﬁculty for nonlinear optimal feedback control
lies in solving the time-varying HJB equation which is usually too
difﬁcult to solve analytically. To overcome the difﬁculty, many
approximation methods are proposed to obtain optimal tracking
control law [2–5]. Among these approximate approaches, adaptive
dynamic programming (ADP) algorithm, proposed by Werbos
[6,7], has played an important role in seeking approximate solutions of dynamic programming problems as a way to solve the
computational issue forward-in-time [8–14]. There are several
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synonyms used for ADP including “adaptive critic designs” [15],
“adaptive dynamic programming” [16,17], “approximate dynamic
programming” [18,19], “neural dynamic programming” [20],
“neuro-dynamic programming” [21], and “reinforcement learning”
[22]. In Werbos [19], ADP approaches were classiﬁed into four
main schemes: Heuristic Dynamic Programming (HDP), Dual
Heuristic Programming (DHP), Action Dependent HDP (ADHDP)
(also known as Q-learning [23]), and Action Dependent DHP
(ADDHP). In [15], two more ADP that are Globalized-DHP (GDHP)
and ADGDHP were proposed. Iterative methods are also used in
ADP to obtain the solution of HJB equation indirectly and have
received lots of attentions [24–32].There are two main iterative
ADP algorithms which are based on policy iteration and value
iteration [33].
Policy iteration algorithm for optimal control of continuoustime systems with continuous state and action spaces was given in
[34]. In [16], Murray et al. studied the deterministic continuoustime stabilizable systems where an iterative process was proposed
to ﬁnd the optimal control law by starting from an arbitrary
admissible control law. In the policy iteration algorithms of ADP, to
obtain the iterative performance index functions and iterative
control laws, an initial admissible control law of the system is
required. But, unfortunately, the admissible control law for nonlinear systems is also difﬁcult to obtain. Thus, the initial conditions
for the controller greatly limit the applications of the policy
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iteration algorithms. Value iteration algorithm of optimal control
for discrete-time nonlinear systems was given in [35]. In [18], AlTamimi et al. studied the deterministic discrete-time afﬁne nonlinear systems
xk þ 1 ¼ f ðxk Þ þ gðxk Þuk ;

ð1Þ

where xk is the system state and uk is the system control. Functions
f ðxk Þ and gðxk Þ denote system functions. In [18], the performance
index function is deﬁned by
1

Jðxk Þ ¼ ∑ ðxTj Qxj þ uTj Ruj Þ;

ð2Þ

j¼k

where Q A Rnn and R A Rmm are positive deﬁnite matrices. In
[18], a value iteration algorithm, which was referred to as HDP, was
proposed for ﬁnding the optimal control law. It starts from
V 0 ðxk Þ  0, and then the iteration
8
1
∂V ðx
Þ
>
< ui ðxk Þ ¼  R  1 gðxk ÞT i k þ 1 ;
2
∂xk þ 1
ð3Þ
>
: V i þ 1 ðx Þ ¼ xT Qx þuT ðx ÞRui ðx Þ þ V i ðx
k
k
k
k
k þ 1 Þ;
i
k
is introduced for i ¼ 0; 1; 2; …, where xk þ 1 ¼ f ðxk Þ þ gðxk Þui ðxk Þ. It
was proven that V i ðxk Þ is nondecreasing and upper bounded, and
hence converges to J n ðxk Þ as i increases to inﬁnity. In 2008, Zhang
et al. [36] applied value iteration of ADP to solve optimal tracking
problems for nonlinear systems. Liu et al. [37] realized the value
iteration of ADP by GDHP. Although iterative ADP algorithms
attract more and more attentions [38–47], for most of the iterative
ADP algorithms, the iterative control of each iteration is required
to be accurately obtained. These iterative ADP algorithms can be
called “accurate iterative ADP algorithms”.
For most real-world control systems, however, the accurate
iterative control laws in the iterative ADP algorithms cannot be
obtained. As approximation structures are used to achieve the
optimal control law and the performance index function, there
must exist approximation errors between the approximation
functions and the expected ones. This shows that the convergence
properties in the accurate iterative ADP algorithms may be invalid
for the iterative ADP with approximation errors. Till now, the
discussion on the convergence properties of the iterative ADP
algorithms with approximation errors is very little. Only in [41],
based on iterative θ-ADP algorithm, an optimal regulation control
scheme with approximation errors was proposed for discrete-time
nonlinear systems, while in [41], the convergence of neural network weights is not analyzed. To the best of our knowledge, there
are no discussions on the ADP algorithm for optimal tracking
control problems with approximation errors.
In this paper, we will develop a new iterative ADP scheme for
inﬁnite horizon optimal tracking control problems. The main
contribution of this paper is that the optimal tracking control
problems with ﬁnite approximation errors are solved effectively
using the present iterative ADP algorithms. A convergence analysis
of the performance index function is developed and the least
upper bound of the converged iterative performance index function is also presented. The convergence criteria are obtained. In
order to facilitate the implementation of the iterative ADP algorithms, we use neural networks to obtain the iterative performance index function and the optimal tracking control policy,
respectively. The convergence properties of the neural network
weights are proven to guarantee the effectiveness of the neural
network applications. Finally, simulation results are given to show
the effectiveness of the developed iterative ADP algorithm.
The rest of this paper is organized as follows. In Section 2, the
problem formulation is presented. In Section 3, the iterative ADP
algorithm for the optimal tracking control problem is derived. The
convergence criteria for the iterative ADP algorithm is also
analyzed in this section. In Section 4, the neural network
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implementation with convergence proof for the optimal control
scheme is discussed. In Section 5, numerical results and analysis
are presented to demonstrate the effectiveness of the developed
optimal control scheme. Finally, in Section 6, the conclusion is
drawn and our future work will be declared.

2. Problem formulation
Consider a class of afﬁne nonlinear systems of the form:
xðk þ 1Þ ¼ f ðxðkÞÞ þ gðxðkÞÞuðxðkÞÞ
n

ð4Þ

n

nm

where xðkÞ A R ; f ðxðkÞÞ A R ; gðxðkÞÞ A R
, the input uðkÞ A Rm
and gðÞ has a generalized inverse. Here, assume that the system
is controllable on Ω  Rn . For inﬁnite-time optimal tracking
problem, the control objective is to design optimal control
uðxðkÞÞ for system (4) such that the state x(k) track the speciﬁed
desired trajectory ηðkÞ A Rn , k ¼ 0; 1; …. Deﬁne the tracking error as
zðkÞ ¼ xðkÞ  ηðkÞ:

ð5Þ

Deﬁne the following quadratic performance index:
1

Jðzð0Þ; u 0 Þ ¼ ∑ fzT ðkÞQzðkÞ þ ðuðkÞ  ue ðkÞÞT RðuðkÞ  ue ðkÞÞg

ð6Þ

k¼0

where Q A Rnn and R A Rmm are positive deﬁnite matrices and
u 0 ¼ ðuð0Þ, uð1Þ; …Þ. Let
UðzðkÞ; vðkÞÞ ¼ zT ðkÞQzðkÞ þ vT ðkÞRvðkÞ
be the utility function, where vðkÞ ¼ uðkÞ  ue ðkÞ. Let ue ðkÞ denote
the expected control introduced for analytical purpose, which can
be given as
ue ðkÞ ¼ g  1 ðηðkÞÞðηðk þ 1Þ  f ðηðkÞÞÞ

ð7Þ

where g ðηðkÞÞgðηðkÞÞ ¼ I and I A R
Combining (4) and (5), we can get
1

mm

is the identity matrix.

zðk þ 1Þ ¼ f ðzðkÞ þ ηðkÞÞ  ηðk þ1Þ þgðzðkÞ þ ηðkÞÞ
ðvðkÞ þ g  1 ðηðkÞÞðf ðηðkÞÞ  ηðk þ 1ÞÞÞ:

ð8Þ

We will study optimal tracking control problems for (4). The
goal of this paper is to ﬁnd an optimal tracking control scheme
which tracks the desired trajectory ηðkÞ and simultaneously minimizes the performance index function (6). The optimal performance index function is deﬁned as
J n ðzðkÞÞ ¼ inf fJðzðkÞ; v k Þg;
vk

ð9Þ

where v k ¼ ðvðkÞ; vðk þ 1Þ; …Þ. According to Bellman's principle of

optimality, J n ðzðkÞÞ satisﬁes the discrete-time HJB equation:
J n ðzðkÞÞ ¼ inf fUðzðkÞ; vðkÞÞ þ J n ðFðzðkÞ; vðkÞÞÞg:
vðkÞ

ð10Þ

Then, the law of optimal single control vector can be expressed as
vn ðzðkÞÞ ¼ arg inf fUðzðkÞ; vðkÞÞ þ J n ðzðk þ 1ÞÞg:

ð11Þ

vðkÞ

Hence, the HJB equation (10) can be written as
J n ðzðkÞÞ ¼ UðzðkÞ; vn ðzðkÞÞÞ þ J n ðzðk þ 1ÞÞ:

ð12Þ

In [36], based on the greedy HDP iteration technique, the
performance index and control policy are updated by iterations,
with the iteration number i increasing from 0 to 1. First, the initial
performance index V 0 ðzðkÞÞ  0. Then, for i ¼ 0; 1; …, the control
vi(k) and V i þ 1 ðzðkÞÞ are computed by the following two equations:
vi ðkÞ ¼ arg minfzT ðkÞQzðkÞ þ vT ðkÞRvðkÞ þ V i ðzðk þ 1ÞÞg
vðkÞ

ð13Þ
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and
T

T

V i þ 1 ðzðkÞÞ ¼ minfz ðkÞQzðkÞ þ v ðkÞRvðkÞ þ V i ðzðk þ1ÞÞg
vðkÞ

¼ zT ðkÞQzðkÞ þ vTi ðzðkÞÞRvi ðzðkÞÞ þ V i ðzðk þ 1ÞÞ:

ð14Þ

In [36], it was proven that the iterative performance index
function V i ðzðkÞÞ converges to J n ðzðkÞÞ, as i-1. For the greedy HDP
iteration algorithm, we can see that for 8 i ¼ 0; 1; …, the accurate
iterative control law must be obtained in order to guarantee the
convergence of the iterative performance index function. In the
real-world implementation, however, for 8 i ¼ 0; 1; …, the accurate
iterative control law vi ðzðkÞÞ and the iterative performance index
function V i ðzðkÞÞ are generally impossible to obtain without any
errors. In this situation, the convergence of the iterative performance index function and iterative control law may be invalid and
the iterative ADP algorithm may even be divergent. To overcome
this difﬁculty, a new ADP analysis method must be developed
considering the approximation errors.

3. Iterative ADP algorithm for nonlinear optimal tracking
control with ﬁnite approximation errors

v^ 0 ðzðkÞÞ ¼ arg minfz ðkÞQzðkÞ þ v ðkÞRvðkÞ
vðkÞ

ð15Þ

where V 0 ðzðk þ 1ÞÞ ¼ V^ 0 ðzðk þ 1ÞÞ. The performance index function
can be updated as

ð16Þ

For i ¼ 1; 2; …, the iterative ADP algorithm will iterate between
v^ i ðzðkÞÞ ¼ arg minfzT ðkÞQzðkÞ þ vT ðkÞRvðkÞ
vðkÞ

þ V^ i ðzðk þ 1ÞÞg þ ρi ðzðkÞÞ

ð17Þ

and

V^ i ðzðkÞÞ r σΓ i ðzðkÞÞ

ð20Þ

hold uniformly. Hence, we can give the following theorem.
Theorem 1. For 8 i ¼ 0; 1; …, let Γ i ðzðkÞÞ be expressed as in (19) and
V^ i ðzðkÞÞ be expressed as in (18). Let γ o 1 and 1 r δ o 1 be both
constants that make
ð21Þ

ð22Þ

hold uniformly. If there exists 1 r σ o 1 that makes (20) hold
uniformly, then we have
J n ðzðkÞÞ r V^ i ðzðkÞÞ

!

γ j σ j  1 ðσ  1Þ γ i σ i ðδ 1Þ n
þ
J ðzðkÞÞ;
rσ 1þ ∑
ðγ þ 1Þj
ðγ þ 1Þi
j¼1
i

ð23Þ

where we deﬁne ∑ij ðÞ ¼ 0, for 8 j 4i and i; j ¼ 0; 1; ….
Proof. The theorem can be proven by mathematical induction.
First, let i¼0. Then, (23) becomes
J n ðzðkÞÞ r V^ 0 ðzðkÞÞ r σδJ n ðzðkÞÞ:

ð24Þ

As V^ 0 ðzðkÞÞ r δJ n ðzðkÞÞ, then we can obtain V^ 0 ðzðkÞÞ r δJ n ðzðkÞÞ r
σδJ n ðzðkÞÞ, which obtains (24). So, the conclusion holds for i¼0.
Next, let i¼1. We have
n
o
Γ 1 ðzðkÞÞ ¼ min UðzðkÞ; vðkÞÞ þ V^ 0 ðFðzðkÞ; vðkÞÞÞ
vðkÞ


r min UðzðkÞ; vðkÞÞ þ σδJ n ðFðzðkÞ; vðkÞÞÞ
vðkÞ



σδ 1
UðzðkÞ; vðkÞÞ
1þγ
γ þ1
vðkÞ



σδ 1 n
J ðFðzðkÞ; vðkÞÞÞ
þ σδ 
γ þ1


γ ðσ 1Þ γσ ðδ  1Þ n
þ
J ðzðkÞÞ:
¼ 1þ
γ þ1
γ þ1

r min

V^ i þ 1 ðzðkÞÞ ¼ minfzT ðkÞQzðkÞ þ vT ðkÞRvðkÞ
vðkÞ

þ V^ i ðzðk þ 1ÞÞg þ π i ðzðkÞÞ
T

¼ zT ðkÞQzðkÞ þ v^ i ðzðkÞÞRv^ i ðzðkÞÞ
þ V^ i ðzðk þ 1ÞÞ þ π i ðzðkÞÞ:

ð19Þ

where V^ i ðzðkÞÞ is deﬁned in (18) and v(k) can accurately be
obtained in Rm . Then, for 8 i ¼ 0; 1; …, there exists a ﬁnite constant
σ Z1 that makes

V 0 ðzðkÞÞ r δJ n ðzðkÞÞ

T

T
V^ 1 ðzðkÞÞ ¼ zT ðkÞQzðkÞ þ v^ 0 ðzðkÞÞRv^ 0 ðzðkÞÞ
þ V^ 0 ðzðk þ 1ÞÞ þ π 0 ðzðkÞÞ:

vðkÞ A R

and

In the developed iterative ADP algorithm, the performance
index function and control law are updated by iterations, with the
iteration index i increasing from 0 to inﬁnity. For i¼0, let
V 0 ðzðkÞÞ ¼ 0. The iterative control law v^ 0 ðzðkÞÞ can be computed
as follows:

þ V^ 0 ðzðk þ 1ÞÞg þ ρ0 ðzðkÞÞ

Γ i ðzðkÞÞ ¼ min m fUðzðkÞ; vðkÞÞ þ V^ i  1 ðzðk þ 1ÞÞg

J n ðzðk þ1ÞÞ r γ UðzðkÞ; vðkÞÞ

3.1. Derivation of the iterative ADP algorithm with ﬁnite
approximation errors

T

bound“ analysis method is that for each iterative index i ¼ 0; 1…,
the least upper bound of the iterative performance index functions
V^ i ðzðkÞÞ is analyzed, which avoids to analyze the value of V^ i ðzðkÞÞ
directly. Using the “error bound″method, it can be proven that the
iterative performance index functions V^ i ðzðkÞÞ can uniformly converge to a ﬁnite neighborhood of optimal performance index
function.
Deﬁne a new iterative performance index function as

ð18Þ

ð25Þ

3.2. Properties of the iterative ADP algorithm with ﬁnite
approximation errors

According to (20), we can obtain


γ ðσ 1Þ γσ ðδ  1Þ n
þ
J ðzðkÞÞ;
V^ 1 ðzðkÞÞ r σ 1 þ
γ þ1
γ þ1

From the iterative ADP algorithms (15)–(18), we can see that for
8 i ¼ 0; 1; …, there exists an approximation error between the
iterative performance index functions V^ i ðzðkÞÞ and V i ðzðkÞÞ. As the
accurate iterative control law vi ðzðkÞÞ cannot be obtained which
means the iterative performance index functions V i ðzðkÞÞ cannot be
obtained, the accurate value of each iterative error is unknown and
nearly impossible to obtain. It makes the property analysis of the
iterative performance index function V^ i ðzðkÞÞ and iterative control
law v^ i ðzðkÞÞ very difﬁcult. So, in this subsection, a new “error
bound“ analysis method is developed. The idea of the “error

which shows that (23) holds for i ¼1.
Assume that (23) holds for i ¼ l  1, l ¼ 1; 2; …. Then, for i¼l, we
have
n
o
Γ l ðzðkÞÞ ¼ min UðzðkÞ; vðkÞÞ þ V^ l  1 ðFðzðk þ 1ÞÞÞ
vðkÞ
(
l γ j σ j  1 ðσ  1Þ
r min UðzðkÞ; vðkÞÞ þ σ 1 þ ∑
vðkÞ
ðγ þ 1Þj
j¼1
!
γ l σ l ðδ  1Þ
 J n ðzðkÞÞg
þ
ðγ þ 1Þi

ð26Þ
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γ j σ j  1 ðσ  1Þ γ l σ l ðδ  1Þ
r 1þ ∑
þ
ðγ þ1Þj
ðγ þ 1Þl
j¼1
l

!



min UðzðkÞ; vðkÞÞ þ J n ðzðk þ 1ÞÞ
vðkÞ

¼

!

γ j σ j  1 ðσ  1Þ γ l σ l ðδ  1Þ n
þ
J ðzðkÞÞ:
ðγ þ 1Þj
ðγ þ 1Þl
j¼1
l

1þ ∑

ð27Þ

Then, according to (20), we can obtain (23) which proves the
conclusion for 8 i ¼ 0; 1; ….
From (23), we can see that for an arbitrary ﬁnite i, there exists a
bounded error between the iterative performance index function
V^ i ðzðkÞÞ and the optimal performance index function J n ðzðkÞÞ. As
i-1, the bound of the approximation error may increase to
inﬁnity. Thus, in the following, we will give the convergence
properties of the iterative ADP algorithms (15)–(18) using error
bound method. □
Theorem 2. Suppose that Theorem 1 holds for 8 zðkÞ A Rn . If for
γ o 1 and σ Z 1, the inequality

γ þ1
σo
γ

ð28Þ

holds, then as i-1, the iterative performance index function V^ i ðzðkÞÞ
in the iterative ADP algorithms (15)–(18) is uniformly convergent to a
bounded neighborhood of the optimal performance index function
J n ðzðkÞÞ, i.e.,


γ ðσ  1Þ
J n ðzðkÞÞ:
ð29Þ
lim V^ i ðzðkÞÞ ¼ V^ 1 ðzðkÞÞ r σ 1 þ
1  γ ðσ  1Þ
i-1
Proof. According to (27) in Theorem 1, we can see that for
j ¼ 1; 2; …, the sequence fγ j σ j  1 ðσ 1Þ=ðγ þ 1Þj g is a geometrical
series. Then, (27) can be written as
0
1

!
γ ðσ 1Þ
γσ i
1
B
C
γ þ1
γ þ1
B
γ i σ i ðδ  1ÞC
CJ n ðzðkÞÞ: ð30Þ
þ
Γ i ðzðkÞÞ r B
1
þ
B
γσ
ðγ þ 1Þi C
@
A
1
γ þ1
As i-1, if 1 r σ o ðγ þ 1Þ=γ , then (30) becomes


γ ðσ  1Þ
J n ðzðkÞÞ:
lim Γ i ðzðkÞÞ ¼ Γ 1 ðzðkÞÞ r 1 þ
1  γ ðσ 1Þ
i-1

ð31Þ
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can be justiﬁed. However, the parameters σ and γ are difﬁcult to
achieve. First, σ is a uniform approximation error which satisﬁes
(20) for 8 i ¼ 0; 1; …. This means that σ is unknown till all the σi is
considered and this is impossible before i-1. Second, if we want
to obtain γ, then according to (21) and (22), we should solve Jn
ﬁrst. While we can see that Jn cannot be solved before the iterative
ADP algorithms (15)–(18) is implemented for i-1. Thus, we
cannot justify the convergence of the iterative ADP algorithm by
solving (21) and (22) directly. To overcome this difﬁculty, a new
justiﬁcation for the convergence criteria with approximation
errors is developed to guarantee the convergence of the iterative
ADP algorithm.
According to the deﬁnitions of iterative performance index
functions V^ i ðzðkÞÞ and Γ i ðzðkÞÞ in (18) and (19), for 8 i ¼ 0; 1; …, if
we let σi satisfy
V^ i ðzðkÞÞ r σ i Γ i ðzðkÞÞ;

ð34Þ

then we have σ ¼ maxfσ 0 ; σ 1 ; …g. On the other hand, for
8 i ¼ 0; 1; …, there exists an ϵi ðzðkÞÞ that satisﬁes
V^ i ðzðkÞÞ  Γ i ðzðkÞÞ r ϵi ðzðkÞÞ:

ð35Þ

In (35), it is required that ϵi ðzðkÞÞ Z 0 for i ¼ 0; 1; …. For the
situation that ϵi ðzðkÞÞ o 0, we have V^ i ðzðkÞÞ o Γ i ðzðkÞÞ. Then,
V^ i ðzðkÞÞ can be guaranteed to converge. Hence, for 8 σ i , we can
choose ϵi ðzðkÞÞ that satisﬁes
V^ ðzðkÞÞ
:
V^ i ðzðkÞÞ  ϵi ðzðkÞÞ r i

σi

ð36Þ

Next, we will develop an effective method to estimate the
parameter γ. As J n ðzðk þ 1ÞÞ is unknown, we cannot estimate
J n ðzðk þ 1ÞÞ before i-1. Hence an indirect estimation method is
developed. First, we introduce the deﬁnition of admissible control
law.
Deﬁnition 1. A control law uðzðkÞÞ is deﬁned to be admissible with
respect to (8) on Ω if uðzðkÞÞ is continuous on Ω, uð0Þ ¼ 0, uðzðkÞÞ
stabilizes (8) on Ω, and for 8 zð0Þ A Ω, Jðzð0ÞÞ is ﬁnite.
Lemma 1. Let μðzðkÞÞ be an arbitrary admissible control law of
system (8). Let J n ðzðkÞÞ be the optimal performance index function and
let ΦðzðkÞÞ be the performance index function constructed by μðzðkÞÞ,
which satisﬁes

ΦðzðkÞÞ ¼ UðzðkÞ; μðzðkÞÞÞ þ Φðzðk þ 1ÞÞ:

ð37Þ

Then, we have J ðzðkÞÞ r ΦðzðkÞÞ.
n

According to (20), letting i-1, then we have
V^ 1 ðzðkÞÞ r σΓ 1 ðzðkÞÞ:

ð32Þ

According to (31) and (32), we can obtain (29).

Lemma 1 shows that if we obtain an admissible control law

Remark 1. From (28), we can see that the condition is not easy for

σ to satisfy. It requires a very accurate training result of critic
neural networks as indicated by (20).

Corollary 1. Suppose that Theorem 1 holds for 8 zðkÞ A Rn . If for

γ o 1 and σ Z1, the inequality (28) holds, then the iterative control

law v^ i ðzðkÞÞ of the iterative ADP algorithms (15)–(18) is convergent, i.
e.,
v^ 1 ðzðkÞÞ ¼ lim v^ i ðzðkÞÞ ¼ arg min fUðzðkÞ; vðkÞÞ þ V^ 1 ðzk þ 1 Þg:
i-1

vðkÞ A A

Proof. The conclusion is easy to obtain by mathematical induction
and the proof is omitted here.

ð33Þ

3.3. Convergence criteria of the iterative ADP algorithm
In the previous subsection, we have discussed the convergence
property of the iterative ADP algorithms (15)–(18). The convergence criterion is obtained by (28). From (28), we can see that if
we obtain the parameters σ and γ, then the convergence criterion

μðzðkÞÞ, then the upper bound of the optimal performance index
function can be estimated by ΦðzðkÞÞ. In the following, we will give
an effective algorithm to obtain the performance index function
ΦðzðkÞÞ by repeating experiments using neural networks. The
detailed procedure is expressed by the following algorithm.
Algorithm 1. Solve the performance index function ΦðzðkÞÞ.
Step (i). Choose a semi-positive deﬁnite function Ψ ðzðkÞÞ Z 0.
Initialize two neural networks (critic networks for brief) cnet1 and
cnet2 with random weights. Let Φ0 ðzðkÞÞ ¼ Ψ ðzðkÞÞ. Give the max
iteration of computation imax .
Step (ii). Establish a neural network (action network for brief)
with random weights to generate an initial control law μðzðkÞÞ with
μðzðkÞÞ ¼ 0 for zðkÞ ¼ 0. Let i¼ 0.
Step (iii). Train the critic network cnet1 to approximate Φ1 ðxk Þ,
where Φ1 ðxk Þ satisﬁes

Φ1 ðxk Þ ¼ Uðxk ; μðxk ÞÞ þ Φ0 ðxk þ 1 Þ:
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Step (iv). Copy cnet1 to cnet2, i.e., cnet2 ¼cnet1.
Step (v). Let i ¼ iþ 1. Use cnet2 to get Φi ðxk þ 1 Þ and train the
critic network cnet1 to approximate Φi þ 1 ðxk Þ, where Φi þ 1 ðxk Þ
satisﬁes

Φi þ 1 ðxk Þ ¼ Uðxk ; μðxk ÞÞ þ Φi ðxk þ 1 Þ:

ð38Þ

Step (vi). Use cnet1 to get Φi þ 1 ðxk Þ and use cnet2 to get Φi ðxk Þ.
If jΦi þ 1 ðxk Þ  Φi ðxk Þj o ε, then goto Step (viii). Else goto next step.
Step (vii). If i 4 imax , then goto Step (ii). Else goto Step (iv).
Step (viii). Return μðxk Þ and let v0 ðxk Þ ¼ μðxk Þ.
According to Steps (i)–(viii), we can see that if Φi ðzðkÞÞ is
convergent as i-1, then we say that we have obtained an
effective performance index function ΦðzðkÞÞ ZJ n ðzðkÞÞ. We now
derive the following theorem to guarantee the effectiveness of the
algorithm.

Proof. Let γ be expressed by (42). Then, we have

γZ

Φðzðk þ 1ÞÞ J n ðzðk þ 1ÞÞ
Z
4 γ:
UðzðkÞ; vðkÞÞ UðzðkÞ; vðkÞÞ

ð44Þ

If for 8 i ¼ 0; 1; …, σ i r ðγ þ 1Þ=γ holds, then we have

γ þ1 γ þ1
V^ i ðzðkÞÞ
o
:
r
^
γ
γ
V i ðzðkÞÞ  ϵi ðzðkÞÞ

ð45Þ

According to (45), we can obtain (43) easily. On the other hand,
according to (36), we have that
(
)
V^ i ðzðkÞÞ
γ þ1
max
:
ð46Þ
r maxfσ i g ¼ σ o
γ
V^ i ðzðkÞÞ  ϵi ðzðkÞÞ
According to Theorem 2, we can draw the conclusion.

Theorem 3. Let Ψ ðzðkÞÞ Z 0 be an arbitrary semi-positive deﬁnite
function. Let μðzðkÞÞ be an arbitrary control law for system (8) which
satisﬁes μð0Þ ¼ 0. Deﬁne the iterative performance index function
Φi ðzðkÞÞ as (38), where Φ0 ðzðkÞÞ ¼ Ψ ðzðkÞÞ. Then μðzðkÞÞ is an admissible control law if and only if the limit limi-1 ΦðzðkÞÞ exists for
8 zðkÞ A Rn .

Theorem 5. Let the iterative performance index function V^ i ðzðkÞÞ
and the iterative control v^ i ðzðkÞÞ be obtained by (15)–(18), respectively. If Theorem 4 holds for 8 i ¼ 0; 1; …, and there exists a constant
λi ðzðkÞÞ that makes

Proof. We ﬁrst prove the sufﬁciency of the statement. Assume
that μðzðkÞÞ is an admissible control law. According to (38), we can
get

hold, where

i

Φi þ 1 ðzðkÞÞ ¼ ∑ Uðzðk þjÞ; μðzðk þ jÞÞÞ þ Ψ ðzðkÞÞ:

ð39Þ

j¼0

Let i-1. We can obtain
1

lim Φi ðzðkÞÞ ¼ ∑ Uðzðk þ jÞ; μðzðk þ jÞÞÞ þ Ψ ðzðkÞÞ:

i-1

ð40Þ

j¼0

If μðzðkÞÞ is an admissible control law, then ∑1
j ¼ 0 Uðzðk þ jÞ;
μðzðk þ jÞÞÞ is ﬁnite. As for an arbitrary ﬁnite zðkÞ, Ψ ðzðkÞÞ is ﬁnite,

then for 8 i ¼ 0; 1; 2; …, we have that P i þ 1 ðzðkÞÞ is ﬁnite. Hence
limi-1 Φi ðzðkÞÞ is ﬁnite, which means Φi þ 1 ðzðkÞÞ ¼ Φi ðzðkÞÞ, as
i-1.
On the other hand, if the limit limi-1 ΦðzðkÞÞ exits, according to
(40), we can get that ∑1
j ¼ 0 Uðzðk þ jÞ; μðzðk þ jÞÞÞ is ﬁnite. Since the
utility function UðzðkÞ; μðzðkÞÞÞ is positive deﬁnite for 8 zðkÞ; μðzðkÞÞ,
then we can obtain Uðzðk þ jÞ; μðzðk þjÞÞÞ-0 as j-1. As μðzðkÞÞ ¼ 0
for zðkÞ ¼ 0, we can get that zðkÞ-0 as k-1, which means that
system (8) is stable and μðzðkÞÞ is an admissible control law. The
necessity of the statement is proven and the proof is completed.
From Theorem 3, we can see that if the performance index
function Φi ðzðkÞÞ is convergent as i-1, i.e.,
lim Φi ðzðkÞÞ ¼ ΦðzðkÞÞ;

i-1

ð41Þ

then we can ﬁnd a constant γ that satisﬁes

Φðzðk þ 1ÞÞ r γ UðzðkÞ; vðkÞÞ;

ð42Þ

where zðk þ 1Þ is deﬁned in (8). Next, we can give the convergence
justiﬁcation theorem of the iterative ADP algorithm.
Theorem 4. Let the iterative performance index function V^ i ðzðkÞÞ
and the iterative control v^ i ðzðkÞÞ be obtained by (15)–(18), respectively. Let γ satisfy (42) for 8 zðkÞ; vðkÞ. For 8 i ¼ 0; 1; …, if the iterative
approximation error ϵi ðzðkÞÞ satisﬁes

ϵi ðzðkÞÞ o

V^ i ðzðkÞÞ
γ þ1

ð43Þ

then we have that the iterative performance index function V^ i ðzðkÞÞ in
the iterative ADP algorithms (15)–(18) is convergent to a ﬁnite
neighborhood of the optimal performance index function J n ðzðkÞÞ, as
i-1.

V^ i ðzðkÞÞ ¼ λi ðzðkÞÞJ n ðzðkÞÞ

0 r λi ðzðkÞÞ r 1 þ∑ij ¼ 1

ð47Þ
!

γ j σ j  1 ðσ  1Þ γ i σ i ðδ  1Þ
þ
;
ðγ þ1Þj
ðγ þ 1Þi

then we have that ϵi ðzðkÞÞ is a positive deﬁnite function of z(k).
Proof. As Theorem 4 holds, we have for 8 i ¼ 0; 1; …, λi ðzðkÞÞ is
ﬁnite and the limit of λi ðzðkÞÞ exists as i-1. Next, let zðkÞ ¼ 0, we
have V^ i ð0Þ ¼ λi ð0ÞJ n ð0Þ ¼ 0. On the other hand, if zðkÞ-1, then we
have V^ i ðzðkÞÞ-1. Hence we have that ϵi ðzðkÞÞ is a positive deﬁnite
function of z(k). □
Remark 2. From Theorem 5 we can see that for different state
variable z(k), it requires different approximation error ϵi ðzðkÞÞ to
guarantee the convergence of the developed iterative ADP algorithm. From (47) we can see that if J zðkÞ J is large, then the
developed iterative ADP algorithm permits a large approximation
error to be convergent and if J zðkÞ J is small, then small approximation error is required to make the convergence of the iterative
ADP algorithm.
3.4. The iterative ADP algorithm
Based on the above preparations, we now summarize the
optimal tracking control scheme with approximation errors by
iterative ADP algorithm in Algorithm 2.
Algorithm 2. Iterative ADP algorithm for optimal tracking control
scheme with approximation errors.
Block 1: Initialization ...................................................................................
Step 1(a). Choose randomly a vector of initial states, i.e.,
X ¼ ðxð1Þ ; xð2Þ ; …; fxðpÞ Þ, where p is a large integer.
Step 1(b). Give the desired trajectory ηðkÞ.
Step 1(c). Choose an approximation precision ε.
Block 2: Solving γ .........................................................................................
Step 2(a). Solve the performance index function ΦðzðkÞÞ by
Algorithm 1.
Step 2(b). Obtain γ that satisﬁes (42).
Block 3: Iteration ...........................................................................................
Step 3(a). Let i¼ 0 and let the initial performance index function
V^ 0 ðzðkÞÞ ¼ 0.
Step 3(b). Estimate the approximation error ϵ0 ðzðkÞÞ by (35).
Step 3(c). If ϵ0 ðzðkÞÞ satisﬁes (43), then goto next step. Otherwise, reduce ϵ0 ðzðkÞÞ by reducing ρ0 ðzðkÞÞ and π 0 ðeðkÞÞ. Goto
Step 3(b).
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Step 3(d). Let i ¼ i þ1.
Step 3(e). Compute v^ i ðzðkÞÞ by (17) and obtain V^ i þ 1 ðzðkÞÞ by (18).
Estimate the approximation error ϵi ðzðkÞÞ by (35).
Step 3(f). If ϵi ðzðkÞÞ satisﬁes (43), then, goto next step. Otherwise,
reduce ϵi ðzðkÞÞ by reducing ρi ðzðkÞÞ and π i ðeðkÞÞ. Goto Step 3(e).
Step 3(g). If jV^ i ðzðkÞÞ  V^ i  1 ðzðkÞÞj r ε, then the optimal performance index function is obtained and goto Step 3(h); Else, goto
Step 3(d).
Step 3(h). Return v^ i ðeðkÞÞ and V^ i ðeðkÞÞ.
4. Implementation of the iterative ADP algorithm
In this paper, for i ¼ 0; 1; …, BP neural networks are used to
approximate vi ðxk Þ and V i þ 1 ðxk Þ, respectively. Assume that the
number of hidden layer neurons is denoted by ℓ, the weight
matrix between the input layer and hidden layer is denoted by Y,
the weight matrix between the hidden layer and output layer is
denoted by W, then the output of three-layer NN is represented by
F^ ðX; Y; WÞ ¼ W T σ ðY T XÞ

ð48Þ

where σ ðY T XÞ A Rℓ ; ½σ ðzÞi ¼ ðezi  e  zi Þ=ðezi þ e  zi Þ; i ¼ 1; …ℓ; are the
activation function. The target function of the neural network can
be expressed by
FðXÞ ¼ FðX; Y n ; W n Þ
n

ð49Þ
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The gradient-based weight update rule [8] can be applied here to
train the critic network
W jciþ 1 ðkÞ ¼ W jci ðkÞ þ ΔW jci ðkÞ;
2
3
j
∂Ejci ðkÞ ∂V^ i þ 1 ðzðkÞÞ
j
5
¼ W ci ðkÞ  αc 4 j
j
∂V^ i þ 1 ðzðkÞÞ ∂W ci ðkÞ
¼ W jci ðkÞ  αc ejci ðkÞσ ðZ c ðkÞÞ;

where αc 4 0 is the learning rate of critic network. If the training
precision is achieved, then we say that V i þ 1 ðzðkÞÞ can be approximated by the critic network.
4.2. The action network
In the action network, the state error z(k) is used as input to
create the optimal control law as the output of the network. The
output can be formulated as
j
jT
T
v^ i ðzðkÞÞ ¼ W jT
ai σ ðY a zðkÞÞ ¼ W ai σ ðZ a ðkÞÞ;

where Z a ðkÞ ¼ Y Ta zðkÞ and j ¼ 0; 1; …. Let W 0ai and Ya be random
weight matrices. The target of the output of the action network is
given by vi ðzðkÞÞ ¼ arg minvðkÞ fUðzðkÞ; vðkÞÞ þ V^ i ðzðk þ1ÞÞg. So we can
deﬁne the output error of the action network as
j

n

where Y and W are the ideal weight parameters.
There are two neural networks, which are critic network and
action network, respectively. Both neural networks are chosen as
three-layer feed-forward network. The whole structure diagram is
shown in Fig. 1.

ð53Þ

ejai ðkÞ ¼ v^ i ðzðkÞÞ  vi ðzðkÞÞ:

ð54Þ

The weights of the action network are updated to minimize the
following performance error measure:
Ejai ðkÞ ¼ 12 ðejai ðkÞÞT ðejai ðkÞÞ:

4.1. The critic network

The weights updating algorithm is similar to the one for the critic
network. By the gradient descent rule, we can obtain

For 8 i ¼ 0; 1; …, the critic network is used to approximate the
performance index function V i þ 1 ðzðkÞÞ. The output of the critic
network is denoted by

W jaiþ 1 ðkÞ ¼ W jai ðkÞ þ ΔW jai ðkÞ;
" j
#
∂Eai ðkÞ ∂ejai ðkÞ ∂v^ ji ðkÞ
¼ W jai ðkÞ  βa
∂ejai ðkÞ ∂v^ ji ðkÞ ∂W jai ðkÞ

j
jT
T
V^ i þ 1 ðzðkÞÞ ¼ W jT
ci σ ðY c zðkÞÞ ¼ W ci σ ðZ c ðkÞÞ;

¼ W jai ðkÞ  βa σ ðZ a ðkÞÞðejai ðkÞÞT ;

ð50Þ

where Z c ðkÞ ¼ Y Tc zðkÞ and j ¼ 0; 1; …. Let W 0ci and Yc be random
weight matrices. The target function can be written as
V i þ 1 ðzðkÞÞ ¼ Uðxk ; vi ðzðkÞÞÞ þ V^ i ðzðk þ 1ÞÞ:

ð51Þ

Then, we deﬁne the error function for the critic network as
j

ejci ðkÞ ¼ V^ i þ 1 ðzðkÞÞ  V i þ 1 ðzðkÞÞ:

ð52Þ

The objective function to be minimized in the critic network
training is
Ejci ðkÞ ¼ 12 ðejci ðkÞÞ2 :

where βa 4 0 is the learning rate of action network. If the training
precision is achieved, then we say that the iterative control law
vi ðzðkÞÞ can be approximated by the action network.
In this paper, to enhance the convergence speed of the neural
networks, only one layer of neural network is updated during the
training procedure. To guarantee the effectiveness of the neural
network implementation, the convergence of the neural network
weights is proven which makes the iterative performance index
function and iterative control be approximated by the critic and
action networks, respectively. The convergence property of the
neural network weights is shown in the following theorem.

J ( z ( k ))

ud ( k )
z (k )

v(k )

u (k )

x( k )
(k )

ð55Þ

x(k 1) z (k 1)

J ( z (k 1))
U ( z (k ), v (k ))

(k 1)

Fig. 1. The structure diagram of the algorithm.
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Theorem 6. Let the target performance index function and the target
iterative control law be expressed by
nT
σ ðZ c ðkÞÞ;
V i þ 1 ðzðkÞÞ ¼ W ci

ð56Þ

and
nT
σ ðZ a ðkÞÞ;
vi ðxk Þ ¼ W ai

ð57Þ

respectively. Let the critic and action networks be trained by (53) and
(55), respectively. Then, the critic weights W ci ðkÞ and action network
weights W ai ðkÞ are asymptotically convergent to the optimal weights
W nci ðkÞ and W nai ðkÞ, respectively.
j

j

Proof. Let W ci ¼ W jci  W nci and W ai ¼ W jai  W nai . From (53) and
(55), we have
jþ1

j

W ci ðkÞ ¼ W ci ðkÞ  αc ejci ðkÞσ ðZ c ðkÞÞ;
and
jþ1

j

W ai ðkÞ ¼ W ai ðkÞ  β a ejai ðkÞσ ðZ a ðkÞÞ:
Consider the following Lyapunov function candidate:
j

j

jT

j

jT

j

LðW ci ; W ai Þ ¼ trfW ci W ci þ W ai W ai g:

ð58Þ

Then, the difference of the Lyapunov function candidate (58) is
given by
j

ðj þ 1ÞT

j

ΔLðW ci ; W ai Þ ¼ trfW ci

jT

jþ1

W ci
j

ðj þ 1ÞT

þ W ai
jT

jþ1

W ai g

j

 trfW ci W ci þ W ai W ai g
¼ αc J ejci ðkÞ J 2 ð  2 þ αc J σ ðZ c ðkÞÞ J 2 Þ
þ βa J ejai ðkÞ J 2 ð  2 þ βa J σ ðZ a ðkÞÞ J 2 Þ:
According to the deﬁnition of σ ðÞ in (48), we know that

J σ ðZ c ðkÞÞ J 2 and J σ ðZ a ðkÞÞ J 2 are both ﬁnite for 8 Z c ðkÞ; Z a ðkÞ. Thus,

αc and βa that satisfy αc r2=
j
and β a r 2= J σ ðZ a ðkÞÞ J 2 , then we have ΔLðW ci ;

if we choose the learning rates
J σ ðZ c ðkÞÞ J

2

j

W ai Þ o0. The proof is completed.
5. Simulation study
Our example is chosen as the example in [36] with motiﬁcations. Consider the following afﬁne nonlinear system:

Admissible approxiamtion error

xðk þ 1Þ ¼ f ðxðkÞÞ þ gðxðkÞÞuðkÞ

ð59Þ

0.8
0.6
0.4
0.2
0
1
0.5

1
0.5

0
x2

0

−0.5

−0.5
−1

−1

x1

Fig. 2. The curve of the approximation errors.

where xðkÞ ¼ ½x1 ðkÞ x2 ðkÞT and uðkÞ ¼ ½u1 ðkÞ u2 ðkÞT . Let the system
function be expressed as
"
#
0:2x1 ðkÞexp ðx22 ðkÞÞ
f ðxðkÞÞ ¼
;
0:3x32 ðkÞ
"
#
0:1
x1 ðkÞx2 ðkÞ
gðxðkÞÞ ¼
:
 0:8x1 ðkÞx2 ðkÞ
x2 ðkÞ
The desired trajectory is set to ηðkÞ ¼ ½ sin ðk þ π =2Þ 0:5 cos ðkÞT .
The performance index function is deﬁned as in (6), where
Q ¼ R ¼ I A R22 and I denotes the identity matrix.
We use neural networks to implement the iterative ADP
algorithm. The critic network and the action network are chosen
as three-layer BP neural networks with the structures of 2–8–1
and 2–8–2, respectively. We choose a random array of state
variable in [  1,1] to train the neural networks. For each iterative
step, the critic network and the action network are trained for
2000 steps under the learning rate α ¼ 0:001 so that the approximation error limit is reached. The iterative ADP algorithm runs for
50 iteration steps to guarantee the convergence of the iterative
performance index function. According to Theorem 4, we know
that if the approximation errors of the neural networks satisfy the
inequality (43), then the iterative performance index functions of
the iterative ADP algorithm is convergent to the ﬁnite neighborhood of the optimal performance index function. The curve of the
approximation errors is displayed in Fig. 2.
Remark 3. It is an important property for the neural network
implementation of the iterative ADP algorithm. From Theorem 5
we can see that to guarantee the convergence of the iterative
performance index function, for different state variable z(k), we
should use different training precisions. For large J zðkÞ J , the
approximation error of the neural networks can be large. As
J zðkÞ J -0, the approximation error of the neural networks should
also approach zero. This property can be seen from Fig. 2. As is
known, the approximation of neural networks cannot be globally
accurate with no approximation errors, so the implementation of
the iterative ADP algorithm by neural networks may be invalid as
zðkÞ-0. On the other hand, in the real-world, the neural networks
are generally trained under a global uniform training precision or
approximation error. Thus, it is required for the proposed iterative
ADP algorithm that the approximation error is small to make the
iterative performance index function converge for most of the
state space. In the following, we will explain this property in
detail.
We choose four different global training precisions of neural
networks to justify the effectiveness of the developed iterative
ADP algorithm. First, let the approximation error of the neural
networks be ϵ ¼ 10  6 . The trajectory of the iterative performance
index function is shown in Fig. 3(a). Second, let the approximation
error of the neural networks be ϵ ¼ 10  4 . The trajectory of the
iterative performance index function is shown in Fig. 3(b). Third,
let the approximation error of the neural networks be ϵ ¼ 10  3 .
The trajectory of the iterative performance index function is
shown in Fig. 3(c). We can see that the iterative performance
index function is not monotonically increasing convergent. We
continue enlarging the approximation error of the neural networks to ϵ ¼ 10  1 . The trajectory of the iterative performance
index function is shown in Fig. 3(d).
For approximation error ϵ ¼ 10  6 , implement the approximate
optimal control for the system (59). Let the implementation
time Tf ¼250 and the trajectories of the controls are displayed in
Fig. 4(a) and the corresponding state trajectories are displayed in
Fig. 5(a). For approximation error ϵ ¼ 10  4 , the trajectories of the
controls are displayed in Fig. 4(b) and the corresponding state
trajectories ar displayed in 5(b). When the approximation error
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Fig. 3. Performance index functions. (a) σ ¼ 10  6 . (b) σ ¼ 10  4 . (c) σ ¼ 10  3 . (d) σ ¼ 10  1 .
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Fig. 5. State trajectories. (a) σ ¼ 10  6 . (b) σ ¼ 10  4 . (c) σ ¼ 10  3 . (d) σ ¼ 10  1 .

ϵ ¼ 10  3 , we can see that the iterative performance index functions is not monotone. The trajectories of the control and state are
displayed in Fig. 4(c) and the corresponding state trajectories ar
displayed in 5(c). We can see that for approximation errors
ϵ ¼ 10  6 , ϵ ¼ 10  4 , ϵ ¼ 10  3 , the iterative control law can make
the iterative performance index function convergent. In these
situations, the obtained control law can make the system state
track the desired one. When the approximation error ϵ ¼ 10  1 .
Then, we can see that the iterative performance index functions is
not convergent. In this situation, the control system is not stable
and the trajectories of the control and state are displayed in
Figs. 4(d) and 5(d), respectively. In this situation, we can see that
the control system is not stable under the iterative control law.

6. Concluding remarks and future works
In this paper, an effective iterative ADP algorithm is developed
to solve optimal tracking control problems for inﬁnite horizon
discrete-time nonlinear systems. The approximation errors of the
neural networks are considered. The convergence criteria under
the approximation errors are established which guarantees that
the iterative performance index functions converge to a ﬁnite
neighborhood of the optimal performance index function. Neural
networks are employed to implement the developed iterative ADP
algorithm and the convergence property of the neural networks
are analyzed. Finally, simulation results are given to illustrate the
performance of the developed algorithm.
We point out that the convergence property of the iterative
index functions is presented in this paper considering the approximation errors while the stability property of the system under
the iterative control laws is not discussed in this paper. Hence,
the stability analysis of the iterative ADP algorithm will be

investigated in our future work. On the other hand, in this paper,
the approximation errors of the performance index functions and
the iterative control laws are considered, while the accurate
system function is necessary. In the real world, however, the
accurate system model is also difﬁcult to obtain. Thus the properties of iterative ADP algorithm considering the system and iteration errors is another future research direction.
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