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Integrated Longitudinal and Lateral Tire/Road
Friction Modeling and Monitoring

for Vehicle Motion Control
Li Li, Member, IEEE, Fei-Yue Wang, Fellow, IEEE, and Qunzhi Zhou

Abstract—A proper tire friction model is essential to model
overall vehicle dynamics for simulation, analysis, or control pur-
poses since a ground vehicle’s motion is primarily determined
by the friction forces transferred from roads via tires. Motivated
by the developments of high-performance antilock brake systems
(ABSs), traction control, and steering systems, significant research
efforts had been put into tire/road friction modeling during the
past 40 years. In this paper, a review of recent developments and
trends in this area is presented, with attempts to provide a broad
perspective of the initiatives and multidisciplinary techniques for
related research. Different longitudinal, lateral, and integrated
tire/road friction models are examined. The associated friction-
situation monitoring and control synthesis are discussed with a
special emphasis on ABS design.

Index Terms—Antilock brake systems (ABSs), steering control,
tire/road friction identification, tire/road friction modeling.

I. INTRODUCTION

INCREASING requirements on ride safety and comfort in-
spired the concepts of intelligent vehicles (IVs) more than

20 years ago [1]–[3]. Serving as one important part of IV
research, tire/road friction modeling, online monitoring, and ad-
vanced vehicle control systems have gained significant interests
worldwide [4]–[11], [125]–[127].

Friction force at the tire/road interface is the main mechanism
for converting motor torque to longitudinal force, and is tightly
related to vehicle steering too. Analysis of tire/road friction can
provide us an insight into the understanding of vehicle dynam-
ics so as to improve ride performance [8]–[11]. Therefore, it
attracted continuous efforts in the last four decades.

The main task of tire/road friction modeling and monitor-
ing is to determine the relationship between friction forces
and longitudinal/lateral slip ratios. However, tire/road friction
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phenomenon is hard to analyze especially for the following
three reasons.

First, friction force is affected by several different factors
including tire/road-surface conditions, tire pressure, vehicle
load, and steering angle, etc. It is believed to come from
three major aspects: deformation, adhesion, and tearing/wear
[4]–[9]. The movement of a tire slider on rough surfaces results
in the deformation of rubber called asperities. The load of a
vehicle causes these asperities to penetrate the rubber. When
the rubber drapes over these asperities, it yields a resistance
force. Deformation friction provides most of the friction force,
especially when the road is wet. Adhesion is a property of the
rubber that causes it to stick to other materials. It appears to
come from two factors: one is related to the molecular bonds
between tread rubber and road; the other lies in the shearing of
the rubber just below the surface layer. The nature of the first
factor is not completely clarified [4]–[7]. However, it is believed
that these forces are highly dependent on sliding velocity and
tire surface temperature. In addition to adhesive friction and de-
formation friction, the rubber produces traction forces by means
of tearing and wear too. An appropriate tire model should be
able to represent the different effects of all these factors.

Second, the nonlinear and dynamic properties of tire/road
friction, e.g., the viscous and hysteresis phenomena, are dif-
ficult to analytically describe, while most empirical tire/road
friction formulas are hard to explain by physical laws. There-
fore, applications require a manageable tire model, in which
measurement data could be translated sensibly into tire proper-
ties and vice versa.

Third, an appropriate tire/road friction model should be
easy to employ in vehicle control systems, e.g., antilock brake
systems (ABSs) [8]–[11]. It should be able to express specific
vehicle driving behaviors in terms of tire characteristic parame-
ters, which finally contributes to the desired tire properties that
are given to tire manufacturers and vehicle designers.

In order to overcome these difficulties and improve driving
performance, numerous tire friction models had been proposed,
as well as related monitoring and control synthesis. By scanning
the previous research efforts, this paper sequentially looks into
the following topics: 1) longitudinal tire/road friction modeling;
2) lateral tire/road friction modeling; 3) integrated tire/road
friction modeling; 4) tire/road friction monitoring and control
synthesis; and 5) ABSs design.

This overview of these diverse issues aims to provide useful
perspectives for researchers who are involved in this field.
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Although it is impossible to cover hundreds of publications in
this area, the key findings and trends of research are included.
The focus is on recent literature, since good reviews already
exist on the relatively long history of the subject [8], [10], [21],
[35], [46], [103]–[105], [121].

II. LONGITUDINAL TIRE/ROAD FRICTION MODELING

A. Longitudinal Tire/Road Friction Characteristics

Literatures for longitudinal tire/road friction modeling could
be dated back to the late 1980s and early 1990s [12]–[15].
In most proposed models, the friction force is assumed to be
determined by wheel slip with regard to some other parameters.

Let us use Fx to denote longitudinal friction force and Fz to
denote the normalized force. The longitudinal tire/road friction
coefficient could be defined as

µx =
Fx

Fz
. (1)

The longitudinal wheel slip sx can be defined as

sx =
{

1 − Rω
vx

, if vx > Rω, v �= 0, braking

1 − vx

Rω , if vx < Rω,ω �= 0, driving
(2)

where R is the effective radius of the wheel, ω represents the
angular velocity, and vx represents the longitudinal velocity.

The two plots in Fig. 1, which are obtained by Harned et al.
[12], demonstrate the typical variation trends between µx and
sx under different road conditions [Fig. 1(a)], or different vehi-
cle velocities [Fig. 1(b)]. Normally, µx increases when vehicle
velocity decreases or the road surface becomes rougher.

As shown in Fig. 2, with given conditions, µx is a nonlinear
function of sx with a distinct maximum (maximum of friction
µx,max, 1 in Fig. 2). The variation relationship of µx and s can
be clearly distinguished into two parts: the steady rising part of
the µx−sx graph (3 in Fig. 2) and the local sliding part in which
µx gradually decreases to µx,glide (2 in Fig. 2). Usually, µx,glide

is notably smaller than µx,max.

B. Some Longitudinal Tire/Road Friction Models

From the theoretical aspects, different longitudinal tire/road
friction models can be classified into two types: empirical
(semiempirical) models and analytical models. The empirical
(semiempirical) models are based on curve-fitting techniques,
which usually formulate the µx−sx curve into a complex
function of µx mainly in terms of sx.

Empirical (semiempirical) models can accurately catch the
steady-state characteristics of tire/road friction phenomena
[13]–[15]. However, they cannot describe several significant
dynamic behaviors such as hysteresis. That is why they were
also called static models in some literatures. Moreover, they
lack physical interpretations, and cannot directly reflect the ef-
fects of some special factors such as humidity of the road or tire
pressure. Thus, some analytical models, especially the brush
model in [16], [17], and [22]–[37], became popular recently.

Most analytical models use differential equations to describe
tire/road friction properties. For instance, the main idea of the

brush model is to view the tire as a collection of elastic bristles
that touches the road plane and deflects in the direction parallel
to the road surface. The bristles’ compliance is added into a set
of forces and torques acting on the tire, which finally leads to
a set of differential equations. It has been proven that the brush
model can be used to interpret dynamic tire/road phenomena.
Therefore, it is also called dynamic model in some literatures.

Constrained by the length, this paper only discusses some
representative longitudinal tire/road friction models as below
(Table I).
1) Piecewise Linear Model: This is a very simple model,

where the µx−sx relationship is roughly approximated with a
piecewise linear function that passes the original point, µx,max,
and µx,glide (see Fig. 2).

Although it cannot accurately capture the nonlinear dynamic
characteristics of tire/road friction, this model still received
considerable attention due to its simplicity. A typical usage of
this model will be discussed in Section VI-A.
2) Burckhardt Model: It is a frequently mentioned tire/road

friction model that was proposed in [18]. Originally, it was
written as

µx =
(
C1

(
1 − e−C2|sx|

)
− C3|sx|

)
e−C4vx (3)

where Ci, i = 1, . . . , 4, are parameters that can be determined
by experimental data. The item e−C4vx was added to model the
difference of friction under high and low speeds.

It was shown that this model can approximately describe the
µx−sx curve with properly assigned Ci. However, because of
nonlinearity, its parameter-identification cost is relatively high.
Thus, several revised formulas from (3) were proposed. For
example, it was modified in [19] as

µx = C1e−C2|sx| · |sx|(C3|sx|+C4) · e−C5vx (4)

of which the logarithm linear formation can be written as

lnµx = C1 − C2|sx| + (C3|sx| + C4) · ln |sx| − C5vx. (5)

It is clear that model (5) is much simpler to identify than the
original model, and has similar approximation properties.
3) Rill Model: The Rill model proposed in [20] is another

semiempirical model. It is based on steady-state force/torque
characteristics of a tire together with a simple transient tire
deflection model. It calculates the slip in steady state and a
corresponding tire force with a curve fit using initial inclination
at sx = 0 and location/magnitude of µx,max and µx,glide as
parameters. The nonlinear dependence of the vertical load is
handled by an interpolation between a set of the parameters for
predefined-load cases.
4) Magic Formula: In 1980, Pacejka, in conjunction with

Volvo, developed an empirical formula in which the properties
shown above could be described in closed form [13]–[15].
It was originally written as

µx =C1 sin
(
C2 tan−1

(
C3sx − C4

(
C3sx − tan−1(C3sx)

)))
(6)

where Ci, i = 1, . . . , 4, are determined by experiments.
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Fig. 1. Typical tire/road friction profiles for (a) vehicle running on different road-surface conditions with velocity 20 mi/h; (b) vehicle running on dry asphalt
road with varied velocities [12].

This model received successive modifications in the last two
decades and has now become the most important semiempirical
tire friction model. It can now be applied to denote aspects
such as camber, vertical load, and transient behaviors. The
level of details is controlled by user modes (UMs) specified
in Table II.

This “magic formula” had been widely used in tire/road
friction simulation and control-system design [13]–[15], [21],

[109], [110]. However, it is overparameterized and thus, diffi-
cult to analyze. That is partially why the above model is called
“magic formula.”
5) Dahl Model: Dahl developed a comparatively simple

tire/road friction model in the 1970s, which is indeed a general-
ization of Coulomb friction. However, this model can produce a
smooth transition around zero velocity. The frictional hysteresis
during presliding is approximated by a generalized first-order
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Fig. 2. Diagram of steady friction and sliding.

TABLE I
SOME REPRESENTATIVE LONGITUDINAL TIRE/ROAD FRICTION MODELS

equation of the position depending only on the sign of the
velocity [22], [23].

Specifically, Dahl proposed the following equation

dF

dt
= σ0

(
1 − sgn(vr) · F

Fs

)δd

vr (7)

where σ0 denotes the initial stiffness of the contact at velocity
reversal, δd denotes a model parameter determining the shape
of the hysteresis, and vr is the relative moving speed.

The Dahl model captures many important phenomena of fric-
tion including zero slip displacement and hysteresis. The most
instructive contribution of Dahl is that he modeled the stress–
strain curve by a differential equation. However, the Dahl model

has to be improved in several aspects. For example, it does not
describe the relationship between the velocity and the friction,
and it neglects the stiction. Thus, Dahl’s dynamic-modeling
idea soon led to the birth of several other models, such as the
Bliman–Sorine model [24]–[26] and the LuGre model.
6) LuGre Model: Inspired by the technique used in the Dahl

model, Canudas de Wit et al. proposed a new model that
incorporated the idea of introducing an averaged characteristic
presliding displacement [27], [28]. Since this model was devel-
oped at the universities of Lund and Grenoble, it is then called
the LuGre model.

The LuGre model combines the merits of the Dahl model
with several other steady-state characteristics, e.g., the Stribeck
curve. However, the interpretation of the internal state has
been set upon the bristle model instead of the average random
behavior model of the asperities. From this viewpoint, tire
surfaces are considered to be very irregular at the microscopic
level and two surfaces, therefore, make contact at a number of
asperities. When tangential force is applied, the bristles will
deflect like springs, which gives rise to the friction force [see
Fig. 3(a)].

By defining a variable z to represent the average deflection
of the asperities as shown in Fig. 3(b), the LuGre model for the
tire/road friction model can be formulated as

dz
dt = vr − σ0

|vr|
g(vr)

z
vr = vx − rω
Fx =

(
σ0z + σ1

dz
dt + σ2vr

)
Fz

(8)

where σ0 is the stiffness, σ1 is a damping coefficient, and σ2 is
a proportional coefficient to the relative velocity to account for
viscous friction.

The function g(·) is positive and depends on many factors
such as material properties and temperature. For typical bearing
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TABLE II
SPECIFICATION OF THE MAGIC FORMULA UMS

Fig. 3. Bristle model. (a) Friction interface between two surfaces is thought
of as a contact between bristles. For simplicity, the bristles on the lower part are
shown as being rigid; (b) average deflection of the asperities [27].

friction, g(v) will decrease monotonically from g(v(t = 0)) so
as to model the Stribeck effect when v increases. Usually, it
is written as g(vr) = µc + (µx − µc)e−|vr/vs|1/2

, where µc is
the normalized Coulomb friction and vs is the Stribeck relative
velocity. Normally, it is assumed that µc ≤ µs ∈ [0, 1].

Since the LuGre model is still a first-order model, it is easier
to analyze than most second-order models. Its properties had
been well explored in [27]–[38], of which the most important
two are that the deflection z should be finite and the system (8)
is dissipative. Deur and Canudas de Wit et al. independently
showed that the LuGre model can be physically explained
using distributed tire models in [33]–[37]. In [92], it is further
shown that a slightly modified LuGre model can incorporate
disturbance caused by unsteady road surfaces and other rea-
sons. Because of its simplicity and convenient combination of
presliding and sliding into one equation set, the LuGre model
has become a popular model for friction compensation and
estimation after its initial presentation.

III. LATERAL TIRE/ROAD FRICTION MODELING

A. Some Lateral Tire/Road Friction Models

Lateral vehicle dynamics has been studied since the 1950s
[39], [40]. It is found that for a given tire/road friction condition

and a constant load, lateral tire force will initially increase with
slip angle and then saturate (see Fig. 4).

In the last two decades, some friction models were proposed
to handle lateral tire/road friction independently of longitudinal
friction. This kind of methods greatly simplifies the steering-
controller design problems.

Let us discuss the front-steering vehicle for instance. Sup-
posing that the vehicle is moving on a flat road surface, the
external front-steering model can be formulated as shown
in Fig. 5 [40]–[42].

Here, the reference point CG is chosen to represent the
center of gravity for the vehicle body, where vehicle velocity
v is defined. Symbols A and B denote the positions of the front
and rear tire/road interfaces, respectively. The heading angle ψ
is the angle from the guideline to the longitudinal axis of vehicle
body AB. The slide slip angle β is the angle from the longitu-
dinal axis of the vehicle body to the direction of the vehicle
velocity. δf is the front-tire steering angle and δr is the rear-tire
steering angle. Yaw rate is denoted as r. ff and fr are the front
and rear tire forces that are perpendicular to the directions of
tire movements, respectively. fw is the wind force acting on
the aerodynamic center of the side surface and lw denotes the
distance between CG and the aerodynamic center of the side
surface. lfs and lrs denote the distances from the front and
rear sensor “looking at” points to CG, respectively. yf and
yr represent the displacements from the front and rear “looking
at” points to the guideline. Other variables are given in Table III,
in which the values are set for a city bus O 305 based on an In-
ternational Federation of Automatic Control (IFAC) benchmark
example [42]. cf and cr denote the stiffness coefficients that will
be introduced in (16) and (17).
1) Linear Proportional Model: In some literatures, lateral

force is taken as linear proportional to the slip angle, in which
the proportionality constant is called the cornering stiffness.
Usually, it is written as {

Fyf = C ′
fαf

Fyr = C ′
rαr

(9)

where Fyf and Fyr are the front and rear tire forces that are
perpendicular to vehicle moving direction, C ′

f and C ′
r are the
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Fig. 4. Lateral tire force versus lateral slip angle [57].

Fig. 5. “Bicycle model” for front-steering vehicles. (a) External dynamic model; (b) internal friction model.
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TABLE III
PARAMETERS AND THEIR TYPICAL VALUES

cornering stiffness coefficients, and αf and αr are the slip
angles between the orientation of the tire and the orientation
of the velocity vector [see Fig. 5(b)].

Although it is not so accurate, this model gets used in some
online estimation cases due to its simplicity. An example will
be shown in Section V-B.
2) Nonlinear Proportional Model: To capture the saturation

property of lateral tire/road friction, several nonlinear models
were proposed [43], [44]. For instance, the nonlinear propor-
tional model in [43] was chosen as

Fyf =
[
C ′′

f

C ′′2
f

µ

C ′′3
f

µ2

]
·
[
| tanαf |−| tanαf |2

3Fz

−| tanαf |3
27F 2

z

]T

.

(10)

It has been proven in several reports, e.g., [57], that such
nonlinear proportional models can provide more accurate de-
scriptions for the lateral tire/road friction phenomena and are
still easy to identify.
3) Magic Formula: In [13]–[15], Bakker et al., and Pacejka

and Sharp developed another famous “magic formula” for
the lateral tire/road friction model. Different from the above
proportional models, it assumes that front tire force ff does not
only depend on front slip angle αf but also on vehicle slide slip
angle β, steering angle δf , and read slip angle αr; and so does
rear tire force fr.

Normally, it is written as

ff =Df sin
{
Cf tan−1

(
Bf [1 − Ef ]αf

+ Ef tan−1(Bfαf)
)}

(11)

fr =Dr sin
{
Cr tan−1

(
Br[1 − Er]αr

+ Er tan−1(Brαr)
)}

(12){
αf = β + tan−1

(
lf
v · r cosβ

) − δf

αr = β − tan−1
(

lf
v · r cosβ

) (13)

where the coefficients Bj , Cj , Dj , and Ej(j = f, r) in the
models can be calculated in practice.

The “magic formula” outperforms the above two kinds of
models in modeling accuracy, since it reflects the effect of
yaw rate r on tire-force distribution. Moreover, it can be in-
corporated into the steering model to directly describe the road-
surface condition.

Since lateral slide skipping forces ff and fr are relatively
difficult to instantly measure, some recent approaches further
establish some lateral tire/road friction models that do not
explicitly describe lateral friction force (Table IV).

B. Bicycle Model

In 1956, Segel presented a vehicle model with three degrees
of freedom to describe lateral movements including roll and
yaw [39]. If roll movement is neglected, a simple model known
as the “bicycle model” can be obtained. Now, this model is the
most frequently used model for vehicle lateral-motion studies.

Assuming that vehicle has a constant velocity, the front-
steering model can be described by the differential equations

d

dt

(
β

r

)
=

( ff+fr
mv − r

lfff−lrfr
Iz

cosβ

)
. (14)

In [45], Ono et al. analyzed the bifurcation phenomena in
(11)–(14). Approximating the nonlinearities with

cosβ ∼= 1, αf
∼= β +

lf
v
· r + δf , αr

∼= β − lf
v
· r (15)

they obtained the Jacobian matrix for d/dt
(
β
r

)
= F (β, r, δf) at

equilibrium point χ0 as

Aχ0 =

[
− c∗f +c∗r

mv −1 − lfc
∗
f −lrc

∗
r

mv2

− lfc
∗
f −lrc

∗
r

Iz
− l2f c∗f +l2r c∗r

Izv

]
(16)

where c∗f and c∗r are the tangents to slopes of front- and rear-side
force characteristics at equilibrium point χ0, respectively. The
bifurcation situation around point χ0 has been checked.

If cornering stiffness c∗f and c∗r are taken to be constant, the
linear model for the front-steering vehicle can be written as

β̇
ṙ
ψ̇
ẏf

ẏr

 =


a11 a12 0 0 0
a21 a22 0 0 0
0 1 0 0 0
v lfs v 0 0
−v −lrs v 0 0




β
r
ψ
yf

yr



+


b11 0 d1

b21 0 d2

0 −v 0
0 0 0
0 0 0


 δf

ρref

fw

 (17)

where

a11 = − (cr + cf)
m̃v

, a12 = −1 +
(crlr − cf lf)

m̃v2

a21 =
(crlr − cf lf)

Ĩz

, a22 = −
(
crl

2
r + cf l

2
f

)
Ĩzv

b11 =
cf
m̃v

, b21 =
cf lf

Ĩz

, d1 =
1

mv
, d2 =

lw
Iz

.

Here, m̃ = m/λ and Ĩz = Iz/λ are the normalized mass
and inertia, respectively, and λ is a controllable parameter to
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TABLE IV
SOME REPRESENTATIVE LATERAL TIRE/ROAD FRICTION MODELS

Fig. 6. Variation of rear and front cornering stiffness at speeds of 20, 60, and 90 km/h [46].

model road-adhesion factor with λ = 1 for a dry road and
λ = 0.5 for a wet road.

The “bicycle model” can also be viewed as a certain lat-
eral tire/road friction model, in which the friction situation
is described by two stiffness coefficients cf and cr. Based on
vehicle movement information, cf and cr can be estimated and
monitored online. Some related reports will be discussed in
Section V-D.

Cornering stiffness varies with several factors. One factor is
that it increases with tire pressure. When the car turns, the mass
transfer onto the external wheels increases tire pressure, which
can lead to notable variations in cornering stiffness. As shown
in Fig. 6, Stephant et al. showed in [46] that the variations
caused by this factor are normally less than 10% and still
tolerable for most robust steering controllers [11].

In addition, a front-steering vehicle’s unstabilization was
revealed in [45] to be caused by a saddle-node bifurcation,
which depends heavily on the rear-tire-side force saturation.
Thus, full-steering vehicles naturally outperform front-steering
vehicles in handling and stability [47]–[49].

Besides the above models, there were some other lateral tire
models proposed, e.g., [50]. However, researchers gradually
realized that integrated models that consider both longitudinal
and lateral tire/road friction can describe the friction phenom-
ena more accurately. As a result, more and more efforts are put
into integrated tire/road friction modeling recently.

IV. INTEGRATED TIRE/ROAD FRICTION MODELING

A. Integrated Tire/Road Friction Characteristics

Let us use Fy to denote lateral friction force. Then, the lateral
tire/road friction coefficient could be defined as

µy =
Fy

Fz
. (18)

Fig. 7 shows the dependence relationships of µx−sx and
µy−sy , respectively. It is clear that lateral force Fy notably
depends on side slip angle α. The larger the side slip angle is,
the smaller the lateral force gets. This property can be used in
ABS design. An example of it is discussed in Section VI.

Authorized licensed use limited to: INSTITUTE OF AUTOMATION CAS. Downloaded on June 23, 2009 at 04:20 from IEEE Xplore.  Restrictions apply.



LI et al.: INTEGRATED LONGITUDINAL AND LATERAL TIRE/ROAD FRICTION MODELING AND MONITORING 9

Fig. 7. Typical tire side slip/friction curves. (a) µx−sx; (b) µy−sx[51].

B. Empirical and Semiempirical Integrated Models

There have been several different empirical and semiempir-
ical integrated models proposed in the last 10 years [52]–[58].
Usually, these models first decompose the whole friction force
into two orthogonal parts, longitudinal and lateral force (see
Fig. 8). Then, longitudinal and lateral forces are represented as
a function in terms of µx/µy (or sx/sy) and side slip angle α.

For instance, in the Kiencke model that was proposed in [9],
the longitudinal force is written as

Fx = µ
Fz

g
[gx cos(α) − kµygy sin(α)] (19)

and the lateral force is written as

Fy = µ
Fz

g
[gx sin(α) + kµygy cos(α)] (20)

where α denotes the slip angle αf or αr, Fz is the vertical
pressure force generated by vehicle load, µ is the common
friction coefficient that is associated with sx, and gl/g and
kµtgt/g represent the longitudinal and lateral (transversal) de-
composition coefficients, respectively.

To approximate the nonlinear properties of tire/road friction,
recent empirical models have become increasingly complex,
e.g., the models proposed in [57].
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Fig. 8. Kinematics of a tire during braking and cornering. (a) Top view; (b) side view, partly from [66].

Fig. 9. Braking and cornering. (a) Bias tire [64] and (b) radial tire [65].

In some recently developed models, the forces generated by
deformation and adhesion are considered separately [66]. This
provides the possibility to analyze the nonorthogonal distri-
bution phenomena of tire force (see Fig. 9). The orthogonal
distribution of tire force indicates a quart eclipse curve as the
envelope curve shown in Fig. 9(b); however, the real curve does
not fit a quart eclipse, especially for those bias tires.

For example, a new tire-force model for both braking and
cornering was presented in [66], which is based on combining
empirical models for pure braking and cornering with brush-

model tire mechanics. The contact patch between the tire and
the road is divided into an adhesion region, where the rubber is
gripping the road, and a sliding region, where the rubber slides
on the road surface. The total force generated by the tire is then
composed of components from these two regions.

C. Analytical Integrated Models

Compared to empirical integrated models, analytical ones
received much less consideration [59]–[63], among which the
brush models are the most important approaches.

In order to explain tire/road friction phenomena when the
vehicle simultaneously makes lateral steering and longitudinal
motion, Claeys et al. extended the above two-dimensional
(2-D) LuGre-type model into a three-dimensional (3-D) model
in [60] and [61].

In the new model, wheel velocity is featured and projected
into two orthogonal components, which are denoted as vx

and vy. The microscopic bristle deflections are represented by
two components zx and zy , respectively.

For the rigid tire belt, the extended distributed model is
given by

dδzx

dt (ς, t) = vxr − σ0
|vxr|

g(vxr)
δzx

dδzy

dt (ς, t) = vyr − σ0
|vyr|

g(vyr)
δzy

Fx =
L∫
0

δFxdς =
L∫
0

(
σx0δzx + σx1

dδzx

dt + σx2vx

)
δFndς

Fy =
L∫
0

δFydς =
L∫
0

(
σy0δzy + σy1

dδzy

dt + σy2vy

)
δFndς

(21)

where

g(vxr) =µxc + (µxs − µxc)e−|
vxr
vxs |

1
2

g(vyr) =µxc + (µxs − µxc)e
−
∣∣ vyr

vys

∣∣ 1
2

.
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Fig. 10. Scheme of the tire/road friction monitor.

All the symbols above have similar meanings to those given
for the 2-D LuGre model except foot notes x and y denote
longitudinal and lateral directions, respectively.

One apparent shortcoming of this 3-D LuGre model is
its distributed formulation. Several convenient conclusions
given for the 2-D LuGre Model cannot be directly employed
into this 3-D model. Several studies were carried out to
get the approximate lumped friction model, e.g., [62], [63],
and [67]. However, all these approaches still need further
discussions.

V. TIRE/ROAD FRICTION MONITORS

A. Scheme and Sensors for Tire/Road Friction Monitors

A general scheme of the tire/road friction monitor is shown
in Fig. 10. It is obvious that correct information of vehicle
position, velocity, wheel speed, and steering angle need to be
measured before an acceptable estimation of the frictions is
obtained.

Since a vehicle is a highly complex system that is composed
of varied mechanical, electronic, and electromechanical ele-
ments, numerous sensors were designed and applied to measure
the movement information.

There are three position systems: inertial navigation system
(INS), global positioning system (GPS), and magnetic posi-

tioning system (MPS), that are used in IV projects. INS is
the first position-navigation system used worldwide, and the
corresponding techniques had been invented and applied since
World War II [68]. With the fast development of manufacturing
techniques, classic mechanical inertial position sensors have
become more and more accurate. Some useful measurement-
error handling techniques are proposed as well. However,
mechanical inertial gyroscopes consume relatively high power
and are vulnerable to damage.

Recently, a so-called “solid-state” solution was proposed
with the developing of optical theory and microchip indus-
try [69]. Such new-type INSs are realized by using discrete
integrated electronic-mechanical or electronic-optical sensors
only. Since they have no moving parts, such new-type INSs
outperform the conventional INS in many ways. Some attempts
towards on-vehicle optical INS have already been reported
in [70].

Applications of GPS for vehicle-position measurements are
reported worldwide. The current trend is to combine INS and
GPS together to achieve better performance [71], [72].

Magnetic sensing is another promising technology that has
been developed recently for the purposes of vehicle-position
measurement and guidance. By using either magnetic tapes
or magnetic markers, the vehicle position can be obtained
as well as some other useful information, e.g., vehicle slip
angle [73]–[75].
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Fig. 11. Samples of u and s computed from ABS signals on the right side of the car (a) on dry asphalt and (b) hard snow, respectively. Crosses denote
measurements and the solid line is a straight-line approximation [81].

In addition, vision sensors can also be employed to measure
motion. For example, the offset between the vehicle and curve
can be accurately obtained by using the laser sensor proposed
in [76]. However, its measurement performance is more vulner-
able to environmental disturbances, e.g., fog.

However, not all vehicle characteristics are directly mea-
sured due to high cost or some other reasons. Instead, several
special observers are used to reconstruct the needed informa-
tion. In literatures, these observers were also called virtual
sensors [46].

B. Identification of Empirical Longitudinal Friction Models

Online identification for empirical longitudinal tire/road fric-
tion models have been studied since the early 1990s [77]–[80].

In [81] and [82], Gustafsson proposed a linear regression
model for the tire/road friction status monitor, which empha-
sized the slip slope of the friction only. As shown in Fig. 11, he
considered the slippage sx to be a linear function of µx as

sx =
1
k
µx + δ (22)
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where 1/k is used to represent the slip slope and δ is used to
compensate the offset.

Apparently, this much-simplified model neglects all the dy-
namic features of tire/road friction. However, it is very easy to
put into use. Gustafsson tested this filter on a Volvo 850, and
proved that the alarm time after a change is in the order of a
second. However, as shown in Fig. 11, the estimation error is
still considerable.

There have been some other more complex identification
models. In [84], the empirical identification model is chosen as

µx = µ′
0

sx

c1s2
x + c2sx + 1

(23)

where µ′
0, c1, and c2 are parameters that need to be identified.

In [83], Muller et al. proposed the following semiempirical
model for identification

µx = 3γsx − 3γ2

µ0
s2

x

sx

|sx| +
γ3

µ2
0

s3
x (24)

where γ = 4a2bk/3Fz is a predefined coefficient, and a and b
are the length and width of the rectangle contact area. They all
need to be estimated, including µ0.

Besides the above ones, there are many other empirical/
semiempirical nonlinear estimation models proposed to ap-
proach the tire/road curve more accurately [85], [86]. However,
none of them can directly employ and describe dynamic prop-
erties of tire/road friction.

C. Observer of Analytical Longitudinal Friction Models

Different from empirical models, analytical longitudinal
tire/road friction models, which are usually described by dif-
ferential equations, require the observers to monitor friction
changes [87]–[93].

For example, Canudas de Wit and Horowitz developed an
observer for the 2-D LuGre model in [89], in which the uncer-
tainty was modeled by introducing a new parameter θ as

dz
dt = vr − θσ0

|vr|
g(vr)

z
vr = vx − rω
Fx =

(
σ0z + σ1

dz
dt + σ2vr

)
Fxn

(25)

where different road-adhesion coefficients can be represented
by different θ’s. Thus, the problem of monitoring tire/road fric-
tion can be reformulated as the online estimation problem of θ.

The vehicle dynamics can be written as{
Fx = mv̇x

4
Jω̇ = −rFx + u

(26)

where r is the inertia and radius of the wheel and u denotes the
accelerating or braking torque.

Combining (24) and (25), Canudas de Wit et al. introduced
the following transformation as{

η = rmv + Jω
χ = Jω + rFnσ1z

(27)

and the output was chosen as ξ = (1/J)[ς2 − rFnσ1ς3] = ω.

Thus, the longitudinal vehicle dynamic model is written as

 ς̇ = Ãς + B̃ [θϕ(ξ, u, ς)] + R̃u + Ẽξ
θ̇ = 0
ξ = C̃ς

(28)

where ς = [η χ z]T are the transformed state variables, and
Ã, B̃, C̃, and Ẽ are the corresponding matrices.

Notice that there exists a function q(·) for the LuGre model,
in which ∣∣∣ϕ(ξ̂, u, ς̂)

∣∣∣ ≤ q(ς̂) ≤ qmax

the following observer was proposed in [81]


˙̂ς = Ãς̂ + B̃

[
θ̂ϕ(ξ̂, u, ς̂)

]
+ Ẽu + K̃(ξ − ξ̂) + B̃η

θ̂ = γϕ(ς̂)ξ̂
ξ̂ = C̃ς̂

(29)

where η = 2θ̂max(qmax + q(‖ς̂‖2))sgn(ξ̂).
It was proven in [89]–[91] that θ can be correctly estimated

using (29) if the wheel angular velocity ω can be measured.
A typical simulation result is shown in Fig. 12, where θ is
varied from 1 to 4 to mimic different road-surface conditions.
It was further shown in [92] that this method can be extended
to build a fault-detection observer with respect to disturbance
caused by unsteady road surface or unavoidable vehicle vertical
vibration.

D. Identification of Empirical Lateral Friction Models

There are several discussions on empirical lateral tire/road
friction identification [57], [94]–[102].

In [95], lateral tire friction forces were estimated using the
simple cornering stiffness model as{

C ′
f = Fyf

αf

C ′
r = Fyr

αr

(30)

where the lateral forces are calculated as

{
mv̇y = Fyf + Fyr cos(δf)
Izψ̈ = lfFyf − lrFyr cos(δf)

(31)

and the side slip angles are tracked using GPS signals as

φ = tan−1
(

vy

vx

)
αf = φ− δf

αr = φ

. (32)

In [97], Sienel proposed a recursive derivation formula of the
lateral friction coefficients in terms of previous measurement
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Fig. 12. Estimation result of varied θ [89].

for rotation and lateral acceleration, where αf is tracked as

α̇f = δ̇f − αf

v
+ r. (33)

At sampling time i, C ′
f,i is estimated as

C ′
f,i =

{
m · lr

lf+lr
· α̇f,i

δ̇f−αf
v +r

, for
∣∣∣δ̇f,i − αf,i

vi
+ ri

∣∣∣ > ε

C ′
f,i−1, else.

(34)

Apparently, it requires the measurement of yaw rate r addi-
tionally with respect to the above method.

In [98], the cornering stiffness coefficients are estimated byC ′
f = C ′

f0

(
1 − v̇

µfg

)
C ′

r = C ′
r0

(
1 − v̇

µrg

) (35)

where µf and µr are the common adhesion coefficients, and C ′
f0

and C ′
r0 are the bound values.

There were also some integrated estimation models that
had been proposed. In [99] and [100], Ray used extended
Kalman–Bucy filtering and Bayesian hypothesis selection to
estimate motion, tire forces, and tire/road friction coefficient on
asphalt surface. It requires no a priori knowledge of friction
coefficients and does not require a tire-force model. It first
estimates tire friction based on measurement of vehicle motion
and then determines friction. Similar methods are also reported
in [101] and [102].

VI. TIRE/ROAD FRICTION MODELS AND ABS DESIGN

ABS for commercial vehicles first appeared on the market in
the 1960s and began its fast growth in the 1970s with the emer-
gence of computers and electronics technologies [103]–[106].

Now, ABS has been recognized as an important contribution
to road safety. It is available in almost all types of modern
vehicles.

The advantage of ABS can be clearly seen when comparing
the emergency braking situation of vehicles with and without
ABS. When the driver wants to reduce the speed of the vehicle,
the wheels of the vehicle without ABS will lock and the vehicle
will start sliding, which leads to some undesirable effects. One
reason is that the tire wear will not be equally distributed over
the whole tire. Another is that the vehicle becomes unsteerable
as soon as the wheels lock. This might be quite dangerous in
the case when the driver wants to avoid an obstacle during the
braking maneuver. In a vehicle with ABS, sensors can monitor
the rotation of the wheels and reduced the brake pressure
if the wheels are locked. Thus, the wheels are still rolling
and steerable, and a high tire/road friction is simultaneously
achieved.

A general scheme of ABS is shown in Fig. 13. In the past
40 years, a great number of ABSs based on varied tire/road
friction models have been proposed.

A. ABS Based on Longitudinal Tire/Road Friction Models

There have been several approaches based on piecewise
linear tire/road friction models [107], [108]. For instance, in
[107], Schinkel and Hunt designed an ABS by approximating
µx(sx) with piecewise linear functions{

µx = asx, sx ≤ 0.1
µx = − 1

4sx + 3
4 ± 0.2, sx > 0.1 (36)

where a was chosen as a ∈ [5.75, 9.75]. The notation ±0.2
means that any arbitrary unfixed value should lie in the bound-
ary interval (−0.2, 0.2).
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Fig. 13. Scheme of ABS.

They formulated the quarter car braking model as{
ṡx = − 1

vx

[
1
m (1 − sx) + r2

J

]
Fzµ(sx) + 1

vx

r
J Tb

v̇ = − 1
mFzµ(sx)

. (37)

They proved that a sliding-mode controller

ṡ = −r2Fzµx(sx)
vxJ

+
1
vx

r

J
Tb + Ke (38)

can guarantee the stability of the error system e = λ− λd, with
the sliding surface chosen as s = ((d/dt) + K)

∫ t

0 edτ .
Here, Tb is determined as
T̂b = 10rFzλ + vJ

r Ke, sx ≤ 0.08
T̂b = − sKp+Ki

s e, 0.08 ≤ sx ≤ 0.12
T̂b =

(− 1
4λ + 3

4 − 0.2
)
rFz − vJ

r Ke, sx > 0.12.
(39)

Some recent approaches applied more accurate empirical
models in ABS design [19]. For example, the “magic formula”
was used in [109] and [110]. The major drawback of such
static analysis is based on the assumption that the friction force
between the tire and the ground can be accurately described as a

static relation in terms of the slip coefficient. However, it is well
known that transient phenomena are quite important for ABS.

In [90] and [91], a control scheme utilizing the LuGre
dynamic friction model to estimate the tire/road friction for
emergency braking of vehicles is designed. The control-system
output is the pressure to the braking system, and is calculated
using only the wheel angular speed. The controller utilizes
estimated state feedback control to achieve near-maximum
deceleration. The state observer gain is calculated by using
linear matrix inequality (LMI) techniques. It is proven that it
outperforms similar optimal control based on the static model
given in [109].

Moreover, as pointed out in [109], the static-friction ap-
proach also requires a priori knowledge of the maximum fric-
tion force and the corresponding optimal slip, which may not be
readily known in a realistic environment of changing road and
tire conditions. This drawback can be avoided by implement-
ing the optimal strategy via an “extremum-seeking” control
scheme, such as the methods proposed in [111] and [112].

B. ABS Based on Integrated Tire/Road Friction Models

The phenomenon shown Fig. 7(b) inspires a motivation for
ABS brakes, since avoiding high longitudinal slip values will
maintain high steerability and lateral stability of the vehicle
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during braking. Achieving this by manual control is difficult,
because the slip dynamics are fast and open-loop unstable when
operating at wheel slip values to the right of any peak of the
friction curve. We expect that a reasonable tradeoff between
high longitudinal friction Fx and lateral friction Fy is achieved
under all road conditions for longitudinal slip sx close to its
peak value on the longitudinal slip curve.

There have been some attempts in this direction using empir-
ical models, e.g., [51], [113], and [114]. For example, in [51],
the above ABS control model (37) was modified as

{
ṡx = − 1

vx

[
1
m (1 − sx) + r2

J

]
Fzµ(sx, α) + 1

vx

r
J Tb

v̇ = − 1
mFzµ(sx, α)

(40)

which address the effects of side slip angle α.
However, the system dynamics become quite complex after

considering α, and further efforts need to be carried out.

VII. CONCLUDING REMARKS

The recent trend of research on developments of tire/road
friction modeling and related control techniques is reviewed in
this paper. It sequentially studies the previous research efforts
in longitudinal/lateral/integrated tire/road friction modeling and
discusses their applications in recent vehicle traction, steering,
and braking controller/observer designs.

However, some important contents were left untouched in
this paper due to space limitations. For instance:

1) The tire/road friction-estimation methods based on torque
converter/powertrain models [115], [116] are not dis-
cussed here. For instance, the force axis of the slip curve
was estimated from an observer based on the model of the
torque converter in [115].

2) Some novel tire/road modeling methods, which uses
neural networks or some other techniques to “learn” the
nonlinear characteristics of friction phenomena, are not
mentioned in this paper [117]. Additionally, the algo-
rithms for tire/road friction-model parameter identifica-
tion [118], [119], such as the identification algorithm
using genetic algorithms (GAs) that were proposed in
[119], are not discussed here either.

3) In this paper, it is assumed that the vehicles are moving
on a flat surface and their vertical-position changes are
neglected. However, this simplification may yield notable
errors in some cases. The methods that were developed to
deal with such situations, e.g., [120], are not examined.

4) In this paper, the tire/road friction force is indirectly
measured via the resulting vehicle motion. It uses the tire
as a “virtual” sensor, as what was summarized in [121].
Recently, some novel tire sensors, e.g., surface acoustic
wave (SAW) sensors [122], [123], were proposed to
directly measure tire deformation and temperature [124],
and therefore determine tire/road friction force. How to
employ these “real” sensors in tire/road friction model-
ing, monitoring, and control issues is expected to become
a hot topic of this field in the near future.
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