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Abstract

Computed Torque Control (CTC) is an effective motion control strategy for robotic manipulator systems, which
can ensure globally asymptotic stability. However, CTC scheme requires precise dynamical models of robotic
manipulators. To handle this impossibility, in this paper, a new approach combing CTC and Fuzzy Control (FC) is
developed for trajectory tracking problems of robotic manipulators with structured uncertainty and/or unstructured
uncertainty. Fuzzy part with a set of tunable parameters is employed to approximate lumped uncertainty due
to parameters variations, unmodeled dynamics and so on in robotic manipulators. Based on Lyapunov stability
theorem, it is shown that the proposed controller can guarantee stability of closed-loop systems and satisfactory
tracking performances. The proposed approach indicates that CTC method is also valid for controlling uncertain
robotic manipulators as long as compensative controller is appropriately designed. Finally, computer simulation
results on a two-link elbow planar robotic manipulator are presented to show tracking capability and effectiveness
of the proposed scheme.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

It is well known that robotic manipulators are complicated, dynamically coupled, highly time-varying,
highly nonlinear systems that are extensively used in tasks such as welding, paint spraying, accurate
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positioning systems and so on. In these tasks, end-effectors of robotic manipulators are commended
to move from one place to another, or to follow some given trajectories as close as possible. Therefore,
trajectory tracking problem is the most significant and fundamental task in control of robotic manipulators.
Motivated by requirements such as a high degree of automation and fast speed operation from industry,
in the past decades, various control methods are introduced in the publications such as proportional,
integration, derivative (PID) control[9], feed-forward compensation control [5], adaptive control [17,18],
variable structure control [19], neural networks control [12,13,16], fuzzy control [2,26] and so on.

As a predominant method in industrial robotic manipulators, traditional PID control has simple structure
and convenient implementation [9]. However, some strong assumptions are required to be made, which
involve that each joint of robotic manipulators is decoupled from others and the system has to be in the
status of slow motion. Control performance degrades quickly as operating speed increases. Therefore, a
robotic manipulator controlled in this way is only appropriate for relatively slow motion.

Robotic manipulator systems are inevitably subject to structured and unstructured uncertainty. Struc-
tured uncertainty is characterized by a correct dynamical model with parameters variations, which results
from difference in weights, sizes and mass distributions of payloads manipulated by robotic manipulators,
difference in links properties of robotic manipulators, difference in inaccuracies on torque constants of
actuators and so on. Unstructured uncertainty is characterized by unmodeled dynamics, which is due to the
presence of external disturbances, high-frequency modes of robotic manipulators, neglected time-delays
and nonlinear frictions and so on.

Structured uncertainty can result in imprecision of dynamical models of robotic manipulators, and con-
trollers designed for nominal parameters may not properly work for all changes in parameters. Adaptive
control techniques [17,18] can be used in this case. However, adaptive control law is unable to handle un-
structured uncertainty. To overcome this difficulty, variable structure control [19] that can simultaneously
attenuate influences of both structured and unstructured uncertainty is employed. Unfortunately, unde-
sirable chattering on sliding surface due to high frequent switching can deteriorate system performances,
which cannot be eliminated completely.

Neural networks-based controllers for robotic manipulators are also extensively studied from early
CMAC controllers [12] and simple backpropagation neural networks controllers without theoretical anal-
ysis and stability security to stable-neural networks adaptive controllers with rigorous stability analysis
using Lyapunov stability theory or passive theory, see [16] and the references therein. Justification for
using neural networks for robotic control lies in their excellent capability in learning any complicated
mapping from training examples such that designed controllers are able to respond to unexpected situa-
tions. However, size of such neural networks becomes so large that powerful computational facilities are
required.

For practical and complex control problem of robotic manipulators, various control approaches men-
tioned above naturally occur in our mind, but traditional and effective schemes also cannot be ignored.
Computed Torque Control[11] (here abbreviated as CTC) is worth noting, because CTC is easily un-
derstood and of good performances. Briefly speaking, CTC is a linear control method to linearize and
decouple robotic dynamics by using perfect dynamical models of robotic manipulator systems in order that
motion of each joint can be individually controlled using other well-developed linear control strategies.
However, CTC method for robotic manipulators suffers from two difficulties. First, CTC requires exact
dynamical knowledge of robotic manipulators, which is apparently impossible in practical situations.
Second, CTC is not robust to structured uncertainty and/or unstructured uncertainty, which may result
in performance devaluation. Can we say that CTC is invalid for actual robotic manipulators according to
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the drawbacks above? The answer is “No”, of course. As a matter of fact, many researches have made
great efforts in improvement of CTC-based control methods for uncertain robotic manipulators.

Wijesoma[25] considered a variable structure controller as a compensator for CTC, which required
complex solution to inverse of inertial matrix. Neural networks as a function approximator to learn lumped
uncertainty of robotic manipulator systems was added to CTC in [10]. Tso [21] viewed error dynamical
system as a reference model and designed a variable structure model reference adaptive controller to
compensate for CTC. All of these schemes demonstrated that modified CTC scheme applying to uncertain
robotic manipulator systems was also effective.

Fuzzy Logical System (here abbreviated as FLS) was introduced by Zadeh [27] in 1965. One of
successful fuzzy applications is to model complex nonlinear systems by a set of fuzzy rules. One important
property of fuzzy modeling approaches is that FLS is a universal approximator [24]. In other words, FLS
can approximate virtually any nonlinear functions to arbitrary accuracy provided that enough rules are
given. FLS for control, i.e. Fuzzy Control (here abbreviated as FC) can integrate expertise of skilled
personnel into control procedure and mathematical model is not required. Over the last few years, FC for
complex nonlinear systems have been developed extensively [1,4,7,22].

Recently, much attention has been devoted to FC for robotic manipulators. Sun [15] combined FC and
variable structure control to construct a controller, where FLS was greatly simplified by using system
representative point and its derivative as inputs. Control laws designed by Hsu [3] consisted of a regular
fuzzy controller and a supervisory control term, which ensured stability of closed-loop systems. In [8],
two FC schemes for a class of uncertain continuous-time multi-input multi-output nonlinear dynamical
systems were derived. Satisfactory performances were achieved by applying them to robotic manipulators.
The latest survey on FC for robotic manipulators can be found in [14] and references cited therein.

In this paper, it is supposed that robotic manipulator systems with structured uncertainty and/or unstruc-
tured uncertainty can be separated as two subsystems: nominal system with precise dynamical knowledge
and uncertain system with unknown knowledge. An approach of CTC plus FC compensator is proposed.
The nominal system is controlled using CTC and for uncertain system, a fuzzy controller is designed. Here
the fuzzy controller acts as compensator for CTC. Parameters updating laws of the fuzzy controller are
derived using Lyapunov stability theorem. In this way, uniformly ultimate boundedness and asymptotic
stability of closed-loop systems are achieved. The validity of the proposed control scheme is verified by
simulations on a two-link elbow planar robotic manipulator.

This paper is organized into five sections. Following the introduction, in Section 2, some preliminaries
are addressed, which consist of mathematical notations, mathematical definitions, stability lemmas, brief
introduction of FLS, dynamical models of robotic manipulators with uncertainties, and detailed explana-
tion related to CTC for robotic manipulators. Section 3 is devoted to controller design based on CTC plus
fuzzy compensator and stability proof based on Lyapunov stability theory. Section 4 includes simulation
results to illustrate feasibility of the proposed strategy. Some conclusion remarks are finally included in
Section 5.

2. Preliminaries

2.1. Mathematical notations, definitions and stability lemmas

The following notations and definitions will be used extensively throughout the paper.
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LetR,Rn,Rn×m be real numbers, realn-vectors, and realn×m matrices, respectively.�min(Q) and
�max(Q) indicate the minimum and the maximum eigenvalue of matrixQ ∈ Rn×n, respectively. LetAT

denote the transpose of matrixA anddiag[·] denote a diagonal matrix. It is assumed that all matrices are
assumed compatible in dimension for the purpose of computations.

Definition 1. The trace of a square matrixA = [aij ] ∈ Rn×n, denoted byTr(A), is defined as the sum
of diagonal elements of the matrixA.

Corollary 1. The trace of a matrix and the trace of its transpose are the same, i.e. Tr(A) = Tr(AT) for
∀A ∈ Rn×n.

Corollary 2. The trace of a scalar is equal to itself, i.e. Tr(y) = y, for ∀y ∈ R. Specially, if x ∈ Rn,
y ∈ Rm andA ∈ Rn×m, thenxTAy is a scalar satisfying Tr(xTAy) = xTAy.

Corollary 3. If x, y ∈ Rn, trace of scalarxTy is equal to that of matrixyxT, i.e. Tr(xTy) = Tr(yxT).

Corollary 4. The derivative of the trace of a time-varying matrix is equal to the trace of the derivative
of the matrix. Specially, for a time-varying matrixA(t) ∈ Rn×n and a constant matrix� ∈ Rn×n, the
relationshipd(Tr(AT�A))/dt = 2Tr(AT�Ȧ) naturally holds.

Definition 2. The norm of a vectorx ∈ Rn is defined as‖x‖ = (
∑n
i=1 x

2
i )

1/2 and the Frobenius norm
of a matrixA = [aij ] ∈ Rn×n is defined by‖A‖ = [Tr(ATA)]1/2. In the case wherex is a scalar,‖x‖
denotes its absolute value.

Definition 3. Let f (t) be a function on[0,∞) of signal spaces.L2 space andL∞ space are de-
fined asL2 = {f :R+ → R|‖f ‖2 = ∫∞

0 |f |2 dt < ∞} and L∞ = {f :R+ → R|‖f ‖∞ =∫∞
0 supt∈[0,∞) |f | dt < ∞}, respectively.

From a signal point of view, the signal inL2 space has finite energy and that inL∞ space is bounded.

Definition 4. The solutions oḟx = f (x, t) are said to uniformly ultimately bounded (UUB) if there exist
constantsb, c andT (�) for every� ∈ (0,c) such that:|x(t0)| < � ⇒ |x(t)| < b, ∀t > t0 + T . They are
globally UUB if above condition holds for an arbitrarily large�.

Lemma 1. Let f (t) be a time-varying function. Iff (t), ḟ (t) ∈ L∞ andf (t) ∈ L2, thenf (t) → 0 as
t → ∞.

2.2. Description of fuzzy logic systems

An FLS is composed of four main components: a fuzzifier, a fuzzy rule base, a fuzzy inference
engine and a defuzzfier as shown in Fig. 1. The fuzzifier maps non-fuzzy input space to fuzzy sets
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Fuzzy Rule Base

Fuzzifier Defuzzifier

Fuzzy Inference Engine 

Input Output

Fig. 1. Configuration of fuzzy logic systems.

and the defuzzifier performs an opposite task to map fuzzy sets to non-fuzzy output space. Fuzzy sets are
characterized by their membership functions�(·)’s. The fuzzy inference engine performs a mapping from
fuzzy sets in input spaceU ∈ Rn to fuzzy sets in output spaceV ∈ Rm based on fuzzy rules. Finally, it
is assumed that:U = U1 × U2 × · · · × Un,Ui ∈ R, (i = 1,2, . . . , n) andV = V1 × V2 × · · · × Vm,
Vk ∈ R, (k = 1,2, . . . , m). There are many choices for each part of an FLS. Therefore, a particular FLS
could be any combination of these choices. In this paper, the following FLS is under the consideration.

The fuzzy rule base consists of a collection of fuzzy IF-THEN rules:

Rj : if x1 isAj1 andx2 isAj2 and · · · · · · andxn isAjn,

theny1 isBj1 andy2 isBj2 and · · · · · · andym isBjm, (1)

wherex = [x1, x2, . . . , xn]T andy = [y1, y2, . . . , ym]T are input vectors and output vectors of the
FLS, respectively.Aji (i = 1,2, . . . , n) andBjk (k = 1,2, . . . , m) are linguistic variables of fuzzy sets in
subspaceUi andVk, described by their membership functions�

A
j
i

(xi) and�
B
j
k

(yk), j = 1,2, . . . ,M.

M is total number of the fuzzy rules. By using product inference, singleton-fuzzifier, and center-average
defuzzifier strategies, output of the FLS can be expressed as

y(x) = �̂(x|�̂) =
∑M
j=1 ȳ

j
(∏n

i=1 �
A
j
i

(xi)
)

∑M
j=1

(∏n
i=1 �

A
j
i

(xi)
) = �̂�(x), (2)

where�
A
j
i

(xi) is membership function value of fuzzy variablexi , ȳj is the point at which�
B
j
k

(yk) achieves

its maximum value, and it is assumed that�
B
j
k

(ȳj ) = 1.

�̂ =



ȳ1

1 ȳ2
1 · · · ȳM1

ȳ1
2 ȳ2

2 · · · ȳM2
...

...
. . .

...

ȳ1
m ȳ2

m · · · ȳMm


 , (3)
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is adjustable parameter matrix and�(x) = [�1(x), �2(x), . . . , �M(x)]T is fuzzy basis function vector, in
which�j (x) is defined as

�j (x) =
∏n
i=1 �

A
j
i

(xi)∑M
j=1

(∏n
i=1 �

A
j
i

(xi)
) (j = 1,2, . . . ,M). (4)

FLS is selected to control nonlinear and uncertain robotic manipulator systems for two reasons. First,
FLS has been proven to be capable of universally approximating any well-defined nonlinear functions
over a compact set to arbitrary accuracy. Second, there exist other types of universal approximators such
as multi-layer neural networks, radial basis function neural networks and so on. However, only FLS
is constructed from IF-THEN rules using some specific fuzzy inference, fuzzification, and defuzzifica-
tion strategies. Therefore, linguistic information from human experts can be incorporated into FLS in a
systematic way[23].

2.3. Problem formulation

In this subsection, dynamical models of robotic manipulators with uncertainties and idea of CTC for
robotic manipulators will be presented in detail.

According to Lagrange theory [26], dynamical equations of robotic manipulators withn serial links
incorporating external disturbances can be expressed as

M(q)q̈ + C(q, q̇)q̇ +G(q)+ f (q, q̇) = �, (5)

whereq̈, q̇, q ∈ Rn are vectors of joint accelerations, velocities, and positions, respectively.M(q) ∈ Rn×n
is a symmetric positive definite inertia matrix;C(q, q̇)q̇ ∈ Rn being a vector of centripetal and Coriolis
forces.G(q) ∈ Rn denotes gravity vectors andf (q, q̇) ∈ Rn is unmodeled dynamics including friction
terms and external disturbances and so on.� ∈ Rn represents torque vectors exerting on joints. The
structural properties of robotic manipulators hold such as boundedness ofM(q), C(q, q̇) andf (q, q̇).

For convenience, dynamical model (5) can be rewritten as the following compact form:

M(q)q̈ +H(q, q̇)+ f (q, q̇) = �, (6)

whereH(q, q̇) = C(q, q̇)q̇ + G(q). The task of trajectory tracking for robotic manipulators can be
describe as: given desired trajectories of manipulator jointsqd ∈ Rn, find control input� such that actual
trajectoriesq of manipulator joints in (6) can tend toqd as time goes to infinity. In this paper, the following
assumption is required.

Assumption 1. The desired trajectoriesqd are continuous and bounded known functions of time with
bounded known derivatives up to the second order.

The parametersM(q), C(q, q̇) andG(q) in dynamical model (6) are functions of physical parameters
of manipulators like links masses, links lengths, moments of inertial and so on. The precise values of
these parameters are difficult to acquire due to measuring errors, environment and payloads variations.
Therefore, here it is assumed that actual valuesM(q), C(q, q̇) andG(q) can be separated as nominal
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parts denoted byM0(q), C0(q, q̇),G0(q) and uncertain parts denoted by�M(q),�C(q, q̇),�G(q),
respectively. These variables satisfy the following relationships:

M(q) = M0(q)− �M(q),

C(q, q̇) = C0(q, q̇)− �C(q, q̇),

G(q) = G0(q)− �G(q). (7)

Suppose that dynamical models of robotic manipulators are known precisely and unmodeled dynamics
are excluded, i.e.�M(q),�C(q, q̇),�G(q) in (7) andf (q, q̇) in (6) are all zeros. At this time, dynamical
models (6) can be converted into the following nominal models:

M0(q)q̈ +H0(q, q̇) = �, (8)

whereH0(q, q̇) = C0(q, q̇)q̇ +G0(q). Now considering the control law

� = M0(q)(q̈d −Kvė −Kpe)+H0(q, q̇), (9)

whereq̈d,q̇d, qd ∈ Rn are desired trajectories vectors of joint accelerations, velocities, and positions,
respectively.e = q − qd is defined as trajectory tracking error vectors.Kp andKv are proportional and
derivative constant matrices, respectively. Substituting (9) into (8) yields

ë +Kvė +Kpe = 0. (10)

It is obvious that errors will asymptotically tend to zero if proportional gainKp and derivative gainKv
are chosen in the favorable situation. The control law (9) is termed asComputed Torque Control[11].

Remark 1. It is simple to understand that CTC approach is based on feedback linearization technique,
which results in a linear time-invariant closed-loop system (10), implying acquirement of globally asymp-
totical stability. Furthermore, explicit conditions for performance indices may be obtained in terms of
controller gain matrices. More specifically, globally asymptotical stability is guaranteed provided thatKp
andKv in (9) are symmetric and positive definite constant matrices.

According to analysis above, CTC strategy relies on strong assumptions that exact knowledge of
robotic dynamics is precisely known and unmodeled dynamics has to be ignored, which is impossible
in practical engineering. Motivated by separation (7), idea of CTC introduced above, and capability for
approximating nonlinear functions of FLS, one can image that CTC is used to control nominal system
and another FLS-based controller attaching to CTC for uncertain system can be designed. In this way,
applying (7) and (9) to practical manipulator systems (6) yields

ë +Kvė +Kpe = 	, (11)

where	 = M−1
0 [�M(q)q̈ + �H(q, q̇)− f (q, q̇)], in which�H(q, q̇) satisfiesH(q, q̇) = H0(q, q̇)−

�H(q, q̇). 	 is a function of joint variables, physical parameters, parameters variations, unmodeled
dynamics and so on. On the other hand,	 denotes the sum of structured uncertainty and unstructured
uncertainty. Thus, here	 is termed as lumped uncertain function of robotic dynamics.

Remark 2. From expression of	, it is easily seen that lumped uncertainty results from parameters
variations including inertia uncertainty, gravity uncertainty, Coriolis uncertainty and unmodeled dynamics
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such as external disturbances. The existence of	 causes CTC invalid and makes stability of robotic
manipulators difficult to acquire.

Up to now, control objective can be restated as: seek a control law based on FLS as a compensator for
CTC such that joint motions of robotic systems (6) can follow desired trajectories. Overall control law
becomes

� = �0 + �c, (12)

where�0 is CTC defined like (9) and�c is a compensating torque to be determined below.

3. Design of fuzzy compensator controller

In this section, a fuzzy compensator controller serving as a compensator for CTC is considered and
designed in detail. Firstly, it is assumed that the right-hand side in Eq. (11) can be represented by an ideal
FLS as

	(z) = W ∗�(z)+ 
(z), (13)

where
(z) is reconstruction error of FLS,�(z) = [�1(z), �2(z), . . . , �N(z)]T is fuzzy basis function vector
fixed by the designer and�i(z) = (i = 1,2, . . . , N) is corresponding to Eq. (4), andz(t) is given by

z(t) = [q̈T, q̇T, qT]T. (14)

W ∗ = [wij ] ∈ Rn×N in Eq. (13) is an optimal weight matrix satisfying that

W ∗ = arg min
W

{
Sup
x∈Dz

|	̂(z|Ŵ )− 	(z)|
}
. (15)

Here,Dz denotes the sets of suitable bounds ofz. It is assumed thatz never reaches boundary ofDz. In
(15), 	̂(z|Ŵ ) is an estimation of	(z), which can be approximated using an FLS as (2):

	̂(z|Ŵ ) = Ŵ�(z), (16)

whereŴ is adjustable weight matrix corresponding to Eq. (3). Define compensative control law�c in
(12) as

�c = −M0(q)	̂(z|Ŵ ). (17)

Using control law (12), closed-loop system becomes:

ë +Kvė +Kpe = 	̃(z), (18)

where expression of̃	(z) is

	̃(z) = 	(z)− 	̂(z|Ŵ ) = 
(z)+ W̃ �(z), (19)

with W̃ = W ∗ − Ŵ denoting error of weight matrix.
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Supposed that state vector is defined asx = [eT, ėT]T, the state-space equation has form as

ẋ = Ax + B	̃(z), (20)

whereA =
[

0
−Kp

I
−Kv

]
, B =

[
0
I

]
. To proceed with subsequent development and closed-loop stability

analysis, the following assumptions are made:

Assumption 2. The reconstruction error
(z) is bounded, i.e.‖
‖�c
 for ∀z ∈ Dz with knownc
.

Assumption 3. The norm of optimal weight matrix are bounded so that‖W ∗‖�cw.

Remark 3. According to universal approximation theorem[23], the state variables of an FLS have to be
limited in a given compact set so that optimal parameter exists. In this paper, compact setDz in Eq. (15)
is assumed to be large enough so that state variables remain withinDz under closed-loop control. Thus,
Assumption 2 is reasonably made. Moreover, the upper boundc
 of reconstruction error can be arbitrarily
reduced by increasing number of fuzzy rules. Assumption 3 is used for stability analysis below [14].

Theorem. Consider robotic manipulator systems with structured uncertainty and/or unstructured un-
certainty(5), supposed that Assumptions1–3 are satisfied. The control law is provided by(12), which
consists of CTC part(9) and fuzzy part(17).The parameters in fuzzy part are tuned by

˙̂
W = �−1BTPx�T, (21)

where� = diag(�1,�2, . . . ,�n), �i > 0 (i = 1,2, . . . , n) is gain matrix and P is positive definite
solution of the following Riccati equation:

ATP + PA+ P TBBTP +Q = 0, (22)

whereQ is a constant matrix with appropriate dimensions given in advance. Then:

(1) x(t) in closed-loop systems are uniformly ultimately bounded.
(2) If reconstruction error
 ∈ L2, i.e.

∫∞
0 
2(t)dt < ∞, trajectory tracking errors of robotic manipula-

tors tend to zero as time goes to infinity.

Proof. (1) Consider the following Lyapunov-function candidate:

V = xTPx + Tr(W̃T�W̃ ), (23)

with W̃ = W ∗ − Ŵ . Taking the time derivative ofV along (20) results in

V̇ = xT(ATP + PA)x + 	̃TBTPx + xTPB	̃ + 2Tr(W̃T� ˙̃
W)

= xT(ATP + PA)x + 2xTPB	̃ − 2Tr( ˙̂
W

T
�W̃ ). (24)

Applying repeatedly the properties of trace of matrix and substituting (21) and (22) into (24) leads to

V̇ = −xT(P TBBTP +Q)x + 2xTPB(
 + W̃�)− 2Tr(W̃T� ˙̂
W)

= −xT(P TBBTP +Q)x + 2xTPB
 + 2xTPBW̃� − 2Tr(W̃T� ˙̂
W)
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= −xT(TBBTP +Q)x + 2xTPB
 + 2Tr(�TW̃TBTPx)− 2Tr(W̃T� ˙̂
W)

= −xT(P TBBTP +Q)x + 2xTPB
 + 2Tr(W̃TBTPx�T)− 2Tr(W̃T� ˙̂
W)

= −xT(P TBBTP +Q)x + 2xTPB
 + 2T r[W̃T(BTPx�T − � ˙̂
W)]

= −xT(P TBBTP +Q)x + 2xTPB
 + 2T r[W̃T(BTPx�T − �(�−1BTPx�T))]. (25)

Then the equation above becomes

V̇ = −xT(P TBBTP +Q)x + 2xTPB


= −xTQx − (BTPx − 
)T(BTPx − 
)+ 
T


� −xTQx + 
T
. (26)

It is easy to getV̇ � − �min(Q)‖x‖2 + ‖
‖2, thusV (x, W̃ ) is negative outside the following compact
setx :

x =
{
x(t)|0�‖x(t)‖�

√
1

�min(Q)
‖
‖
}
. (27)

Assumption 3 implies thatW is bounded (equivalently,̃W is bounded), thenx(t) in closed-loop systems
are uniformly ultimately bounded.

(2) Integration of Eq. (26) fromt = 0 to∞ can be rewritten as∫ ∞

0
xTQx dt�

∫ ∞

0

T
 dt + V (0)− V (∞). (28)

Then ∫ ∞

0
‖x‖2 dt�k/�min(Q), (29)

wherek = ∫∞
0 
T
 dt + V (0) − V (∞). Noting thatV (t) is a non-increasing function of time and low

bounded, this impliesV (0) − V (∞) < ∞ and
∫∞

0 
2(t)dt < ∞, resulting ink < ∞. From (29), it
is clear thatx ∈ L2 is satisfied. The boundedness ofx(t) above impliesx ∈ L∞. From closed-loop
dynamic equation (20) and boundedness ofx(t), W̃ (t), and
(t), one can geṫx ∈ L∞. i.e.x ∈ L2 ∩L∞,
ẋ ∈ L∞. Thus, limt→∞ x(t) = 0 is achieved from Lemma 1. Therefore, whole closed-loop system is
asymptotically stable, i.e. trajectory tracking errors converge to zero as time goes to infinity.

According to above analysis, the architecture of closed-loop system is shown in Fig. 2.

Remark 4. The core idea of the proposed scheme above lies in that lumped uncertainty can be approx-
imated by an FLS. The updating law (21) of weight parameters is obtained using Lyapunov stability
theorem. In expression (21),� is fuzzy basis function calculated by selected membership functions ac-
cording to aforementioned Eq. (4).

Remark 5. The membership functions are designed by trial-and-play in the proposed scheme. In addition,
the optimal weight is not required for fuzzy compensator as updating law (21) for parameter matrix of
the FLS can result in convergence of trajectory tracking errors according to the proof above. What we
need to know is only the existence of optimal weight, which is apparent from Remark 3.
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Fig. 2. Diagram of closed-loop systems.

Remark 6. All the parameters in the proposed scheme may be uncertain, which is true in practical
situation. In some publications like[6], it is clearly unrealistic that only Coriolis terms, gravity terms,
and friction terms may be uncertain, whereas inertia matrix was assumed known exactly.

Remark 7. Noted that the inputs of designed FLS include acceleration signalq̈ and CTC part also
requires acceleration signalq̈d, here it is assumed that accelerations are measurable.

4. Simulation results

In this section, to illustrate validity of the proposed method, a two-link planar elbow manipulator[20]
shown in Fig. 3 is simulated, whose dynamical model can be described by Eq. (5). With respect to the
manipulator, the matrices in (5) are listed as follows:

M(q) =
[

�1 + �3 + 2�2 cos(q2) �3 + �2 cos(q2)

�3 + �2 cos(q2) �3

]
,

C(q, q̇) =
[−�2 sin(q2)q̇2 −�2 sin(q2)q̇1 − �2 sin(q2)q̇2

�2 sin(q2)q̇1 0

]
,

G(q) =
[
g111 + g112

g12

]
,

where

�1 = I1 +
(m1

4
+m2

)
l21, �2 = m2l1l2

2
, �3 = I2 + m2l

2
2

4
,

g111 =
(

1

2
m1l1 +m2l1

)
g cos(q1), g112 = g12 = 1

2
m2l2g cos(q1 + q2),

with qi(i = 1,2) denote angular positions (rad),mi(i = 1,2) are links masses (kg),li(i = 1,2)
represent links lengths(m), Ii(i = 1,2) are inertia moment of linki about corresponding center of
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Fig. 3. Two-link planar elbow manipulator.

Table 1
Simulation parameters

Mass (mi/kg) Length (li/m) Inertial of Moment(Ii/kg m2)

Nominal value Actual value Nominal value Actual value Nominal value Actual value

Link 1 4.0 8.0 0.5 0.5 0.2 0.4
Link 2 4.0 8.0 0.5 0.5 0.2 0.4

gravity (kg m2). g = 10 m/s2 is acceleration of gravity. PointE in Fig. 3 denotes the end-effector of
the robotic manipulator. Table 1 shows parameters used in simulations. For the purpose of comparison,
simulation studies in three cases are conducted.

The object is to design control input in order to force joint variablesq = [q1, q2]T to track desired
trajectories as time goes to infinity. Here, desired joint trajectories to be tracked are assumed to be
qd = [q1d, q2d]T with q1d = 0.5 cos(t) + 0.2 sin(3t) andq2d = −0.2 sin(2t) − 0.5 cos(t). In the
following three cases, it is all assumed that initial positions of joints areq1(0) = q2(0) = 4 and initial
velocities of joints are zeros.

Case1: Firstly, CTC scheme applying to robotic manipulators with precise dynamical models is
considered. The parameters of robotic manipulators are equal to nominal values in Table I. The designed
parameters in CTC (9) are picked as

Kv = diag(5.5,5.5) and Kp = diag(8,8).

Figs. 4 and 5 show tracking performances of two joints in this case, respectively. In the two figures, the
solid lines depict desired trajectories and the dotted lines denote actual trajectories, respectively. As can
be seen from Figs. 4 and 5, tracking errors of two joints occur at the very beginning of the process and after
a few seconds, actual trajectories and desired trajectories almost overlap each other. Thus, CTC method
exhibitsExcellenttracking performances when precise dynamical knowledge of robotic manipulators
without unmodeled dynamics is known.
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Fig. 4. Tracking of joint 1 when CTC applying to robotic manipulators without uncertainties.

Remark 8. The motivations of adopting control gains as above include two aspects. First, from Routh–
Shure criterion, asymptotical stability can be guaranteed provided bothKv andKp are positive definite. On
the other hand, the values of gains are set up by trial-and-play based on static and transient performances
from simulation results.

Remark 9. From expression (9), CTC approach is a linear control technique and relies on exact cancel-
lation of nonlinear dynamics of robotic manipulators. Therefore, precise parameters in dynamical models
have to be known. Additionally, there are only two design parameters so that they are easily adjusted
according to system responses. However, requirements that exact knowledge of dynamics and ignorance
of unmodeled dynamics make CTC method unattractive to industry.

Case2: Here the same control laws with previous case in both forms and parameters are applied to
robotic manipulators, which is supposed to be influenced by structured uncertainty (parameters vari-
ations) and unstructured uncertainty (external disturbances). In other words, the control schemes are
designed according to nominal parameters instead of actual parameters. Moreover, external disturbances
are considered and assumed to bef (q, q̇) = [sin(t), cos(t)]T. The simulation results of tracking per-
formances for the first link and those for the second link are shown in Figs. 6 and 7, respectively.
In Figs. 6 and 7, desired trajectories and actual trajectories are depicted with solid lines and dot-
ted lines, respectively. Compared with previous case, it can be easily acquired that tracking perfor-
mance of CTC method greatly deteriorates when there is no exact dynamical knowledge of robotic
manipulators available and unmodeled dynamics of robotic manipulators are taken into
considerations.

Remark 10. Here, the simulation results of robotic manipulators subjected to simultaneous structured
uncertainty and unstructured uncertainty are shown. As a matter of fact, it is found from lots of con-
ducted simulations in this case that if unmodeled dynamics, i.e. external disturbances, are neglected and
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Fig. 5. Tracking of joint 2 when CTC applying to robotic manipulators without uncertainties.

Fig. 6. Tracking of joint 1 when CTC applying to robotic manipulators with uncertainties.

parameters variations are considered, or opposite case, parameters variations are excluded and unmod-
eled dynamics are considered, then tracking performances are also much worse than case 1. Therefore,
it is safely said that CTC approach is of good performances only when dynamical models of robotic
manipulators are known precisely and free from unmodeled dynamics.

Case3: From theoretical analysis and simulations above, if CTC is applied to uncertain robotic manip-
ulator, then additional controller compensating for CTC should be required and appropriately designed.
In this case, the proposed CTC plus fuzzy compensator is used to control robotic manipulators with
uncertainties. Here, FLS is used for estimating lumped uncertainty function	 in (11) due to parameters
variations and unmodeled dynamics. The FLS has joint accelerationsq̈, joint velocitiesq̇, joint positions
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Fig. 7. Tracking of joint 2 when CTC applying to robotic manipulators with uncertainties.

q as inputs. Namely, input vectors of the FLS are of form likez = [zT1 , zT2 , zT3 ]T with zT1 = [z11, z12], zT2 =
[z21, z22] andzT3 = [z31, z32], wherez1i = q̈i , z2i = q̇i andz3i = qi for i = 1,2. Additionally there are
two joint angles. Therefore, it is clear that the dimension of the inputs and outputs of the FLS is 6 and 2,
respectively. For each input vector, five Gaussian membership functions are defined as

�F 1
ij
(zij ) = exp

(
−
(
zij + 2

0.5

)2
)
, �F 2

ij
(zij ) = exp

(
−
(
zij + 1

0.5

)2
)
,

�F 3
ij
(zij ) = exp

(
−
( zij

0.5

)2
)
, �F 4

ij
(zij ) = exp

(
−
(
zij − 1

0.5

)2
)
,

�F 5
ij
(zij ) = exp

(
−
(
zij − 2

0.5

)2
)

i = 1,2; j = 1,2,3.

To reduce the number of fuzzy rules, like[1], 30 (2 × 3 × 5) fuzzy rules are employed as follows:

Rkij : if zij is Fkij then	1 isBk1 and 	2 isBk2,

wherei = 1,2; j = 1,2,3 andk = 1,2, . . . ,5. 	1 and	2 are two outputs of the FLS satisfying
	 = [	1, 	2]T. In this case, the initial values of weight parametersŴ (0) are set equal to zero matrix.
The positive definite matrixQ in Riccati equation (22) and the gain matrix� in updating law (21) are
selected asQ = diag(15,15,15,15) and� = diag(9,9,9,9), respectively. The external disturbances
are assumed to bef (q, q̇) = [sin(t), cos(t)]T, also the same as case 2. The tracking performances for
two joints of robotic manipulators with variations in parameters and unmodeled dynamics are shown
in Figs. 8 and 9, respectively. The control efforts for joints 1 and 2 are shown in Figs. 10 and 11,
respectively.

Remark 11. Theexclusive differencebetween case 2 and this case lies in that designed controller in this
case includes a fuzzy compensator, however, used control law in case 2 does not have fuzzy part. From
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Fig. 8. Tracking of joint 1 when CTC plus fuzzy compensator applying to robotic manipulator with uncertainties.

Fig. 9. Tracking of joint 2 when CTC plus fuzzy compensator applying to robotic manipulator with uncertainties.

the comparison between Figs. 8 and 6 and comparison between Figs. 9 and 7,it can be seen that fuzzy
compensator greatly improves tracking performances.

Remark 12. The approaches combing FC and variable structure control are very popular in FC for robotic
manipulators[3,15]. It is well known that there exists inevitable chattering due to introduction of variable
structure control. However, one can say from control input signals in Figs. 10 and 11 that there is almost
no high-frequent chattering even in presence of external noisy disturbances and fast varying parameters.
Noted that simulation time here is taken as 20 s unlike relatively short simulation time in other publications.
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Fig. 10. Control inputu1 for joint 1.

Fig. 11. Control inputu2 for joint 2.

5. Conclusion

This paper addresses trajectory tracking problems of robotic manipulators with structured uncertainty
and unstructured uncertainty. Firstly, fundamental ideas and restrictions of conventional control method
for robotic manipulators, so-called Computed Torque Control scheme, were presented in detail. Based on
CTC as a nominal controller, a fuzzy compensation is designed to handle inevitable uncertainties. In the
proposed scheme, the fuzzy compensative controller is used for approximating lumped uncertainty, whose
weight parameters are adjusted based on Lyapunov stability theorem. In this way, stability of closed-loop
systems can be guaranteed and tracking performances can be achieved. In order to illustrate feasibility
of the proposed scheme, application of the proposed scheme to a two-link elbow planar manipulator is
provided.

Furthermore, one contribution of this paper is that it provides a novel idea and method, i.e. CTC plus
compensator, to design tracking controllers for robotic manipulators with uncertainties. It is indicated that
tradition methods could not be neglected in designing controllers for complex plants. On the other hand,
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extensive applicable fields of FLS are also shown so that FC can handle control problems of complex
systems by combining with other well-developed algorithms.
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