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Abstract

In this paper, the problem of designing observer for a class of uncertain neutral sys-
tems. The uncertainties are parametric and norm-bounded. Both robust observation
and robust H1 observation methods are developed by using linear state-delayed
observers. In case of robust observation, sufficient conditions are established for asymp-
totic stability of the system, which is independent of time delay. The results are then
extended to robust H1 observation which renders the augmented system asymptoti-
cally stable independent of delay with a guaranteed performance measure. Furthermore,
a memoryless state-estimate feedback is designed to stabilize the closed-loop neutral
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system. In all cases, the gain matrices are determined by linear matrix inequality
approach. Two numerical examples are presented to illustrate the validity of the theo-
retical results.
� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

As is well known, dynamical models of many physical and engineering sys-
tems incorporate time-delay factors, see for example, [11,13]. When using
these models in the analysis and control design, there have been three basic
approaches [1,20]: (1) using infinite-dimensional systems theory by embedding
the class of time-delay systems into a larger class of dynamical systems for
which the state evolution is described by appropriate operators in infi-
nite-dimensional spaces; (2) applying algebraic systems theory in which the
evolution of delay-differential systems is provided in terms of linear systems
over rings and (3) employing functional differential systems (FDS) by incor-
porating the influence of the hereditary effects of system dynamics on the
change rate of the system and in this regards, it provides an appropriate
mathematical structure. On the other hand, robust observation (or estima-
tion) [5,26,9,28,30] is concerned with the state reconstruction when the plant
model has uncertain parameters and is described by ordinary differential
equations (ODE) or equivalent representation. Following the third approach
based on FDS, results on estimating the state of uncertain system with state-
delay are developed in [18] and related work can be found in [21]. An integral
part of FDS [11–13,32] is the class of neutral-type systems which can be found
in several applications including, but not limited to, chemical reactor, rolling
mill, infeed grinding, lossless transmission lines and hydraulic systems. Stabil-
ity analysis and feedback stabilization for neutral FDS have been studied in
[16,27] and other related work was reported in [20]. Recently H1 control
has been developed in [19] for a class of linear neutral systems with para-
metric uncertainties.

On another research front line, there are a wide class of systems having a
variable structure subject to random changes which may result from abrupt
phenomena such as component and interconnection failures, parameters
shifting, tracking and/or variation in the time frame of measurements. Sys-
tems with this character may be modelled as hybrid ones; that is, the state
space of the system contains both discrete and continuous states and is fre-
quently termed jumping systems. Results on the stability and control of linear
jumping systems can be found in [3,7,25,14,33,4,2,31,23,24] and the references
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therein. This paper build upon [20,19] and extends their results further by
considering the state observation and stabilization problems for a class of lin-
ear neutral systems with norm-bounded uncertainties. Note that the motiva-
tion to investigate this kind of system is that some control systems depend
not only on state delays but also on derivatives of delayed states, and this
class of systems is referred as neutral delay systems. The system we studied
in this paper is an extension of the standard neutral systems with jumps. Ini-
tially, we address both problems of robust state observation and robust H1
observation and employ a new linear state-delayed observer such that the
asymptotic stability of the combined neutral system and the proposed obser-
ver is guaranteed for all admissible uncertainties. The main tool for solving
the foregoing problems is the linear matrix inequality (LMI) approach. In
this regard, it has been established that the solution of robust is expressed
in terms of two LMIs involving scaling parameters. Looked at in this light,
the developed methods provide new results which in some sense are the dual
of [19]. Then, the robust stabilization problem is considered by designing
memoryless state-estimate feedback such the asymptotic stability of the
closed-loop stability is guaranteed. The analytical developments of this work
are organized into theorems whereby the results are presented in a systematic
and gradual build-up. Finally, two numerical examples are presented to illus-
trate the validity of the theoretical results. It should be mentioned that in
fact, our paper deals with a class of neutral systems with uncertainties and
jumping parameters using the difference operator approach. The method of
analysis is systematic and the developed results are new and delay-indepen-
dent. There is a wide-class systems, such as fault-tolerant systems, satisfying
these features.

1.1. Notations and facts

The notation in this paper is fairly standard. We use Wt, W�1, k(W)
and kWk to denote, respectively, the transpose, the inverse, the eigenvalues
and the induced norm of any square matrix W. We use W > 0 (P, <, 6 0)
to denote a symmetric positive definite (positive semidefinite, negative, nega-
tive semidefinite) matrix W with km(W) and kM(W) being the minimum and
maximum eigenvalues of W and I denote the n · n identity matrix. The open
left half of the complex plane is represented by C�. The Lebesgue space
L2½0;1Þ consists of square-integrable functions on the interval [0,1). Let
Cn;s ¼ Cð½�s; 0�;RnÞ denote the Banach space of continuous vector functions
mapping the interval [�s, 0] into Rn with the topology of uniform conver-
gence and equipped with the norm kxk� , sup�s6h60kxk where kÆk is the
Euclidean norm and s > 0 is termed the delay factor. Sometimes, the argu-
ments of a function will be omitted in the analysis when no confusion can
arise.
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Fact 1 (Schur Complement). Given constant matrices X1, X2, X3 where
0 < X1 ¼ Xt

1 and 0 < X2 ¼ Xt
2 then X1 þ Xt

3X
�1
2 X3 < 0 if and only if

X1 Xt
3

X3 �X2

� �
< 0 or

�X2 X3

Xt
3 X1

� �
< 0.
Fact 2. Given any real matrices R1, R2, R3 with appropriate dimensions, such
that 0 < R3 ¼ Rt

3 the following inequality holds:

Rt
1R2 þ Rt

2R1 6 Rt
1R3R1 þ Rt

2R
�1
3 R2.
Fact 3. Let R1, R2, R3 and 0 < R = Rt be real constant matrices of compatible
dimensions and H(t) be a real matrix function satisfying Ht(t)H(t) 6 I. Then
for any q > 0 satisfying qRt

2R2 < R, the following matrix inequality holds:

ðR3 þ R1HðtÞR2ÞR�1ðRt
3 þ Rt

2H tðtÞRt
1Þ 6 q�1R1R

t
1 þ R3 R� qRt

2R2

� ��1
Rt

3.
2. Class of neutral jumping systems

2.1. Model description

Given a probability space ðX;F;PÞ where X is the sample space, F is the
algebra of events and P is the probability measure defined on F. Let the ran-
dom process fgt; t 2 ½0;T�g be a homogeneous, finite-state Markovian process
with right continuous trajectories and taking values in a finite set S ¼
f1; 2; . . . ; sg with generator I ¼ ðpijÞ, i; j 2S with transition probability from
mode i at time t to mode j at time t + d, i; j 2 S:

pij ¼ Prðgtþd ¼ jjgt ¼ iÞ ¼
aijdþ oðdÞ; if i 6¼ j;

1þ aijdþ oðdÞ; if i ¼ j

(
ð2:1Þ

with transition probability rates aij P 0 for i; j 2S, i 5 j and

aii ¼ �
Xs

m¼1;m6¼i

aim; ð2:2Þ

where d > 0 and limd#0o(d)/d = 0. The set S comprises the various operational
modes of the system under study.

We consider a class of stochastic uncertain neutral systems with Markovian
jump parameters described over the space ðX;F;PÞ by
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ðRDnÞ Mð _xtÞ, _xðtÞ�BðgtÞ _xðt� sÞ
¼ ½AoðgtÞþDAoðt;gtÞ�xðtÞþ ½AdðgtÞþDAdðt;gtÞ�xðt� sÞþNðgtÞwðtÞ
¼ADoðt;gtÞxðtÞþADdðt;gtÞxðt� sÞþNðgtÞwðtÞ; ð2:3Þ

xðgÞ¼/ðgÞ 2Cð½�s;0�;RnÞ; 8g2 ½�s;0�; ð2:4Þ
yðtÞ¼ ½CoðgtÞþDCoðt;gtÞ�xðtÞþ ½CdðgtÞþDCdðt;gtÞ�xðt� sÞþMðgtÞwðtÞ
¼CDoðt;gtÞxðtÞþCDdðt;gtÞxðt� sÞþMðgtÞwðtÞ; ð2:5Þ

zðtÞ¼ LðgtÞxðtÞ; ð2:6Þ

where xðtÞ 2 Rn is the system state, yðtÞ 2 Rm is the measurement output,
zðtÞ 2 Rp is the controlled output, wðtÞ 2L2½0;1Þ is the disturbance input,
zðtÞ 2 Rr is the controlled output which belongs to L2½ðX;F;PÞ; ½0;1Þ� and
the factor s > 0 is a constant scalar representing the amount of time-lag
in the state. Frequently the term MðxtÞ : C½�s; 0� ! Rn

,xðtÞ � Bxðt � sÞ is
called the difference operator and it offers a fundamental role in the analytical
development throughout the paper.

For each possible value gt = i, i 2 S, we will denote the system matrices of
(RDn) associated with mode i by

AoðgtÞ,AoðiÞ; AdðgtÞ,AdðiÞ; NðgtÞ,NðiÞ;
CoðgtÞ,CoðiÞ; CdðgtÞ,CdðiÞ; MðgtÞ,MðiÞ; BðgtÞ,BðiÞ;

ð2:7Þ

where AoðiÞ 2 Rn�n, AdðiÞ 2 Rn�n, BðiÞ 2 Rn�n, CoðiÞ 2 Rm�n, CdðiÞ 2 Rm�n,
NðiÞ 2 Rn�r, MðiÞ 2 Rm�r and LðiÞ 2 Rp�n are known real constant matrices.
Ao(i), Ad(i), Co(i), Cd(i), B(i), N(i) and M(i) are known real constant matrices
of appropriate dimensions which describe the nominal system of (RDn). The
matrices DAo(t,gt), DAd(t,gt), DCo(t,gt) and DCd(t,gt) are real, time-varying
matrix functions representing the norm-bounded parameter uncertainties.
For gt = i, the admissible uncertainties are represented by

DAoðt; iÞ DAdðt; iÞ
DCoðt; iÞ DCdðt; iÞ

� �
¼

HaðiÞ
HcðiÞ

� �
DðtÞ½EoðiÞ EdðiÞ �; 8DtðtÞDðtÞ6 I ; 8t

ð2:8Þ
where H aðiÞ 2 Rn�a, HcðiÞ 2 Rp�a, EoðiÞ 2 Rb�n and EdðiÞ 2 Rb�n, are known
real constant matrices and DðtÞ 2 Ra�b is an unknown matrix with Lebesgue
measurable elements. The initial condition is specified as bo , hx(0),x(s)i =
hxo,/(s)i, where /ð�Þ 2L2½�s; 0�.

In the absence of uncertainties (D(Æ) � 0) and for each possible value gt = i,
i 2S, we obtain the nominal neutral system

ðRnÞ Mð _xtÞ, _xðtÞ�BðiÞ _xðt� sÞ¼AoðiÞxðtÞþAdðiÞxðt� sÞþNðiÞwðtÞ;
ð2:9Þ

xðgÞ¼/ðgÞ 2Cð½�s;0�;RnÞ; 8g2 ½�s;0�; ð2:10Þ
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yðtÞ¼CoðiÞxðtÞþCdðiÞxðt� sÞþMðiÞwðtÞ; ð2:11Þ
zðtÞ¼ LðiÞxðtÞ. ð2:12Þ

The following assumptions on systems (RDn) and (Rn) are recalled:

Assumption 2.1. kðAoðiÞÞ 2 C�, i 2 S.
Assumption 2.2. jk(B(i))j < 1, det[B(i)] 5 0, i 2S.
Remark 2.1. Note that system (2.3)–(2.6) is a hybrid system in which one state
x(t) takes values continuously, and another ‘‘state’’ g(t) takes values discretely.
Being continuous in time and represents a wide class of physical systems thus
Assumption 2.1 is quite standard. On the other hand, Assumption 2.2 provides
a sufficient condition on the eigenspectrum in the discrete space and its major
role will be clarified in the sequel. An alternative interpretation of Assumption
2.2 is that the difference operator MðxtÞ is delay-independently stable. The
kind of systems (2.3)–(2.6) can be used to represent many important physical
systems subject to random failures and structure changes, such as electric
power systems [34], control systems of a solar thermal central receiver, commu-
nications systems, aircraft flight control, and manufacturing systems
[3,25,14,33,6,8].

Our primary objective in this paper is to design robust state and robust H1
observers for the neutral system (RDn) with some desirable stability behavior
and then extend these designs to the neutral system (Rn). Towards our goal,
we let X(t,bo,go) denote the trajectory of the state x(t) from the initial state
(bo,go) and recall the following definition:

Definition 2.1. System RDn is said to be robustly stochastically stable
independent of delay (RSSID) if for all finite initial vector function
/ð�Þ 2L2½�s; 0� defined on the interval [�s, 0] and initial mode go 2 SZ 1

0

E kXðt; b0; goÞk
2

n o
dt

� �
< þ1 ð2:13Þ

for all admissible uncertainties satisfying (2.8).
3. Robust observers

In the sequel, to derive the state estimate x̂ 2 Rn we will utilize the following
linear Markovian state-delayed observer for each possible value gt = i, i 2 S
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ðReÞ Mð _̂xtÞ, _̂xðtÞ�B _̂xðt�sÞ¼Af ðiÞx̂ðtÞþAdðiÞx̂ðt�sÞþKf ðiÞyðtÞ; x̂ð0Þ¼0;

ẑðtÞ¼LðiÞx̂ðtÞ; ð3:1Þ

where Af ðiÞ 2 Rn�n, Kf ðiÞ 2 Rn�m, i 2S are the observer matrix gains to be de-
signed such that x̂ reproduce x asymptotically for all admissible uncertainties
satisfying (2.8).

3.1. The augmented system

Let the state error be

~x,xðtÞ � x̂ðtÞ. ð3:2Þ
From (2.3)–(2.5), (3.1) and (3.2), the state error dynamics can be represented by

ðRDeÞ Mð _~xtÞ, _~xðtÞ � BðiÞ _~xðt � sÞ ¼ Af ðiÞ~xðtÞ þ AdðiÞ~xðt � sÞ
þ ½AoðiÞ � Kf ðiÞCoðiÞ � Af ðiÞ�xðtÞ þ ½DAoðt; iÞ � Kf ðiÞDCoðt; iÞ�xðtÞ
� Kf ðiÞ½CdðiÞ þ DCdðt; iÞ�xðt � sÞ þ ½NðiÞ � Kf ðiÞMðiÞ�wðtÞ. ð3:3Þ

A state-space augmented model of the observation error, ~zðtÞ ¼ zðtÞ � ẑðtÞ, can
then be constructed in terms of the augmented state vector and the extended
matrix BðiÞ for each possible value gt = i, i 2S

fðtÞ,
~xðtÞ
xðtÞ

� �
; BðiÞ ¼

BðiÞ 0

0 BðiÞ

� �
ð3:4Þ

by using (2.3)–(2.6), (3.3) and (3.4) as follows:

ðRDAÞ Mð _ftÞ, _fðtÞ � BðiÞ _fðt � sÞ
¼ADoðt; iÞfðtÞ þDDoðt; iÞfðt � sÞ þ BðiÞwðtÞ; ð3:5Þ

~zðtÞ ¼ Lf ðiÞfðtÞ; ð3:6Þ

where

ADoðt; iÞ¼ ½AðiÞþHAðiÞDðt; iÞEAðiÞ�; DDoðt; iÞ¼ ½DðiÞþH DðiÞDðt; iÞEDðiÞ�;

Lf ðiÞ¼ ½LðiÞ 0 �; AðiÞ¼
Af ðiÞ AoðiÞ�Kf ðiÞCoðiÞ�Af ðiÞ

0 AoðiÞ

� �
;

fðt� sÞ¼
~xðt� sÞ
xðt� sÞ

� �
; EAðiÞ¼ ½0 EaðiÞ �; EDðiÞ¼ ½0 EdðiÞ �; ð3:7Þ

DðiÞ¼
AdðiÞ �Kf ðiÞCdðiÞ

0 AdðiÞ

� �
; BðiÞ¼

NðiÞ�Kf ðiÞMðiÞ
NðiÞ

� �
; ð3:8Þ

H A¼
HaðiÞ�Kf ðiÞHcðiÞ

H aðiÞ

� �
; H DðiÞ¼

�Kf ðiÞHcðiÞ
HcðiÞ

� �
. ð3:9Þ
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Had we followed another route and combined systems (Rn) and (Re), we would
have obtained the nominal augmented system

ðRAÞ Mð _ftÞ, _fðtÞ � BðiÞ _fðt � sÞ ¼ AðiÞfðtÞ þ DðiÞfðt � sÞ þ BðiÞwðtÞ;
ð3:10Þ

~zðtÞ ¼ Lf ðiÞfðtÞ. ð3:11Þ
Remark 3.1. It should be stressed that system (RDA) describes a linear
uncertain jumping system of neutral-type the nominal version of which is
represented by systems (RA). The matrices of both systems depend on the gains
Af(i), Kf(i), i 2S.
3.2. Stability analysis

The following theorems establish that the stability behavior of system
(RDA) or (RA) is related to the existence of a positive definite solution of linear
matrix inequalities thereby providing a clear key to designing the state
observers.

Theorem 3.1. Given gain matrices Af(i), Kf(i), i 2 S and subject to Assumptions

2.1 and 2.2, system (RDA) with w � 0 is (RSSID) if for given matrices

0 < LðiÞ ¼ LtðiÞ 2 R2n�2n, i 2S, and letting

LðiÞ ¼ LðiÞ � n�1ðiÞ
Xs

m¼1

aimLðmÞ; bLðiÞ ¼ LðiÞ þ nðiÞ
Xs

m¼1

aimLðmÞ;

i 2S

for some scalars n(i) > 0, i 2S, there exist matrices 0 < PðiÞ ¼ PtðiÞ 2 R2n�2n,

i 2S and scalars e(i) > 0, .(i) > 0, i 2 S satisfying the following linear matrix

inequalities (LMIs):

� t KaðiÞ KnðiÞ

Kt
aðiÞ �UaðiÞ 0

Kt
nðiÞ 0 �HaðiÞ

2664
3775 < 0; i 2 S; ð3:12Þ

�LðiÞ BtðiÞbLðiÞ E
t

DðiÞ eðiÞBtðiÞEt

AðiÞbLðiÞBðiÞ bLðiÞ 0 0

EDðiÞ 0 �I 0

eðiÞEAðiÞBðiÞ 0 0 �eðiÞI

26666664

37777775 < 0; i 2S; ð3:13Þ
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� t ¼PðiÞAðiÞþAtðiÞPðiÞþ bLðiÞþXs

m¼1

aimPðmÞþ .ðiÞEt

AðiÞEAðiÞ;

Ka ¼ PðiÞHAðiÞ PðiÞHAðiÞ PðiÞH DðiÞ
� 	

; Ua ¼ diag .ðiÞI eðiÞI eðiÞI½ �;

Ha ¼ LðiÞ�BtðiÞbLðiÞBðiÞ� eðiÞ BtðiÞEt

AðiÞEAðiÞBðiÞþE
t

DðiÞEDðiÞ

 �

;

KnðiÞ ¼PðiÞ½AðiÞBðiÞþDðiÞ�þ bLðiÞBðiÞ ð3:14Þ

for all admissible uncertainties satisfying (2.8).
Proof. For gt = i, i 2S and given 0 < LðiÞ ¼ LtðiÞ, let the Lyapunov func-
tional V ð�Þ : Rn � Rþ �S! Rþ be selected as

V ðt; f; gt ¼ iÞ,V ðt; f; iÞ

¼MtðftÞPðiÞMðftÞ þ
Z 0

�s
ftðt þ hÞLðiÞfðt þ hÞdh. ð3:15Þ

The weak infinitesimal operator If
a½�� of the process {f(t),gt, t P 0} for system

(3.5) at the point {t,f,gt} is given by [15]

If
a½V � ¼

oV
ot
þMtð _ftÞðtÞ

oV
of

����
gt¼i

þ
Xs

m¼1

aimV ðt; f; i;mÞ. ð3:16Þ

Using (3.5) into Eqs. (3.15) and (3.16) and manipulating the terms we get

If
a½V � ¼MtðftÞPðiÞ½ADoðt; iÞfðtÞ þDDoðt; iÞfðt � sÞ�

þ ½ADoðt; iÞfðtÞ þDDoðt; iÞfðt � sÞ�tPMðftÞ þMtðftÞ

�
Xs

m¼1

aimPðmÞMðftÞ þ ftðtÞLðiÞfðtÞ � ftðt � sÞLðiÞfðt � sÞ

þ
Xs

m¼1

aim

Z 0

�s
ftðt þ hÞLðmÞfðt þ hÞdh

6MtðftÞPðiÞ½ADoðt; iÞfðtÞ þDDoðt; iÞfðt � sÞ�

þ ½ADoðt; iÞfðtÞ þDDoðt; iÞfðt � sÞ�tPðiÞMðftÞ þMtðftÞ

�
Xs

m¼1

aimPðmÞMðftÞ þ ftðtÞbLðiÞfðtÞ � ftðt � sÞLðiÞfðt � sÞ;

ð3:17Þ

where LðiÞ > 0, i 2S by selection of nðiÞ, i 2S. Applying the argument of
‘‘completing the squares’’ and over-bounding the result, it yields
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If
a½V �6MtðftÞ PðiÞADoðt; iÞþAt

Doðt;iÞPþbLðiÞþXs

m¼1

aimPðmÞ
" #

MðftÞ

þMtðftÞ PðiÞADoðt; iÞBðiÞþbLðiÞBðiÞþPðiÞDDoðt; iÞ

 �

fðt�sÞ

þftðt�sÞ PðiÞADoðt;iÞBðiÞþbLðiÞBðiÞþPðiÞDDoðt; iÞ

 �t

MðftÞ

�ftðt�sÞ LðiÞ�BtðiÞbLðiÞBðiÞh i
fðt�sÞ

6MtðftÞ PðiÞADoðt; iÞþAt
Doðt;iÞPðiÞþbLðiÞþXs

m¼1

aimPðmÞ
"

þ PðiÞADoðt; iÞBðiÞþbLðiÞBðiÞþPðiÞDDoðt;iÞ

 �

L�BtðiÞbLðiÞBðiÞh i�1

� PðiÞADoðt; iÞBðiÞþbLðiÞBðiÞþPðiÞDDoðt;iÞ

 �t

#
MðftÞ

� ftðt�sÞ�MtðftÞ PðiÞADoðt;iÞBðiÞþbLðiÞBðiÞþPðiÞDDoðt;iÞ

 �h i

� LðiÞ�BtðiÞbLðiÞBðiÞh i�1

fðt�sÞ�ðPðiÞADoðt;iÞBðiÞþbLðiÞBðiÞh
þPðiÞDDoðt; iÞÞtMðftÞ

i
6MtðftÞ PðiÞADoðt;iÞþAt

Doðt; iÞPðiÞþbLðiÞ�
þ
Xs

m¼1

aimPðmÞþ PðiÞADoðt;iÞBðiÞþbLðiÞBðiÞþPðiÞDDoðt;iÞ

 �

� L�BtðiÞbLðiÞBðiÞh i�1

PðiÞADoðt; iÞBðiÞþbLðiÞBðiÞþPðiÞDDoðt;iÞ

 �t

�
MðftÞ.

ð3:18Þ
Using Facts 2 and 3, it follows from (3.18) for some scalars e(i) > 0, .(i) > 0,

i 2S that:

If
a½V � 6MtðftÞ PðiÞAðiÞ þ AtðiÞPðiÞ þ bLðiÞ þXs

m¼1

aimPðmÞ
(

þ .�1ðiÞPðiÞH AðiÞH
t

AðiÞPðiÞ þ .ðiÞEt

AðiÞEAðiÞ

þ e�1ðiÞPðiÞ HAðiÞH
t

AðiÞ þ H DðiÞH
t

DðiÞ
h i

PðiÞ

þ PðiÞ½AðiÞBðiÞ þ DðiÞ� þ bLðiÞBðiÞ
 �
� L� BtðiÞbLðiÞBðiÞ � eðiÞ E

t

AðiÞEAðiÞ þ E
t

DðiÞEDðiÞ

 �h i�1

� PðiÞ½AðiÞBðiÞ þ DðiÞ� þ bLðiÞBðiÞ
 �t
)
MðftÞ,MtðftÞPðiÞMðftÞ.

ð3:19Þ
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By the Schur complements, inequality (3.19) is equivalent to LMIs (3.12)
and (3.13) from which we conclude that for all admissible uncertainties satisfy-
ing (2.8) If

a½V � < 0 for all f 5 0 and If
a½V � 6 0 for all f.

Since kx(t + b)k 6 ukx(t)k, "b 2 [�s, 0] and some u > 0 [17], it follows from
(3.15) that

V ðt; f; iÞ 6MtðftÞPðiÞMðftÞ þ lkfk2
;

l ¼ us max
i

kM½PðiÞ� þ kM½LðiÞ�
 �

.

Therefore, for all f 5 0, we have

Ix
a½V �

V ðt; f; iÞ 6
MtðftÞPðiÞMðftÞ
MtðftÞPðiÞMðftÞ

6 �r, �min
i2S

km½�PðiÞ�
kM½PðiÞ�

� �
. ð3:20Þ

It is readily seen from (3.20) that r > 0 and hence we get If
a½V � 6 �rV ðt; f; iÞ.

Then, it follows from [15], by using the Gronwall–Bellman lemma [20] and let-
ting x(t = 0,/, i) = xo, that

E½V ðt; f; iÞj/; go� 6 e�rtV ðt; fo; goÞ ð3:21Þ
Therefore

E½V ðt; f; iÞj/;go� ¼ E MtðftÞPðiÞMðftÞ þ
Z 0

�s
ftðtþ hÞLðiÞfðtþ hÞdhj/;go

� �
¼ E MtðftÞPðiÞMðftÞj/;gof g

þ E

Z 0

�s
ftðtþ hÞLðiÞfðtþ hÞdhj/;go

� �
6 e�rtV ðt; fo;goÞ.

ð3:22Þ
Since E

R 0

�s ftðt þ hÞLðiÞfðt þ hÞdhj/; go

n o
P 0; then some algebraic manipula-

tion of (3.22) yields:

EfMtðftÞPðiÞMðftÞj/; gog 6 e�rtV ðt; fo; goÞ

) E

Z T

0

MtðftÞPðiÞMðftÞdtj/; go

� �
6

Z T

0

e�rt dt
� �

V ðxo; goÞ ¼
1

r
½e�fT � 1�V ðt; fo; goÞ

) lim
T!1

E

Z T

0

MtðftÞPðiÞMðftÞdtj/; go

� �
6

1

r
ft

oPðgoÞfo þ
s
r
½LðgoÞ�kfðt þ hÞk2

�; 8h 2 ½�s; 0�; ð3:23Þ
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where kxðt þ hÞk2
�, suph2½�s;0�kfðt þ hÞk2

2. Now, let

PðiÞ ¼ max
i2S

kM½PðgoÞ�kfok2 þ s½LðgoÞ�kxðt þ hÞk2
�

r½PðgoÞ�kfok2

( )
;

it follows from (3.23) for i 2S that

lim
T!1

E

Z T

0

ftðtÞfðtÞdtj/; go

� �
6 ft

okMðPðiÞÞfo < þ1;

which, in the light of Definition 2.1, shows that system (RDA) is (RSSID). h
Theorem 3.2. Given gain matrices Af(i), Kf(i), i 2 S and subject to Assumptions

2.1 and 2.2, system (RA) with w � 0 is stochastically stable independent of delay

(SSID) if for given matrices 0 < LðiÞ ¼ LtðiÞ 2 R2n�2n, i 2 S, and letting

LðiÞ ¼ LðiÞ � n�1ðiÞ
Xs

m¼1

aimLðmÞ; bLðiÞ ¼ LðiÞ þ nðiÞ
Xs

m¼1

aimLðmÞ; i 2 S

for some scalars n(i) > 0, i 2S, there exist matrices 0 < PðiÞ ¼ PtðiÞ 2 R2n�2n,

i 2S satisfying the following LMIs:

� to KnðiÞ
Kt

nðiÞ �HaoðiÞ

� �
< 0;

�LðiÞ BtðiÞbLðiÞbLðiÞBðiÞ bLðiÞ
" #

< 0; i 2S ð3:24Þ

� to ¼ PðiÞAðiÞ þ AtðiÞPðiÞ þ bLðiÞ þXs

m¼1

aimPðmÞ;

Hao ¼ LðiÞ � BtðiÞbLðiÞBðiÞ. ð3:25Þ
Proof. Follows from Theorem 3.1 by setting E
t

A � 0, E
t

D � 0, H
t

A � 0. h
Remark 3.2. It should be remarked that both Theorems 3.1 and 3.2 offer new
analytical results for the class of neutral-type dynamical systems under consid-
eration. The results are cast in LMI format for which the MATLAB-LMI software
is readily available [10]. More importantly, in the case BðiÞ � 0)Mð�Þ ¼ xt,
systems (RDA) and (RA) become of retarded-type for which Theorems 3.1
and 3.2 retrieve the results of [29,22].
Remark 3.3. The need for Assumption 2.2 is evident from (3.14) and (3.25) in
which case the conditions Ha > 0, Hao > 0 are required, respectively. In both
cases, the result reveals a discrete Lyapunov inequality.
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3.3. Observer design

In this section, we provide expressions for the gain matrices of the observer
(3.1) when applied to the neural systems (RDA) and (RA). To facilitate further
development, we introduce the following matrix expressions for some scalars
e(i) > 0, .(i) > 0, i 2 S:

PðiÞ ¼
PeðiÞ 0

0 PxðiÞ

� �
; LðiÞ ¼

LeðiÞ 0

0 LxðiÞ

� �
; ð3:26Þ

NaðiÞ ¼ LeðiÞ�BtðiÞbLeðiÞBðiÞ;

NbðiÞ ¼ LxðiÞ�BtðiÞbLxðiÞBðiÞ� eðiÞðEt
aðiÞEaðiÞþEt

dðiÞEdðiÞÞ;

NcðiÞ ¼ BðiÞN�1
b ðiÞ½BtðiÞbLxðiÞþ ½At

dðiÞþBtðiÞAt
oðiÞ�PxðiÞ�; ð3:27ÞbAoðiÞ ¼ AoðiÞþ .�1ðiÞHaðiÞH t

aðiÞPxðiÞðI þNcðiÞÞ�1
;bCoðiÞ ¼CoðiÞþ ½CdðiÞB�1ðiÞNcðiÞþ ðe�1ðiÞþ .�1ðiÞÞHcðiÞH t

aðiÞPxðiÞ
þ e�1ðiÞH cðiÞH t

cðiÞPxðiÞ�ðI þNcðiÞÞ�1
; ð3:28Þ

NkðiÞ ¼ ð2e�1ðiÞþ .�1ðiÞÞHcðiÞH t
cðiÞþ bCoðiÞBðiÞN�1

a ðiÞBtðiÞbC t

oðiÞ

þ ½½bCoðiÞþCoðiÞ�BðiÞþCdðiÞ�N�1
b ðiÞ½½bCoðiÞþCoðiÞ�BðiÞþCdðiÞ�t; ð3:29Þ

NgðiÞ ¼ ðe�1ðiÞþ .�1ðiÞÞHaðiÞH t
cðiÞþ ðbAoðiÞþAdðiÞþ bLeðiÞBðiÞÞN�1

a ðiÞBtðiÞbCoðiÞ

þ ðbAoðiÞ�AoðiÞþLeðiÞBðiÞÞN�1
b ðiÞ½½bCoðiÞþCoðiÞ�BðiÞþCdðiÞ�t. ð3:30Þ

The main results are summarized by the following theorems:

Theorem 3.3. System RDA is RSSID, if given matrices 0 < LeðiÞ ¼ Lt
eðiÞ 2 Rn�n,

0 < LxðiÞ ¼ Lt
xðiÞ 2 Rn�n and scalars n(i) > 0 such that

LxðiÞ¼ LxðiÞ�n�1ðiÞ
Xs

m¼1

aimLxðmÞ; bLxðiÞ¼ LxðiÞþnðiÞ
Xs

m¼1

aimLxðmÞ; i2S;

LeðiÞ¼ LeðiÞ�n�1ðiÞ
Xs

m¼1

aimLeðmÞ; bLeðiÞ¼ LxðiÞþnðiÞ
Xs

m¼1

aimLeðmÞ; i2S;

there exist matrices 0 < PeðiÞ ¼ Pt
eðiÞ 2 Rn�n, 0 < PxðiÞ ¼ Pt

xðiÞ 2 Rn�n, i 2S
and scalars e(i) > 0, .(i) > 0 satisfying the LMIs

� eðiÞ KbðiÞ KdðiÞ Kf ðiÞ
Kt

bðiÞ �UbðiÞ 0 0

Kt
dðiÞ 0 �NaðiÞ 0

Kt
f ðiÞ 0 0 �NbðiÞ

26664
37775< 0;

� xðiÞ KcðiÞ KhðiÞ
Kt

cðiÞ �UcðiÞ 0

Kt
hðiÞ 0 �NbðiÞ

264
375< 0;

ð3:31Þ
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where

� eðiÞ ¼ PeðiÞbAoðiÞ þ bAt

oðiÞPeðiÞ þ bLeðiÞ þ
Xs

m¼1

aimPeðmÞ � PeN
t
gN
�1
k NgPe;

KbðiÞ ¼ PeðiÞH aðiÞ PeðiÞHaðiÞ½ �;
UbðiÞ ¼ diag½ eðiÞI .ðiÞI �;
KdðiÞ ¼ PeðiÞ½bAoðiÞ þ AdðiÞ� þ bLeðiÞBðiÞ;
Kf ðiÞ ¼ PeðiÞ½bAoðiÞ � AoðiÞ� þ bLeðiÞBðiÞ;

� xðiÞ ¼ PxðiÞAoðiÞ þ At
oðiÞPxðiÞ þ bLxðiÞ þ .Et

aðiÞEaðiÞ þ
Xs

m¼1

aimPxðmÞ;

ð3:32Þ
KhðiÞ ¼ PxðiÞAoðiÞBðiÞ þ PxðiÞAdðiÞ þ bLxðiÞBðiÞ;
KcðiÞ ¼ ½PeðiÞH aðiÞ PeðiÞHaðiÞ PxðiÞH cðiÞ �;
UcðiÞ ¼ diag½ eðiÞI .ðiÞI eðiÞI � ð3:33Þ

for all admissible uncertainties satisfying (2.8). Moreover, the estimator gains are

given by

Kf ðiÞ ¼ NgðiÞN�1
k ðiÞ; Af ðiÞ ¼ bAoðiÞ � Kf ðiÞbCoðiÞ. ð3:34Þ
Proof. Extending on Theorem 3.2 by using (3.7)–(3.9) and (3.26)–(3.30) into
(3.19) and expanding terms we express the result into the block form

R11ðiÞ R12ðiÞ
Rt

12ðiÞ R22ðiÞ

� �
;

where

R11ðiÞ¼PeðiÞAf ðiÞþAt
f ðiÞPeðiÞþbLeðiÞþ

Xs

m¼1

aimPeðmÞ

þðe�1ðiÞþ.�1ðiÞÞPeðiÞ½H aðiÞ�Kf ðiÞHcðiÞ�½HaðiÞ�Kf ðiÞHcðiÞ�tPeðiÞ

þe�1ðiÞPeðiÞKf ðiÞHcðiÞH t
cðiÞK t

f ðiÞPeðiÞ

þ½PeðiÞ½Af ðiÞBðiÞþAdðiÞ�þbLeðiÞBðiÞ�N�1
a ðiÞ

� ½PeðiÞ½Af ðiÞBðiÞþAdðiÞ�þbLeðiÞBðiÞ�t

þ½PeðiÞ½AoðiÞ�Af ðiÞ�Kf ðiÞCoðiÞ�BðiÞ�PeðiÞKf ðiÞCdðiÞ�N�1
b ðiÞ

� ½PeðiÞ½AoðiÞ�Af ðiÞ�Kf ðiÞCoðiÞ�BðiÞ�PeðiÞKf ðiÞCdðiÞ�t; ð3:35Þ
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R22ðiÞ¼PxðiÞAoðiÞþAt
oðiÞPxðiÞþbLxðiÞþ

Xs

m¼1

aimPxðmÞþ.ðiÞEt
aðiÞEaðiÞ

þðe�1ðiÞþ.�1ðiÞÞPxðiÞHaðiÞH t
aðiÞPxðiÞþe�1ðiÞPxðiÞHcðiÞH t

cðiÞPxðiÞ
þ½PxðiÞ½AoðiÞBðiÞþAdðiÞ�þ bLxðiÞBðiÞ�N�1

b ðiÞ
� ½PxðiÞ½AoðiÞBðiÞþAdðiÞ�þbLxðiÞBðiÞ�t; ð3:36Þ

R12ðiÞ¼ ½PeðiÞ½AoðiÞ�Af ðiÞ�Kf ðiÞCoðiÞ�BðiÞ�PeðiÞKf ðiÞCdðiÞ�N�1
b ðiÞ

� ½PxðiÞ½AoðiÞBðiÞþAdðiÞ�þbLxðiÞBðiÞ�t

�e�1PeðiÞKf ðiÞH cðiÞH t
cðiÞK t

f ðiÞPxðiÞþPeðiÞ½AoðiÞ�Af ðiÞ�Kf ðiÞCoðiÞ�
þðe�1ðiÞþ.�1ðiÞÞPeðiÞ½H aðiÞ�Kf ðiÞHcðiÞ�H t

aðiÞPxðiÞ. ð3:37Þ

Applying Fact 1 to the matrix block R22, we can readily obtain one of the LMIs
(3.31). The substitution of (3.28)–(3.30) into (3.37) renders R12 � 0. Using
(3.28)–(3.30) and (3.34) into (3.35) with some matrix manipulations and apply-
ing the Schur complements we get the other LMI (3.31). h
Theorem 3.4. System RA is (SSID), if given matrices 0 < LeðiÞ ¼ Lt
eðiÞ 2 Rn�n,

0 < LxðiÞ ¼ Lt
xðiÞ 2 Rn�n and scalars n(i) > 0 such that

LxðiÞ¼LxðiÞ�n�1ðiÞ
Xs

m¼1

aimLxðmÞ; bLxðiÞ¼ LxðiÞþnðiÞ
Xs

m¼1

aimLxðmÞ; i2S;

LeðiÞ¼LeðiÞ�n�1ðiÞ
Xs

m¼1

aimLeðmÞ; bLeðiÞ¼ LxðiÞþnðiÞ
Xs

m¼1

aimLeðmÞ; i2S

there exist matrices 0 < PeðiÞ ¼ Pt
eðiÞ 2 Rn�n, 0 < PxðiÞ ¼ Pt

xðiÞ 2 Rn�n, i 2S
satisfying the LMIs

� eoðiÞ KdoðiÞ bLeðiÞBðiÞ
Kt

doðiÞ �NaðiÞ 0

BtðiÞbLt

eðiÞ 0 �NboðiÞ

2664
3775 < 0;

� xoðiÞ KhðiÞ
Kt

hðiÞ �NboðiÞ

� �
< 0; i 2S;

ð3:38Þ
where

� eoðiÞ ¼ PeðiÞAoðiÞ þ At
oðiÞPeðiÞ þ bLeðiÞ þ

Xs

m¼1

aimPeðmÞ � PeN
t
goN

�1
ko NgoPe

KdoðiÞ ¼ PeðiÞ½AoðiÞ þ AdðiÞ� þ bLeðiÞBðiÞ

� xoðiÞ ¼ PxðiÞAoðiÞ þ At
oðiÞPxðiÞ þ bLxðiÞ þ

Xs

m¼1

aimPxðmÞ

KhðiÞ ¼ PxðiÞAoðiÞBðiÞ þ PxðiÞAdðiÞ þ bLxðiÞBðiÞ. ð3:39Þ
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Moreover, the estimator gains are given by

Kf ðiÞ ¼ NgoðiÞN�1
ko ðiÞ; Af ðiÞ ¼ AoðiÞ � Kf ðiÞCoðiÞ ð3:40Þ
Proof. Define

NboðiÞ ¼ LxðiÞ �BtðiÞbLxðiÞBðiÞ;

NcoðiÞ ¼ BðiÞN�1
bo ðiÞ BtðiÞbLxðiÞ þ ½At

dðiÞ þBtðiÞAt
oðiÞ�PxðiÞ

h i
;

CoðiÞ ¼ CoðiÞ þCdðiÞB�1ðiÞNcoðiÞðI þNcoðiÞÞ�1
;

NkoðiÞ ¼ CoðiÞBðiÞN�1
a ðiÞBtðiÞCt

oðiÞ
þ ½CoðiÞ þCoðiÞ�BðiÞ þCdðiÞ
� 	

N�1
bo ðiÞ ½CoðiÞ þCoðiÞ�BðiÞ þCdðiÞ

� 	t
;

NgoðiÞ ¼ ðAoðiÞ þAdðiÞ þ bLeðiÞBðiÞÞN�1
a ðiÞBtðiÞCoðiÞ

þ bLeðiÞBðiÞN�1
co ðiÞ ½CoðiÞ þCoðiÞ�BðiÞ þCdðiÞ

� 	t
. ð3:41Þ

By setting . � 0, e � 0, Ha � 0, Ha � 0, Ea � 0, Hc � 0, Ed � 0 while using
(3.41) and following similar technique to Theorem 3.3, the desired result is
achieved. h
3.4. H1 performance

In order to improve the foregoing robust observer results further, one would
direct the design effort on robust observation in an H1 setting. For this pur-
pose we recall the following definition:

Definition 3.1. System (RDn) is said to be RSSID with a disturbance attenu-
ation c if for all finite initial vector function /ð�Þ 2L2½�s; 0� defined on the
interval [�s, 0] and initial mode go 2 S

k~zðtÞkE2
,E

Z 1

0

~ztðtÞ~zðtÞdt
� �1=2

< ckwðtÞk2

for all 0 6¼ wðtÞ 2L2½0;1Þ and for all admissible uncertainties satisfying (2.8).

Our objective in this section is to design robust observers for the neutral
system (RDn) with some desirable stability behavior and guaranteed H1 per-
formance and then extend this design to the neutral system (Rn). Based thereon,
the following theorems are established:

Theorem 3.5. Given gain matrices Af(i), Kf(i), i 2 S and subject to Assumptions

2.1 and 2.2, system (RDA) is RSSID with a disturbance attenuation c if given
matrices 0 < LðiÞ ¼ LtðiÞ 2 R2n�2n and scalars n(i) > 0 such that



M.S. Mahmoud et al. / Information Sciences 176 (2006) 2355–2385 2371
LðiÞ ¼ LðiÞ � n�1ðiÞ
Xs

m¼1

aimLxðmÞ; bLðiÞ ¼ LðiÞ þ nðiÞ
Xs

m¼1

aimLðmÞ; i 2S

there exist matrices 0 < PðiÞ ¼ PtðiÞ 2 R2n�2n, i 2S and scalars c > 0, e(i) > 0,
.(i) > 0 satisfying the LMIs:

� wðiÞ KaðiÞ CaðiÞ PðiÞBðiÞ

Kt
aðiÞ �UaðiÞ 0 0

Ct
aðiÞ 0 �HbðiÞ 0

BtðiÞPðiÞ 0 0 �c2I þ Lt
f ðiÞLf ðiÞ

2666664

3777775 < 0; i 2S; ð3:42Þ

�LðiÞ BtðiÞLt
f ðiÞ BtðiÞbLðiÞ E

t

DðiÞ eBtðiÞEt

AðiÞ

Lf ðiÞBðiÞ �I 0 0 0bLðiÞBðiÞ 0 �bLðiÞ 0 0

EDðiÞ 0 0 �I 0

eEAB 0 0 0 �eI

26666666664

37777777775
< 0; i 2S;

ð3:43Þ

where

� wðiÞ ¼ � tðiÞ þ Lt
f ðiÞLf ðiÞ;CaðiÞ ¼ KnðiÞ þ Lt

f ðiÞLf ðiÞ;
HbðiÞ ¼ HaðiÞ þ Lt

f ðiÞLf ðiÞ ð3:44Þ

for all admissible uncertainties satisfying (2.8).
Proof. The asymptotic stability follows from Theorem 3.1. Let stochastic
Lyapunov functional V(t,f, i) be given by (3.15). The weak infinitesimal
operator If

w½�� of the process {x(t),gt, t P 0} for system (3.8) at the point
{t,x,gt} is given by

If
w½V � ¼ If

a½V � þMtðftÞPBwðtÞ þ wtðtÞBtPMðftÞ. ð3:45Þ
Introduce the performance measure

JðfÞ :¼ E

Z 1

0

~ztðtÞ~zðtÞ � c2wtðtÞwðtÞ
� 	

dt
� �

.

By Dynkin�s formula [15], one has

E

Z 1

0

If
w½V �dt

� �
¼ EfV ðt; x; gtÞjt¼1g � V ðt; x; gtÞjt¼0 P 0.
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With some manipulations using (3.8) and (3.19), we obtain

JðfÞ ¼ E

Z 1

0

~ztðtÞ~zðtÞ � c2wtðtÞwðtÞ þ If
w½V � � If

w½V �
� 	

dt
� �
6 E

Z 1

0

h
MtðftÞPBwðtÞ þ wtðtÞBtPMðftÞ � wtðtÞ½c2I

�
�Lt

f ðiÞLf ðiÞ�wðtÞ þMtðftÞPðiÞMðftÞ
i

dt
�

6 E

Z T

0

MtðftÞ
�
PðiÞ þ PB½c2I � Lt

f ðiÞLf ðiÞ��1
BtP

�
MðftÞdt

� �
.

ð3:46Þ

By using (3.43) together with Fact 1 and the results of Theorem 3.1, it follows
from inequality (3.46) that JðfÞ < 0 for all admissible uncertainties satisfying
(2.8). Hence, by Definition 3.1, the proof is completed. h
Theorem 3.6. Given gain matrices Af(i), Kf(i), i 2 S and subject to Assumptions
2.1 and 2.2, system (RA) is SSID with a disturbance attenuation c if given matri-

ces 0 < LðiÞ ¼ LtðiÞ 2 R2n�2n, i 2S and scalars n(i) > 0 such that

LðiÞ ¼ LðiÞ � n�1ðiÞ
Xs

m¼1

aimLðmÞ; bLðiÞ ¼ LðiÞ þ nðiÞ
Xs

m¼1

aimLðmÞ; i 2 S

there exist matrices 0 < PðiÞ ¼ PtðiÞ 2 R2n�2n, i 2S satisfying the following

LMIs:

� wðiÞ CaðiÞ PðiÞBðiÞ
Ct

aðiÞ �HbðiÞ 0

BtðiÞPðiÞ 0 �c2I þ Lt
f ðiÞLf ðiÞ

2664
3775 < 0; i 2S; ð3:47Þ

�LðiÞ BtðiÞLt
f ðiÞ BtðiÞbLðiÞ

Lf ðiÞBðiÞ �I 0bLðiÞBðiÞ 0 �bLðiÞ
2664

3775 < 0; i 2S. ð3:48Þ
Proof. Followed from Theorem 3.5 by setting E
t

A � 0, E
t

D � 0, H
t

A � 0. h

Having developed the basic analytical results in Theorems 3.5 and 3.6, we
provide in the sequel expressions for the gain matrices of the observer (3.1)
when applied to the neutral systems (RDA) and (RA) while guaranteeing H1
performance in the light of Definition 3.1. For simplicity in exposition, we
introduce the following matrix expressions for some scalars e > 0, . > 0:
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AoðiÞ ¼ bAoðiÞ þ c�2NðiÞN tðiÞPxðiÞðI þ NcðiÞÞ�1
;

CoðiÞ ¼ bCoðiÞ þMðiÞ½c2I � LtðiÞLðiÞ��1N tðiÞPxðiÞðI þ NcðiÞÞ�1
; ð3:49Þ

NkkðiÞ ¼ e�1ðiÞ þ .�1ðiÞ
� �

H cðiÞH t
cðiÞ þ CoðiÞBðiÞN�1

aa ðiÞBtðiÞbC t

oðiÞ

þ ½CoðiÞ þ CoðiÞ�BðiÞ þ CdðiÞ
� 	

N�1
b ðiÞ CoðiÞ þ CoðiÞBðiÞ þ CdðiÞ

� 	t
;

NggðiÞ ¼ e�1ðiÞ þ .�1ðiÞ
� �

H aðiÞH t
cðiÞ

þ AoðiÞ þ AdðiÞ þ bLeðiÞBðiÞ

 �

N�1
a ðiÞBtðiÞCoðiÞ

þ AoðiÞ � AoðiÞ þ bLeðiÞBðiÞ

 �

N�1
b ðiÞ CoðiÞ þ CoðiÞBðiÞ þ CdðiÞ

� 	t
.

ð3:50Þ

The main results are summarized by the following theorems:

Theorem 3.7. System RDA is RSSID with a disturbance attenuation c, if given

matrices 0 < LðiÞ ¼ LtðiÞ 2 R2n�2n and scalars n(i) > 0 such that

LðiÞ ¼ LðiÞ � n�1ðiÞ
Xs

m¼1

aimLxðmÞ; bLðiÞ ¼ LðiÞ þ nðiÞ
Xs

m¼1

aimLðmÞ; i 2S

there exist matrices 0 < PeðiÞ ¼ Pt
eðiÞ 2 Rn�n, 0 < PxðiÞ ¼ Pt

xðiÞ 2 Rn�n, i 2S
and scalars e(i) > 0, .(i) > 0, i 2 S satisfying the LMIs

� eðiÞ KbðiÞ KdðiÞ Kf ðiÞ PxðiÞNðiÞ
Kt

bðiÞ �UbðiÞ 0 0 0

Kt
dðiÞ 0 �NaðiÞ 0 0

Kt
f ðiÞ 0 0 �NbðiÞ 0

N tðiÞPxðiÞ 0 0 0 �c�2I þ LtðiÞLðiÞ

26666664

37777775 < 0; i 2S;

ð3:51Þ
� xðiÞ KcðiÞ KhðiÞ PxðiÞNðiÞ
Kt

cðiÞ �UcðiÞ 0 0

Kt
hðiÞ 0 �NbðiÞ 0

N tðiÞPxðiÞ 0 0 �c�2I

26664
37775 < 0; i 2S ð3:52Þ

for all admissible uncertainties satisfying (2.8). Moreover, the estimator gains are

given by

Kf ðiÞ ¼ NggðiÞN�1
kk ðiÞ; Af ðiÞ ¼ AoðiÞ � Kf ðiÞCoðiÞ. ð3:53Þ
Proof. Proceeding like Theorem 3.3, we express the expansion of (3.46) using
(3.19) into the block form
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R11 R12

R
t

12 R22

" #

where

R11ðiÞ¼PeðiÞAf ðiÞþAt
f ðiÞPeðiÞþbLeðiÞþ

Xs

m¼1

aimPeðmÞþLtðiÞLðiÞ

þðe�1ðiÞþ.�1ðiÞÞPeðiÞ½H aðiÞ�Kf ðiÞH cðiÞ�½H aðiÞ�Kf ðiÞH cðiÞ�tPeðiÞ

þe�1ðiÞPeðiÞKf ðiÞH cðiÞH t
cðiÞK t

f ðiÞPeðiÞ

þ PeðiÞ½Af ðiÞBðiÞþAdðiÞ�þbLeðiÞBðiÞ
h i

N�1
a ðiÞ

� PeðiÞ½Af ðiÞBðiÞþAdðiÞ�þbLeðiÞBðiÞ
h it

þ PeðiÞ½AoðiÞ�Af ðiÞ�Kf ðiÞCoðiÞ�BðiÞ�PeðiÞKf ðiÞCdðiÞ
� 	

N�1
b ðiÞ

� PeðiÞ½AoðiÞ�Af ðiÞ�Kf ðiÞCoðiÞ�BðiÞ�PeðiÞKf ðiÞCdðiÞ
� 	t

þPeðiÞ½NðiÞ�Kf ðiÞMðiÞ�½c2I�LtðiÞLðiÞ��1½NðiÞ�Kf ðiÞMðiÞ�tðiÞPxðiÞ;

ð3:54Þ

R22ðiÞ¼R22ðiÞþc�2PxðiÞNðiÞN tðiÞPxðiÞ; ð3:55Þ

R12ðiÞ¼R12ðiÞþPeðiÞ½NðiÞ�Kf ðiÞMðiÞ�½c2I�LtðiÞLðiÞ��1N tðiÞPxðiÞ. ð3:56Þ

Applying Fact 1 to the matrix block R22, we can readily obtain the LMI (3.52).
The substitution of Eqs. (3.49) and (3.50) into (3.56) renders R12 � 0. Using
(3.49), (3.50) and (3.53) into (3.54) with some matrix manipulations and apply-
ing the Schur complements we get the LMI (3.51). h
Theorem 3.8. System RA is SSID with a disturbance attenuation c, if given

matrices 0 < LeðiÞ ¼ Lt
eðiÞ 2 Rn�n; 0 < LxðiÞ ¼ Lt

xðiÞ 2 Rn�n and scalars n(i) > 0
such that

LxðiÞ¼LxðiÞ�n�1ðiÞ
Xs

m¼1

aimLxðmÞ; bLxðiÞ¼ LxðiÞþnðiÞ
Xs

m¼1

aimLxðmÞ; i2S;

LeðiÞ¼LeðiÞ�n�1ðiÞ
Xs

m¼1

aimLeðmÞ; bLeðiÞ¼ LxðiÞþnðiÞ
Xs

m¼1

aimLeðmÞ; i2S;

there exist matrices 0 < PeðiÞ ¼ Pt
eðiÞ 2 Rn�n, 0 < PxðiÞ ¼ Pt

xðiÞ 2 Rn�n, i 2S
satisfying the LMIs
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� eoðiÞ KdoðiÞ KfoðiÞ PxðiÞNðiÞ
Kt

doðiÞ �NaðiÞ 0 0

Kt
foðiÞ 0 �NboðiÞ 0

N tðiÞPxðiÞ 0 0 �c�2I þ LtðiÞLðiÞ

26664
37775 < 0; i 2S;

ð3:57Þ
� xoðiÞ KhðiÞ PxðiÞNðiÞ
Kt

hðiÞ �NboðiÞ 0

N tðiÞPxðiÞ 0 �c�2I

264
375 < 0; i 2S. ð3:58Þ

Moreover, the estimator gains are given by

Kf ðiÞ ¼ NggoðiÞN�1
kkoðiÞ; Af ¼ Aoo � Kf Coo. ð3:59Þ
Proof. By introducing

AooðiÞ ¼ AoðiÞ þ c�2NðiÞN tðiÞPxðiÞðI þ NcoðiÞÞ�1
;

CooðiÞ ¼ Co þMðiÞ½c2I � LtðiÞLðiÞ��1N tðiÞPxðI þ NcoÞ�1
;

KfoðiÞ ¼ bLeðiÞBðiÞ;
Nkko ¼ CoBN�1

a BtðiÞCt

oðiÞ þ ½½CoðiÞ þ CoðiÞ�BðiÞ þ CdðiÞ�N�1
bo ðiÞ

� ½CoðiÞ þ CoðiÞ�BðiÞ þCdðiÞ
� 	t

;

NggoðiÞ ¼ AooðiÞ þ AdðiÞ þ bLeðiÞBðiÞ

 �

N�1
a ðiÞBtðiÞCoðiÞ

þ AooðiÞ � AoðiÞ þ bLeðiÞBðiÞ

 �

N�1
bo ðiÞ ½CoðiÞ þ CoðiÞ�BðiÞ þ CdðiÞ

� 	t
;

ð3:60Þ

and applying similar procedure to Theorem 3.3 while setting . � 0, e � 0,
Ha � 0, Ea � 0, Hc � 0, Ed � 0 and using (3.56), the proof is completed. h
4. Robust stabilization

The foregoing theorems provided ways to produce a good replica of the
state of the neutral system. Quite naturally, the next step would be to derive
a robust state-estimate feedback control. For this purpose, we consider the fol-
lowing linear uncertain model:

ðRDncÞ Mð _xtÞ, _xðtÞ � BðiÞ _xðt � sÞ
¼ ADoðt; iÞxðtÞ þ ADdðt; iÞxðt � sÞ
þ F Doðt; iÞuðtÞ þ NwðtÞ; ð4:1Þ

xðgÞ ¼ /ðgÞ 2 Cð½�s; 0�;RnÞ; 8g 2 ½�s; 0�; ð4:2Þ
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yðtÞ ¼ CDoðt; iÞxðtÞ þ CDdðt; iÞxðt � sÞ þMðiÞwðtÞ; ð4:3Þ
zðtÞ ¼ LðiÞxðtÞ; ð4:4Þ

where uðtÞ 2 Rq is the control input and

F Doðt; iÞ ¼ F oðiÞ þ DF oðt; iÞ ¼ F oðiÞ þ H aðiÞDðtÞEbðiÞ; ð4:5Þ
where F oðiÞ 2 Rn�q and EbðiÞ 2 Rb�q are known real matrices. The remaining
matrices are as in Section 2. In the absence of uncertainties (D(Æ) � 0), we ob-
tain the following nominal neutral system:

ðRncÞ Mð _xtÞ, _xðtÞ � BðiÞ _xðt � sÞ
¼ AoðiÞxðtÞ þ AdðiÞxðt � sÞ þ F oðiÞuðtÞ þ NðiÞwðtÞ; ð4:6Þ

xðgÞ ¼ /ðgÞ 2 Cð½�s; 0�;RnÞ; 8g 2 ½�s; 0�; ð4:7Þ
yðtÞ ¼ CoðiÞxðtÞ þ CdðiÞxðt � sÞ þMwðtÞ; ð4:8Þ
zðtÞ ¼ LðiÞxðtÞ. ð4:9Þ

In this section, we consider the problems of robust stabilization and stabiliza-
tion of the neutral systems (RDnc) and (Rnc), respectively, using a linear
memoryless state-estimate feedback control uðtÞ ¼ KsðiÞx̂ðtÞ, i 2 S where x̂ðtÞ
is generated by (3.1). It can be readily shown that the augmented system of
(RDnc) and (Re) takes the form:

ðRDACÞ Mð _ftÞ, _fðtÞ � BðiÞ _fðt � sÞ
¼ADcðt; iÞfðtÞ þDDoðt; iÞfðt � sÞ þ BðiÞwðtÞ; ð4:10Þ

~zðtÞ ¼ Lf ðiÞfðtÞ; ð4:11Þ

where

ADcðt; iÞ ¼ ½AcðiÞ þHAðiÞDðtÞEACðiÞ�; EACðiÞ ¼ ½0 EaðiÞ þEbðiÞKsðiÞ �;
ð4:12Þ

AcðiÞ ¼
Af ðiÞ � F oðiÞKsðiÞ AoðiÞ þ F oðiÞKsðiÞ �Kf ðiÞCoðiÞ �Af ðiÞ

0 AoðiÞ

� �
.

ð4:13Þ

The remaining matrices are given by (3.7)–(3.9). It follows from Theorem
3.1 that (RDAC) is RSSID if for given matrices 0 < LðiÞ ¼ LtðiÞ 2 R2n�2n,
i 2S, there exist matrices 0 < PðiÞ ¼ PtðiÞ 2 R2n�2n, i 2 S and scalars n(i) >
0, e(i) > 0, .(i) > 0, i 2 S such that the following inequality holds:

PðiÞAcðiÞþAt
cðiÞPðiÞþbLðiÞþXs

m¼1

aimPðmÞþ.�1ðiÞPðiÞH AðiÞH
t

AðiÞPðiÞ

þ.ðiÞEt

ACðiÞEACðiÞþe�1ðiÞPðiÞ HAðiÞH
t

AðiÞþH DðiÞH
t

DðiÞ
h i

PðiÞ
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þ PðiÞ½AcðiÞBðiÞþDðiÞ�þbLðiÞBðiÞ
 �
L�BtðiÞbLðiÞBðiÞh

�eðiÞ E
t

AðiÞEAðiÞþE
t

DðiÞEDðiÞ

 �i�1

PðiÞ½AcðiÞBðiÞþDðiÞ�þbLðiÞBðiÞ
 �t

.

ð4:14Þ

Taking into account (3.7)–(3.9), (3.26)–(3.28) and (4.13), we express (4.14) into
the block form

X11ðiÞ X12ðiÞ
Xt

12ðiÞ X22ðiÞ

� �
;

where

X11ðiÞ ¼ PeðiÞ½Af ðiÞ � F oðiÞKsðiÞ� þ ½Af ðiÞ � F oðiÞKsðiÞ�tPeðiÞ þ bLeðiÞ

þ e�1ðiÞPeðiÞKf ðiÞHcðiÞH t
cðiÞK t

f ðiÞPeðiÞ þ
Xs

m¼1

aimPeðmÞ

þ ðe�1ðiÞ þ .�1ðiÞÞPeðiÞ½H aðiÞ � Kf ðiÞH cðiÞ�½H aðiÞ

� Kf ðiÞHcðiÞ�tPeðiÞ þ PeðiÞ½Af ðiÞBðiÞ þ AdðiÞ� þ bLeðiÞBðiÞ
h i

N�1
a ðiÞ

� PeðiÞ½Af ðiÞBðiÞ þ AdðiÞ� þ bLeðiÞBðiÞ
h it

þ PeðiÞ½AoðiÞ þ F oðiÞKsðiÞ � Af ðiÞ � Kf ðiÞCoðiÞ�BðiÞ
�

�PeðiÞKf ðiÞCdðiÞ
	
N�1

w ðiÞ PeðiÞ½AoðiÞ þ F oðiÞKsðiÞ � Af ðiÞ
�

�Kf ðiÞCoðiÞ�BðiÞ � PeðiÞKf ðiÞCdðiÞ
	t
; ð4:15Þ

X22ðiÞ ¼ PxðiÞAoðiÞ þ At
oðiÞPxðiÞ þ bLxðiÞ

þ
Xs

m¼1

aimPxðmÞ þ .ðiÞ½EaðiÞ þ EbðiÞKsðiÞ�tðiÞ
h
EaðiÞ

þ EbðiÞKsðiÞ�ðiÞ þ ðe�1ðiÞ þ .�1ðiÞÞPxðiÞHaðiÞH t
aðiÞPxðiÞ

þ e�1ðiÞPxðiÞH cðiÞH t
cðiÞPxðiÞ þ PxðiÞ½AoðiÞBðiÞ þ AdðiÞ�½

þbLxðiÞBðiÞ
i
N�1

b ðiÞ PxðiÞ½AoðiÞBðiÞ þ AdðiÞ� þ bLxðiÞBðiÞ
h it

; ð4:16Þ

X12ðiÞ ¼ PeðiÞ½AoðiÞ þ F oðiÞKsðiÞ � Af ðiÞ � Kf ðiÞCoðiÞ�BðiÞ
�
�PeðiÞKf ðiÞCdðiÞ

	
N�1

b ðiÞ PxðiÞ½AoðiÞBðiÞ þ AdðiÞ� þ bLxðiÞBðiÞ
h it

� e�1PeðiÞKf ðiÞHcðiÞH t
cðiÞK t

f ðiÞPxðiÞ þ PeðiÞ½AoðiÞ þ F oðiÞKsðiÞ
� Af ðiÞ � Kf ðiÞCoðiÞ� þ ðe�1ðiÞ þ .�1ðiÞÞPeðiÞ
� ½HaðiÞ � Kf ðiÞH cðiÞ�H t

aðiÞPxðiÞ; ð4:17Þ
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where

NwðiÞ ¼ LxðiÞ � BtðiÞbLxðiÞBðiÞ
� eðiÞ ½EaðiÞ þ EbðiÞKsðiÞ�t½EaðiÞ þ EbðiÞKsðiÞ� þ Et

dðiÞEdðiÞ
� �

.

ð4:18Þ
The main robust stabilization result is summarized by the following

theorem:

Theorem 4.1. System (RDAC) is RSSID via memoryless state-feedback

uðtÞ ¼ KsðiÞxðtÞ, i 2S, if given matrices 0 < LeðiÞ ¼ Lt
eðiÞ 2 Rn�n,

0 < LxðiÞ ¼ Lt
xðiÞ 2 Rn�n and scalars n(i) > 0 such that

LxðiÞ¼ LxðiÞ�n�1ðiÞ
Xs

m¼1

aimLxðmÞ; bLxðiÞ¼ LxðiÞþnðiÞ
Xs

m¼1

aimLxðmÞ; i2S;

LeðiÞ¼ LeðiÞ�n�1ðiÞ
Xs

m¼1

aimLeðmÞ; bLeðiÞ¼ LxðiÞþnðiÞ
Xs

m¼1

aimLeðmÞ; i2S;

there exist matrices 0 < Y ðiÞ ¼ Y tðiÞ 2 Rn�n, 0 < X ðiÞ ¼ X tðiÞ 2 Rn�n,

0 < ZðiÞ ¼ ZtðiÞ 2 Rn�n, W ðiÞ 2 Rq�n, i 2S and scalars n(i) > 0, e(i) > 0,

.(i) > 0, i 2S satisfying the LMIs

CekðiÞ KbðiÞ KmðiÞ KqðiÞ

Kt
bðiÞ �UbðiÞ 0 0

Kt
mðiÞ 0 �NaðiÞ 0

Kt
qðiÞ 0 0 �NbðiÞ

2666664

3777775 < 0; ð4:19Þ

� xkðiÞ KcðiÞ KvxðiÞ

Kt
cðiÞ �UcðiÞ 0

Kt
vxðiÞ 0 �NbðiÞ

2664
3775 < 0;

Y ðiÞ I

I ZðiÞ

" #
P 0; ð4:20Þ

where

NgsðiÞ ¼ NgðiÞ þ F oðiÞW ðiÞZðiÞ N�1
a ðiÞBtðiÞbCoðiÞ þ N�1

b ðiÞ
n

�½½bCoðiÞ þ CoðiÞ�BðiÞ þ CdðiÞ�t
o
;

CekðiÞ ¼ bAoðiÞY ðiÞ þ Y ðiÞbAt

oðiÞ þ Y ðiÞbLeðiÞY ðiÞ � Nt
gsðiÞN�1

k ðiÞNgsðiÞ
þ F oðiÞW ðiÞ þ W tðiÞF t

oðiÞ
KmðiÞ ¼ bAoðiÞ þ AdðiÞ þ Y ðiÞbLeðiÞBðiÞ þ F oðiÞW ðiÞZðiÞ þ ZðiÞW tðiÞF t

oðiÞ;
KqðiÞ ¼ bAoðiÞ � AoðiÞ þ Y ðiÞbLeðiÞBðiÞ þ F oðiÞW ðiÞZðiÞ þ ZðiÞW tðiÞF t

oðiÞ;
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� xkðiÞ ¼ X ðiÞAoðiÞ þ At
oðiÞX ðiÞ þ bLxðiÞ

þ .ðiÞ½EaðiÞ þ EbðiÞW ðiÞZðiÞ�t½EaðiÞ þ EbðiÞW ðiÞZðiÞ�;

NsðiÞ ¼ BðiÞN�1
b ðiÞ BtðiÞbLxðiÞ þ ½At

dðiÞ þ BtðiÞAt
oðiÞ�X ðiÞ

h i
;

KvxðiÞ ¼ X ðiÞAoðiÞBðiÞ þ X ðiÞAdðiÞ þ bLxðiÞBðiÞ;eAoðiÞ ¼ AoðiÞ þ HaðiÞH t
aðiÞX ðiÞðI þ NsðiÞÞ�1 ð4:21Þ

for all admissible uncertainties satisfying (2.8). Moreover, the associated gains

are given by

Kf ðiÞ ¼ NgsðiÞN�1
k ðiÞ;

Af ðiÞ ¼ eAoðiÞ þ F oðiÞW ðiÞZðiÞ � Kf ðiÞbCoðiÞ;
KsðiÞ ¼ W ðiÞZðiÞ.

ð4:22Þ
Proof. By defining

PxðiÞ ¼ X ðiÞ; P�1
e ðiÞ ¼ Y ðiÞ; KsðiÞ ¼ W ðiÞZðiÞ

and applying the technique of Theorem 3.3 using (3.23), (3.24) and (4.22), the
desired result is readily obtained. h

On the other hand, by combining the nominal system of (Rnc) and (Re) we
obtain the augmented system:

ðRACÞ Mð _ftÞ, _fðtÞ � B _fðt � sÞ ¼ AcfðtÞ þ Dfðt � sÞ þ BwðtÞ; ð4:23Þ
~zðtÞ ¼ Lf fðtÞ ð4:24Þ

and for which we prove the following theorem.

Theorem 4.2. System (RAC) is SSID via memoryless state-feedback

uðtÞ ¼ KsðiÞxðtÞ, i 2S, if there exist matrices 0 < LeðiÞ 2 Rn�n, 0 < LxðiÞ 2
Rn�n, 0 < Y ðiÞ ¼ Y tðiÞ 2 Rn�n, 0 < X ðiÞ ¼ X tðiÞ 2 Rn�n, 0 < ZðiÞ ¼ ZtðiÞ 2
Rn�n, W ðiÞ 2 Rq�n, i 2S satisfying the LMIs

CekoðiÞ KmoðiÞ KqoðiÞ

Kt
moðiÞ �NaðiÞ 0

Kt
qoðiÞ 0 �NboðiÞ

2664
3775 < 0;

� xkoðiÞ KvxðiÞ

Kt
vxðiÞ �NboðiÞ

" #
< 0; ð4:25Þ

Y ðiÞ I

I ZðiÞ

" #
P 0; ð4:26Þ
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where

Ngso ¼ NgoðiÞ þ F oðiÞW ðiÞZðiÞ N�1
a ðiÞBtðiÞCoðiÞ

n
þN�1

b ðiÞ ½CoðiÞ þ CoðiÞ�BðiÞ þ CdðiÞ
� 	t

o
CekoðiÞ ¼ AoðiÞY ðiÞ þ Y ðiÞAt

oðiÞ þ Y ðiÞbLeðiÞY ðiÞ � Nt
gsoðiÞN�1

ko ðiÞNgsoðiÞ

þ F oðiÞW ðiÞ þ W tðiÞF t
oðiÞ;

KmoðiÞ ¼ AoðiÞ þ AdðiÞ þ Y ðiÞbLeðiÞBðiÞ þ F oðiÞW ðiÞZðiÞ þ ZðiÞW tðiÞF t
oðiÞ;

KqoðiÞ ¼ Y ðiÞbLeðiÞBðiÞ þ F oðiÞW ðiÞZðiÞ þ ZðiÞW tðiÞF t
oðiÞ;

� xkoðiÞ ¼ X ðiÞAoðiÞ þ At
oðiÞX ðiÞ þ bLxðiÞ;

NsðiÞ ¼ BðiÞN�1
b ðiÞ BtðiÞbLxðiÞ þ ½At

dðiÞ þ BtðiÞAt
oðiÞ�X ðiÞ

h i
;

KvxðiÞ ¼ X ðiÞAoðiÞBðiÞ þ X ðiÞAdðiÞ þ bLxðiÞBðiÞ;eAoðiÞ ¼ AoðiÞ. ð4:27Þ

Moreover, the associated gains are given by

Kf ðiÞ ¼ NgsoðiÞN�1
ko ðiÞ;

Af ðiÞ ¼ AoðiÞ þ F oðiÞW ðiÞZðiÞ � Kf ðiÞCoðiÞ;
KsðiÞ ¼ W ðiÞZðiÞ.

ð4:28Þ
Proof. Follows from Theorem 4.1 in the manner theorem by suppressing the
uncertain terms. h
5. Examples

In order to illustrate the theoretical results of this paper, we provide some
numerical examples.

5.1. Example 1

We consider a pilot-scale single-reach water quality system which can fall
into the type (2.3)–(2.5) with s = 0.75. Let the Markov process governing the
mode switching has generator

I ¼
�4 4

3 �3

� �
.
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For the two operating conditions (modes), the associated date are:

Mode 1:

Aoð1Þ ¼
0 2

�3 �6

� �
; Adð1Þ ¼

�0:1 0

0:2 �0:3

� �
; Coð1Þ ¼

1 0

0 2

� �
;

Cdð1Þ ¼
0:1 0

0 0:1

� �
;

Bð1Þ ¼ 0:15 0;

0 0:15

� �
; Nð1Þ ¼ 0:1

0:2

� �
; Mð1Þ ¼ 0:2

0:1

� �
; Hað1Þ ¼

0:1

0

� �
;

Lð1Þ ¼ ½0:1 0:1 �; Eað1Þ ¼ ½0:1 0:2 �; Edð1Þ ¼ ½0:1 0 �.

Mode 2:

Aoð2Þ ¼
0 2

�3 �4

� �
; Adð2Þ ¼

�0:1 0

0:2 �0:4

� �
; Coð2Þ ¼

1 0

0 1

� �
;

Cdð2Þ ¼
0:2 0

0 0:2

� �
;

Bð2Þ ¼ 0:1 0

0 0:1

� �
; Nð2Þ ¼ 0:2

0:1

� �
; Mð2Þ ¼ 0:1

0:2

� �
; H að2Þ ¼

0

0:2

� �
;

Lð2Þ ¼ ½ 0:1 0:1 �; Eað2Þ ¼ ½ 0:2 0:1 �; Edð2Þ ¼ ½ 0 0:3 �.

First we note that Assumptions 2.1 and 2.2 are met for both modes. Invok-
ing the software environment [10], we solve the LMIs (3.31) using (3.27)–(3.33)
and the initial data for i = 1,2:

Leð1Þ ¼
5 0

0 5

� �
; Lxð1Þ ¼

5 0

0 5

� �
; nð1Þ ¼ 20;

Leð2Þ ¼
4 0

0 4

� �
; Lxð2Þ ¼

4 0

0 4

� �
; nð2Þ ¼ 25;

which ensures that Leð1Þ > 0, bLeð1Þ > 0, Lxð2Þ > 0, bLxð2Þ > 0. The feasible
solutions are given by

Peð1Þ ¼
1:8010 0:0577

0:0577 1:3405

� �
; Leð1Þ ¼

0:7413 0:0029

0:0029 0:9746

� �
;

Pxð1Þ ¼
1:0134 0:0106

0:0106 0:8245

� �
;

Lxð1Þ ¼
0:8350 0:0217

0:0217 1:1205

� �
; .ð1Þ ¼ 2:7694;

eð1Þ ¼ 6:1246; c ¼ 1:1045;
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Kf ð1Þ ¼
0:0404 �2:6255

1:0095 �3:1423

" #
; Af ð1Þ ¼

0:0322 1:3146

�2:3011 �5:8945

" #
;

Peð2Þ ¼
2:9627 0:1527

0:1527 0:8405

" #
; Leð2Þ ¼

1:1174 0:0109

0:0109 1:1657

" #
;

Pxð2Þ ¼
0:9467 0:0105

0:0105 1:18542

" #
;

Lxð2Þ ¼
0:8350 0:0217

0:0217 1:1205

" #
; .ð2Þ ¼ 3:2658; eð2Þ ¼ 4:8453;

Kf ð2Þ ¼
0:1107 �2:9167

1:1945 �4:4627

" #
; Af ð2Þ ¼

0:0176 1:5031

�3:0111 �3:9213

" #
.

This verifies Theorem 3.7 and in turn confirms the robust stochastic stability
independent of delay and with disturbance attenuation c = 1.1045 of the water
quality model.

5.2. Example 2

To illustrate Theorem 4.1, we consider the numerical data of Example 1 in
addition to

F oð1Þ¼
1 0

0 2

� �
; F oð2Þ¼

2 0

0 1

� �
; Ebð1Þ¼ ½0:1 0:1 �; Ebð2Þ¼ ½0:2 0:2 �

and rely again on the software package [10]. Here, we solve the LMIs. (4.19),
(4.20) using (4.21) for i = 1,2 to produce the feasible solutions:

X ð1Þ ¼
2:3506 0:9457

0:9457 2:5294

� �
; Y ð1Þ ¼

1:5980 0:2654

0:2654 1:4533

� �
;

Zð1Þ ¼
1:5512 �0:2055

�0:2055 0:8733

� �
;

W ð1Þ ¼
�0:7524 �0:1445

0:1281 1:2206

� �
; .ð1Þ ¼ 3:1338;

eð1Þ ¼ 8:1457; c ¼ 1:2671;

Kf ð1Þ ¼
0:0404 �2:6255

1:0095 �3:1423

� �
; Af ð1Þ ¼

0:0322 1:3146

�2:3011 �5:8945

� �
;

Ksð1Þ ¼
�1:1374 0:284

�0:0521 1:0396

� �
;
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Y ð2Þ ¼
2:9627 0:1527

0:1527 0:8405

� �
; X ð2Þ ¼

1:1174 0:0109

0:0109 1:1657

� �
;

Zð2Þ ¼
1:1054 �0:2104

�0:2104 1:2132

� �
;

W ð2Þ ¼
0:9450 �0:5117

0:4402 �1:4204

� �
; .ð2Þ ¼ 3:4116; eð2Þ ¼ 5:5514;

Kf ð2Þ ¼
0:1107 �2:9167

1:1945 �4:4627

� �
; Af ð2Þ ¼

0:0176 1:5031

�3:0111 �3:9213

� �
;

Ksð2Þ ¼
1:0578 �0:8196

0:7414 �1:8158

� �
.

6. Conclusions

In this paper, the designs of robust observation, robust H1 observation and
robust stabilization methods for a class of linear neutral-type continuous-time
systems with norm-bounded parametric uncertainties have been presented. A
linear state-delayed estimator is proposed such that the augmented system
achieves desirable stability properties independent of delay. Then a memoryless
state-estimate feedback control to stabilize the closed-loop system is designed.
In all cases, the gain matrices are determined by solving linear matrix inequal-
ities with scaling parameters. Two numerical examples are included to illustrate
the validity of the theoretical results.
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