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A Systematic Study of Fuzzy PID
Controllers—Function-Based Evaluation Approach

Bao-Gang HuSenior Member, IEEEGeorge K. I. Mann, and Raymond G. Gosine

Abstract—A function-based evaluation approach is proposed of sufficient theories to show that why fuzzy control, either
for a systematic study of fuzzy proportional-integral-deriva- sometimes or most of times, is able to outperform over the

tive (PID)-like controllers. This approach is applied for deriving  conyentional control. Second, there is limited knowledge or
process-independent design guidelines from addressing two issues: '

simplicity and nonlinearity. To examine the simplicity of fuzzy deS|gn_ guideline available regardl_ng |mplementat|pn aspe(?ts.
PID controllers, we conclude that direct-action controllers exhibit For this reaSQH, fuzzy control design usually requires a quite
simpler design properties than gain-scheduling controllers. Then, amount of ftrial and error’ procedures based on computer
we evaluate the inference structures of direct-action controllers simulation or process test. Third, the final tuning of a fuzzy
in five criteria: _control-actlon composition, input coupling, gain controller for improved plant performance is still a complex
dependency, gain-role changend rule/parameter growth Three task d with the straightf d tuni d
types of fuzzy PID controllers, using one-, two- and three-input i compare wi € Straightronvard wning proceaures
inference structures, are analyzed. The results, according to of ConVe_nt|0na| PID Contro_”ers- A_” these weaknesses have
the criteria, demonstrate some shortcomings in the Mamdani’'s greatly hindered the extensive applications of fuzzy controllers
two-input controllers. For keeping the simplicity feature like in industries.
a linear PID controller, a one-input fuzzy PID controller with In the past some researchers have taken initiatives to inves-
one-to-three” mapping inference engine is recommended. We tigate the desi ts of diff tf t t ti
discuss three evaluation approaches in nonlinear approximation Igate the _e_'slgn aspects of diiteren UZZY Systems systematl-
study: function-estimation-based, generalization-capability-basedally for efficient fuzzy control. In 1988, Mizumoto compared
and nonlinearity-variation-based approximations. The present twelve different inference schemes based on the closed-loop
study focuses on the last approach. A nonlinearity evaluation is performance of a first-order process with time delay [2]. This
then performed for several one-input fuzzy PID controllers based  qneer work is important since it demonstrated a systematic
on two measures:nonlinearity variation index (NVI) and linearity hf lecti f valid inf h As th |
approximation index (LAI). Using these quantitative indices, one apProaC or se_ ection ot valid interence sc emes_. S the eval-
can make a reasonable selection of fuzzy reasoning mechanismd/ation method is process dependent the conclusions may lose
and membership functions without requiring any process infor- generalization for other higher-order process systems. Recog-
mation. From the study we observed that the Zadeh-Mamdani’s  nizing the limitations of Mizumoto’s approach, Ying conducted
“max-min-gravity” (MMG) scheme produces the highest score 5 angytically-based method to assess the different fuzzy in-
in terms of nonlinearity variations, which is superior to other f ¢ 31. He derived the closed-f luti f
schemes, such as Mizumoto’s “product-sum-gravity” (PSG) and erence systems [_ ]. He derive _e close - orm S,O utions o
“Takagi-Sugeno—Kang” (TSK) schemes. four-rule fuzzy PI-like controllers using four different inference
L . . schemes. By analyzing the desired properties of typical con-
Index Terms—Approximation capability, function-based evalua- trol acti }; y gbl to elimi f P _yp h
tion, fuzzy control, nonlinearity variation analysis, PID controller, rol actions, Ying was able to eliiminate C?”e reaso_nlng scheme
systematic study. called “Bounded Product Inference”. This evaluation method,
being process-independent, derives the generalized conclusions
for scheme selections. However, this work did not rank dif-
ferent valid fuzzy reasoning schemes for the best selection. Se-
UZZY logic control (FLC) technique has been succesdections and evaluations of reasoning methods and defuzzifica-
fully applied in many engineering areas and consuméen methods later became a key issue for a systematic study of
products since the pioneer work of Mamdani in 1974 [1fuzzy control [4]-[6].
However, a systematic design of fuzzy controllers is still of In this work, we propose a function-based evaluation
great concern due to the following facts. First, there is lagproach for a systematic study of fuzzy proportional-inte-
gral-derivative (PID) controllers. While a performance-based
evaluation approach is more common in assessing control
Manuscript received October 10, 2000; revised March 26, 2001. The wd&chnique, the function-based evaluation approach receives less
of B.-G. Hu was supported by the Chinese National Science Foundation unggfantion. In fact, each approach emphasizes different aspects in
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TABLE |

COMPARISONS OF EVALUATION ISSUES FOR

TwO EVALUATION APPROACHES OFCONTROLLERS

Evaluation Performance-based Function-based
Approach Approach Approach
Response error Control mechanism
Stability Continuous/discrete
Robustness Sensitivity
Observability Transparency
Evaluation Controllability Nonlinearity
Optimality Soft/hard reasoning
Issues Adaptation Self-tuning/organizing
Anti-perturbation Fault tolerance

Frequency response
(Closed-loop)

Frequency response
(Open-loop)

Static response Parallelism
Dynamic response Static/dynamic
Model accuracy Complexity
Real-time Interactivity

Others Others
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Fuzzy controller
(Lee, 1990)9

Fuzzy PID*
(Mamdani, 1974)!")

AN

Gain-scheduling Others 18
(de Silva, 1989)"4)] | (Otsubo, 1996)"'

Fuzzy non-PID
(Tong, 1980)"!

Direct-action* .
(Mamdani, 1974)""

Individual-action

Composed-action* iol
(Hu, 1997)"”!

(Mamdani, 1974)!")

Fig. 1. Classification of fuzzy controllers in view of control actions. (The
main reference source is given in the parentheses. The asterisk indicates the
commonly-used type of controllers compared with its counterparts.)

controllers. Let an absolute expression of three-term PID
controllers be given by

- ) Ae(r
upin(r) = Kper) + K5 Y (i)t + Kp 20
i=0
r=0,1,2,... (1)

function-based evaluation approach is to reveal the intringiierec and Ac are the error and the change of error during
properties of controllers. This approach does not require alf\e samplingintervaht; andKp, K, Kp are the proportional,
process information, and the conclusions from this approaittiegral and derivative gains, respectively. Equation (1) can be
are more general regardless of the process type. A compleg@ritten in a form

systematic study should include both performance-based

evaluation as well as function-based one.

One of the objectives of this work is to demonstrate that theh
function-based evaluation approach is a unique tool for derivi
process-independent guidelines in a systematic design. We
dress two basic issues in the design of fuzzy PID controlle
that is, thesimplicity related to the fuzzy inference structure
and thenonlinearityrelated to the reasoning schemes and me
bership functions. Systematic design procedure will be given
the fuzzy PID controllers according to the two issues of fun
tionality. The rest of this paper is organized as follows. In Se
tion 1, we classify the fuzzy controllers according to the PIY
principles. An initial selection of fuzzy PID structures is mad
in Section Il with respect to simplicity. In Section IV, we pro-
pose five simple evaluation criteria in assessment of the M
dani’s two-input controllers. Using the same criteria, a simil
analysis is made to three- and one-input fuzzy PID controller
Sections V and VI, respectively. In Section VII, the function
behaviors and the linguistic representations are discussed.
apply two numerical indices for an indepth nonlinearity eval
ation of the fuzzy controllers proposed in Section VIII. Eigh
examples are studied as evaluation examples in Section IX
nally, a summary and discussions are presented in Section X.

Il. CLASSIFICATION OF FuzzY CONTROLLERS

S

S L ) )
ad 3], since its fuzzy inference deduces the control-action output

UpPID = Up + Uy +up 2

wherewp, uy andup are proportional, integral, and derivative
%%I_ions, respectively. The total, or composed, output of three
I,';gctions is denoted byprp.

'In view of PID control principles, we suggest a classifica-
tion of the existing fuzzy controllers as shown in Fig. 1. If a

zzy controller is designed (or implied equivalently) to gen-

ve (P/I/D) concept(s) like a conventional PID controller, we

f_rate the control actions within the proportional/integral/deriva-
i

all it a fuzzy PID-like (or fuzzy PID) controller. The first fuzzy
ontroller developed by Mamdani [1], [8] is a fuzzy PI con-
roller. The type of fuzzy non-PID controllers can be found in

ﬁodel—based fuzzy controllers [9], such as the MIMO models

0] using the T-S-K consequent representations [11], [12]. We
term the direct-action (DA) type for the Mamdani’s controller

w ctly to drive the process. The fuzzy gain-scheduling (GS)
type [14]-[16] is most similar to the conventional GS controller
17] in changing the gains for varied operating conditions or

e found like the “hybrid” controller [18], which employs the
zzy PID for the coarse tuning and linear PID for fine tuning.
We also define the Mamdani’s controller to be composed-ac-
tion (CA) type since its fuzzy inference output is a composed
force of proportional and integral actions. In [19], we proposed
a single-input fuzzy controller and termed it individual-action
(IA) type. In each level of the classification (Fig. 1), the Mam-
dani’s type is the most common in applications.

>griocess dynamics. The other class of fuzzy PID controllers can
u

Considering the extensive applications of PID technique Another type of classification of fuzzy controllers can
in industry [7], this study is primarily on fuzzy PID-like be made based on the dimensionality (defined as the total
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number of input variables) of the inference engines. Up to  ;

N é N
now, most researchers have adopted the Mamdani’s two-input > Fuzzy PD | “PD > Fuzzy PI _Affl,
fuzzy inference structure [20]-[22]. They usedand Ac as Az > Ae >

the input variables to the fuzzy inference. Three-input fuzzy
PID (?Ontm”ers h_ave b_een reported in [23], [24]_- The ge_nerﬁilg. 2. Two-input fuzzy PID controllers. (a) Absolute output. (b) Incremental
algorithms forn-dimensional fuzzy controller design are givernutput.
in [25], and [26].

1) Control-Action CompositionMost fuzzy PID con-

RESPECT TOSIMPLICITY linguistic representations are as follows:

incremental output
While many investigations demonstrated the performance of

each fgzzy PID cgntroller, the_re isa Iack of systematic stl_de of Rules If ¢ is E; andAéis AE;,
an optimal selection from various design structures. In this sec-

tion, we will show how to make an initial selection of fuzzy PID thenAdipy is (AUpr)m ©)
structures if simplicity is concerned in applications. Therefore
we suppose prior knowledge to form every control design jsabsolute output
sufficient and its performance of control process is not an issue
for each design. Ruler: If éis E; andAéis AL},
The initial selection of fuzzy PID controllers is made between thenAdpp is (AUpD )m (4)
the DA type and GS type. The basic linguistic representation for
each type of controllers is where é and Aé are normalized error and change of error;

E;,AE;, (AUpr),, and(Upp)., are fuzzy variables. The first
fuzzy controller developed by Mamdani is a fuzzy Pl-like

DA: If (""process error”is. .), controller using (3), since it has the similar relation to the
then("“control action" is. .) incremental expression of a conventional PI controller

GS If (“process error' is. ),
then("“control gain" is . .). Aupr(r) = Kre(r) + Kp Z(g), r=0,1,2,.... (5)

From these representations one can see that the difference b§- 5 apsolute output is used in (4), the system becomes a
tween two types of controllers will be the corresponding forrr\<§IZZy PD-type controller. Comparing (5) with (1), one can see
of nonlinear relationshipgi(e), from the fuzzy inference map- the associations of “gain-with-variable” are changed with the
ping, wheree is an error vector. While the nonlinear functiorygym of controller output. For exampl& » associated with in
of DA-type fuzzy controllers benefits the property of “zero CON(1) changes to associate witke in (5). These associations are
trol action for zero error,” off (e = 0) = 0, one cannot ex- one-to-one for a linear PID controller, but become invalid for
pect such property for the GS-type fuzzy controllers. In adde two-input fuzzy PID controllers. The two-input fuzzy con-
tion, DA-type fuzzy controllers also have the property of “maxgoliers represented by (3) and (4) produce the compasest
imum control action for maximum error” from control principle.[Fig. 2(a)] and composedrn, [Fig. 2(b)] outputs, respectively.
However, there are no such common rules for the GS-type fuzgy,e tg a single output directly from the “two-to-one” mapping
controllers. All these process-independent properties will iy the fuzzy inference, one is unable to decompose the output

plify the design of nonlinear functions and will be helpful infor the exact component of each action. This behavior is called
reducing some free parameters of fuzzy systems. Thereforec¥nrol-action composition.”

is reasonable to conclude that DA-type fuzzy controllers will According to the classical control theory, the effects of indi-

have a simpler nonlinear function than that of GS-type fuzz)gyal p/I/D actions (or gains) of a controller has been summa-
controllers. In the following sections, we will discuss DA-typgized by de Silva [27] as follows:

fuzzy cqntrollers furtherforan_op;imal s_elec_tipn of design strug; . speed up response, decrease rise time, and increase
tures with respect to some criteria of simplicity. overshoot.
ur: reduce the steady-state error.
IV. TWO-INPUT EUZZY PID CONTROLLERS Up: increase the system damping, decrease settling time.

The feature of independent tuning of each control action is very

In this section, we analyze two-input fuzzy PID controllersuseful in control engineering practice. However, the present
Although this type of controllers is the most common in fuzzywo-input fuzzy PID controllers do not share this feature due to
control applications, their functional behaviors and the assotlite control-action composition.
ated weakness in controller tuning have not been well investi-2) Input Coupling: To explain the input-coupling behavior,
gated and recognized. For comparing with the functional behave use the derivation results from Ying [3] for fuzzy PI-type
iors of the conventional PID controllers, we proposed five evatontrollers. The conclusions based on this analysis are also valid
uation criteria as follows to examine this type of controllers: for fuzzy PD-type controllers since (3) and (4) are basically
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the same except for the form of output. Four types of infewhereK is a gain matrixe andAu are the error and apparent
ence schemes (including Mamdani’s) have been investigatedibgremental control action vectors, respectively. The nondiag-
Ying, but a uniform equation for the composed fuzzy output wamal terms inK cause the input coupling from to Au (9).
derived Note that the actual output of the controller is the sum of two
. . control actionsAupr = sum{A4, }. The decomposition of the

Aupr(r) = Kre(r) + KpAce(r), r=0,1,2,... (6-8) output is made apparently. Further, the apparent gains in (6-a)
and form a diagonal matrix

Ki=8-S. Kp=p-Sac (6-b) -
K- [KP 0 } (10)

where S. and Sa. are the scaling factors to error and error 0 Ky

change signals, respectively. Note that some notations are dif-

ferent from Ying’s, where we calk » and&; the “apparent pro- Where we calK apparent gain matrix, which shows apparently
portional gain” and “apparent integral gain,” respectively. Th@ecoupling of the control actions. Two diagonal termskin
term of “apparent” is used because the exact value for each c8ff actually inter-related (8). From a viewpoint of control en-
trol action (or equivalent gain) can never be obtained from tigéheering, a coupling effect indicates that one control action is
composed output [13]. Equation (6-a) shows the decompogedised by two or more input variables. Gain dependency means
two terms only in an apparent sense based on (5) for apprdJZIat tuning of an individual gain influences to the other gain(s).
mations of two control actions. The value @fin (6-b) can be ~ 4) Gain-Role Change:Most industrial process control sys-

represented by a general form of functions [3, Table I11] tems contain transportation delay of signal and therefore it is
reasonable to expect a certain degree of time delay in the process
B = fle, Ac). (6-c) of control. The Mamdani's fuzzy PI controllers may suffer a

problem due to this effect. In a set-point control process having
a time delay, the error-rate signal is always presented to be
ap = file,Ne), = fole, Ac). (7) Zeroor negligible(Ae = 0). during. the initial time-Iag pe-
riod: 0 < t < ty4, wheret, is the time delay. According to

These equations indicate that each control action will be(é-a), the output of the two-input fuzzy PI controller is then
function of both error and error-rate signals. This behavior imiquely produced by a component of the apparent integral ac-
called “input coupling.” In general, this coupling presents negion, Aw = K;e+K 0. The role of the apparent integral gain is
ative effects on control tuning operations as well as on coaetually corresponding to a proportional action, but is changed
trol performance. First, if an input scalar of fuzzy inferencback whert > ¢,.
is adjusted, each control action will be changed at the saméThe tuning principles of a linear PID technique suggest that:
time. This makes the independent tuning of each apparent capif the error is maximum, the component of the proportional
trol action quite difficult if not impossible. Second, the originahction requires to be great for a fast response of the process to
meaning of each control action is changed due to the input caaach the set-point and 2) when the error is near zero, the compo-
pling. For example, the proportional action, being proportionaknt of the integral action should be dominant for reducing the
to error signal, is also a function of its error-rate signal. Thisteady-state error. The apparent integral action represented in
controller may become more sensitive to noisy data than a cq@} is included with the proportional component, tigaih-role
ventional PID controller. changé of the apparent integral gain will result in negative ef-

3) Gain DependencyAs each P/I/D action has differentfects in applications. First, it is more difficult to adjust the gain
effects in the response characteristics, it is always desiredfdothe compromise of performance within two periods. Second,
have decoupled PID gains for independent tuning. Howevéhge overall performance of the process may be decreased from
the present two-input fuzzy PID controller shows “gain depethe compromise. This functional problem, however, is related to

Therefore, the two apparent control actions will be

dency” behavior from (6-b) the incremental form of fuzzy inference output. This discussion
) 5 is also valid for a linear PID controller.
K;= 5  Kp. (8) 5) Rule/Parameter GrowthSuppose the rule numbers
Ae

in each input variable are the same, denotechbyhe total
This equation suggests that the apparent integral gain is pasmber of rules is #2” for the two-input fuzzy controllers.
tially given by the apparent proportional gain. This behavior &ince the parameters of membership functioM¢) are
gain dependency, causing decreased tuning range of the eqassociated with rules, the parameter growth will be increased
alent gains, will limit the controller to possess a broad range with the rule growth.
controllability.
Gain dependency and input coupling are two different V. THREEINPUT Fuzzy PID CONTROLLERS

n Mathematically, in lin n interpr . .
EO cepts. Mathematically, input coupling can be interp etedF ig. 3 shows the three-input fuzzy PID controllers. Based
y using the following matrix expression for the fuzzy PI
controller on the discussions in the previous section, it is understandable

that these controllers exhibit control-action composition and
Aup | _ | Kp Kpr| | Ae o coupling inference due to their “three-to-one” mapping. The
. = or Au=Ke ) ;
Aty Kip Kj e controller using absolute output [Fig. 3(a)] usually has the
(9) difficulty in formulating the fuzzy rules for the variablec. The
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e —»| 2 & —» AR
Aé —»{ Fuzzy PID % A% —»| Fuzzy PID [—>»
e Ko —

Fig.3. Three-inputfuzzy PID controllers. (a) Absolute output. (b) Incremente
output.

Fig. 5. One-input fuzzy PID controller with a “one-to-three” inference
mapping.

) Fuzzy P dent[13]. In order to achieve an independent tuning property of
the gains, we proposed a “one-to-three” mapping structure [13]
for the single-input fuzzy controller (Fig. 5). Three independent

fuzzy proportional actions are generated. Substituting three in-
dividual &p; (5 = 1,2, 3) into three terms of (11), respectively,

, this controller will produce three independent equivalent gains.
Inference jsing this fuzzy mapping strategy, the rule growth 3s=for

this controller. The absolute form of the fuzzy inference output

&)ill keep the PID principles even in a time-delayed process.

Fig. 4. One-input fuzzy PID controller with a “one-to-one”
mapping.

incremental-form controller [Fig. 3(b)] presents a function
problem of gain-role change for time-delayed processes. Using

the closed-form solution derived in [13], we find the controller VIl LINGUISTIC REPRESENTATIONS ANDFUCTIONAL

in Fig. 3(a) also possesses gain dependency. The rule growth BEHAVIORS
for three-input controllers isr®.” The five-functional behaviors proposed above are determined
by the linguistic representations of fuzzy knowledge. The pio-
VI. ONE-INPUT Fuzzy PID CONTROLLERS neer work on the relationship between linguistic representations

We have developed a one-input fuzzy PID controller [19 ,nd functional behaviors was discussed by de Silva [28]. The
amdani form for fuzzy rules is represented by

which used a “one-to-one” fuzzy inference mapping (Fig. 4).
The output of the inference is the fuzzy proportional actiogs, Ruler: [(if &, is E1;) and. .. and(if &, is E, )
The other two actions, the integral and derivative, are deducted o b hes

from 4p. This controller is more analogous to a conventional then(a, is Uy,;) and. .. and(i, is Uys)]  (14)

PID controller where éé[él,...,ép] is the input variable vector, and
. £ NI ~ Aup(r a2l a1 i - i i
pm(r) = Kpip(r) + K1 3" ap(i)At + Kp AP( ) @ [ul,...,uq‘]‘ is the output variable vector. This equation
prd t represents ag-to-¢” mapping of fuzzy reasoning. We suggest
r=0,1,2,... (11) @ simple criterion for examining coupled rules of the conven-

o . tional fuzzy system
whereK p, Ky andKp are the normalized gains. The three con-
trol actions are calculated individually, and as a result the prob- p>1

lems of control-action composition and input coupling are eIin]ﬁ this case, the controller generally exhibits behaviors of

g‘;:géghbeyi%ﬂ;a;ﬁ?];g&i;;r?df t(flel)f:uzzy PID controller can l?:‘?)ntrol-action composition and input coupling. This criterion

is very useful when constructing a fuzzy-knowledge base.

(f( ) _ i up (f() _ i Siap Although knowledge rules are usually extracted from the

Pleq = B P75 Tjeq = B I75270 experts of controllers, it is suggested to apply uncoupled rules

% _k Alp 12 if possible. When the convenient tuning features, like the

(KD)eq = Kb Aé (12) conventional PID controller’s, are the most concern in the de-
in the conventional PI5'9M: & single-input fuzzy PID controller with a “one-to-three

The association of “gain-with-variable” o idered 1o be th timal struct Table Il
controllers is remained for this controller in a general sense. mapping 1S considered 1o be the optimal structure (Table II).
The rules for this controller are

Examining (12), we can obtain the following relationship:
] Ruler: [if éis E; then,(iipy is Uy ;)

. Kp | - (K p)e
(Kp)eq = . [(Kp)eq + CTq

r

(13) and(ﬁ,pg is Up27k) and(ﬁ,pg is Up37l)]. (15)

This equation indicates that the equivalent derivative gain is
dependent on the equivalent proportional gain. Actually, three
equivalent gains are calculated from the same fuzzy propor-The function-based evaluation presents the most importance
tional action (12). Therefore, all the equivalent gains are depen-fuzzy control designs due to the nonlinearity characterized

VIII. N ONLINEARITY EVALUATIONS
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TABLE I
COMPARISONSBETWEEN LINEAR AND Fuzzy PID CONTROLLERS FROM THE TUNING ASPECTS (N = THE TOTAL NUMBER OF Fuzzy
SETS IN EACH INPUT VARIABLE)

Individual Independent
Cotntrgller Control-action UnIcIZ)ulﬂled Gain Total Rules
P Calculation P Tuning
Linear
PID controllers Yes. Yes. Yes. 0
three-to-one No. No. No. N’
Fuzzy | two-to-one No. No. No. N*
PID one-t0-one Yes. Yes. No. N
one-to-three Yes. Yes. Yes. 3N
by the controllers. For this reason, a nonlinearity evaluation of a, i
fuzzy PID controllers is taken as the second issue concerned 1“|max(ﬁp)| 1“ |max(tp)]

in this work. Considering fuzzy systems as universal approxi- 011 \
mators, we believe nonlinear approximation capability will be 5
a basic content in the nonlinearity evaluation. Three concepts !

have been applied in the study of nonlinear approximation ca- 0.5 :, ............... .................. 05 .................
pability: ’ : :
1) function-estimation-baseabproximation; 0 o ﬁ: 0 : é
2) generalization-capability-basezpproximation [29]; 0 0.5 1 0 0.5 1
3) nonlinearity-variation-basedpproximation [30], [31]. Gy Gp
4 |max(@p)| 4 |max(@,)|

Significant differences exist among the three concepts. The 4
first approximation is the conventional concept in nonlinear
function approximation. The estimation error, say, in regres- : :
sion, will be a measure in the evaluation. The second concept 05 I 05] 7 )
has been adopted mostly in the study of neural networks or : '
statistical learning theory. While an approximator is constructed :
based on a set of training data, its approximation evaluation will é g _
be made based on a set of testing data. The performance of the ¢ 0.5 10 0.5 1
approximator in obtaining the correct estimation for testing data
is called generalization capability. While a generalization erréfg. 6. Four types of simple nonlinear curves.
was given as a measure in evaluation of neural networks [29],

Vapnik presented a more generalized form for the approximamren membership functions. The study of nonlinearity varia-
evaluation, called risk function in statistical learning [32]. Otions is quite novel at present. In this work, we adopt two quanti-
the contrary, the concept of nonlinearity variation [30], [31fative indices in the previous study [30], [31] for demonstrating
is used to evaluate a controller according to its capability 6bw to implement a systematic design in this regard. For a com-
generating a group of nonlinear functions, rather than to idete understanding of the analysis procedures, we rewrite two
approximation accuracy to a specific function. This conceptiisdices below with a minor modification.

appropriate in control applications since the nonlinear func- 1) Nonlinearity Variation Index (NVI):Suppose any design
tions for approximation are usually unknown. In addition, thparameters related to fuzzy structures are cafiedlinear
space of nonlinear functions spanned by an approximator fotuming parameters We can understand that increasing the
given number of free parameters corresponds to the nonlineamber of these parameters will increase the nonlinearity vari-
adaptation, or optimization, space in control processes. In thisons, but this will make the nonlinearity evaluation difficult.
sense, the larger the space of nonlinearity variations, the gredter simplicity and without losing generality, we consider the
the possibility of a high performance controller. simplest rules (say, two or three in this work) and two nonlinear

We consider that the nonlinearity-variation-based approximiming parameters for the comparative study.
tion will be proper in evaluation of fuzzy PID controllers. The Since a one-input fuzzy controller only involves a control
concept of the nonlinearity variations can be used as a meastueve design, the nonlinearity analysis will be based on a two-di-
to evaluate the ‘goodnessof the transformation from knowl- mensional space. In the previous study [31], we have found that
edge base to nonlinear mappihgs stated by Wang in [33 pp. the four types of simple nonlinear curves (Fig. 6) are basic for
204] for fuzzy systems. The analysis based on nonlinearity vasisch nonlinearity analysis. For this reason, a quantitative mea-
ations can provide the process-independent design guidelisase is proposed. Let, and 6, be the angles in radians cor-
for selection of fuzzy inference schemes, defuzzifications, cesponding to the curve slog8ip/9¢) até = 0 andé = 1

o
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(Fig. 6), respectively. The change of nonlinear tuning parame- NB AZ PB
ters result in different types of curves with differélgtandé; .

To examine the nonlinearity variations approximately, we de-
fine the admissible area (or curve) of the nonlinearity diagram

N>

on the ‘9, andd;” plane. Fig. 9 shows the admissible area for a 0 4 5 T
controller called MMG-I, which we will introduce later. Here NB AZ PB
we call 4, and 6; nonlinearity examination parameter$he 1

point within the admissible area (or on the admissible curve)
means that a control curve associated with tltgsandé, can ~
be produced by the controller. The larger the admissible area, 0 i"
the greater the flexibility of the system in generating the non- 1 -x-x, x, x 1

linear functions. The NVI is defined in a dimensionless form
Fig. 7. Membership functions for “MMG-I,” “MMG-IV,” and “PSG-I"

NV (Nm NtNe,) controllers.
_ admissible r.egic_)n ini\fe_dimerjsional space (16) NB AZ PB
whole region inV, dimensional space 1
whereN,,, N;, N, are the total numbers of input variables, non-
linear tuning parameters and nonlinear examination parameters, P
respectively. In this workNVI(1, 2, 2) is calculated for the con- 0 g 0 1
trollers. NB AZ PB
2) Linearity Approximation Index (LAl)\MWe propose a con- 1
servative design strategy for a fuzzy PID controller [314& “
fuzzy PID controller should be able to perform a linear, or ap- A
proximately linear, PID function such that the system perfor- 0 "j
mance is no worse than its conventional counterpdftthe 22x) 1 oW X0 oxwm 1 Qw2

controller is able to generate a perfect linear function,= é,

we call it a guaranteed-PID-performance (GPP) system. Aloﬁ'@-t 8-“ Membership functions for “MMG-Il * “MMG-III," and *PSG-II"
the line of this strategy, a safe performance bound is produced > ¢

for the fuzzy PID system from the performance analysis of its . _ .
counterpart that has the same PID connective structure. For 8x-Zadeh-Mamdani’s “Max-Min-Gravity (MMG)” Scheme

amining the system on this aspect, an LAl is given This scheme uses the standard Zadeh-Mamdani “max-min”
o reasoning mechanism and “center of area” for the defuzzifi-
LA| = 1 _ max i (&) — up(e)] (17) cation. A term of max-min-gravity (MMG) is used to denote
max |up(e)| this type of controllers. Four controllers are designed using this
cheme. They all use triangular membership functions with

wherew p is a linear function which is imposed to pass throug
the origin point,i.;(é¢ = 0) = 0 and the ending poinkp(é =
1). This index, representing the most linearity approximation Rulel: If (¢is NB), then(ip is NB)
that can be produced by the controller, is normalized within a Rule2: If (¢is PB), then(iip is PB)
range of{0, 1]. When ‘LAI = 1,” it corresponds to a perfect ) ) & e
linear PID controller. The larger the value of LAI, the higher de- Rule3: If (¢is AZ), then(ip is AZ) (18)
gree of linear approximation the fuzzy PID controller produces.
This index is a quantitative measure of confidence in using
GPP bound calculated from the linear PID controller.

ree rules as

ere “NB,” “PB” and “AZ" stand for “negative big,” “positive
big” and “approximate zero,” respectively. The main differences
of each controller are presented below.
1) “MMG-I" Controller: Fig. 7 shows the membership
functions of this controller. Two nonlinear tuning parameters,
In this work, eight differently designed controllers are studied; € (0,1] andz, € [0, 1), are used to change the nonlinearity
as evaluation examples to demonstrate how to conduct an afithe control curves. And the membership functions pfare
depth analysis of the nonlinear systems. Four design schenaistributed within the range ¢f1, 1]. The closed form solution
including the three commonly-used fuzzy reasoning schemesip(¢) was derived in [31], but is also given in Appendix A,
are selected and given in details as follows. Some schemes hginee some results are used later by other controllers. The
been investigated in either numerical [2] or analytical [3] waysutput of this controller is not fully normalized since it has
We will show the nonlinearity analysis from a different viewmax(|ép|) = (2 + z2)/3 < 1.
point. In the present evaluations, the one-input fuzzy controllers2) “MMG-II” Controller:  This controller is designed to be
with two nonlinear tuning parameters are considered. All cothe same as “MMG-I” except that the range of the membership
trollers are designed to be compatible with the heuristic propéunctions ofip are extended t¢—2 + 2,2 — x2] (Fig. 8).
ties proposed in [30]. The controller has the symmetrical membership functions for

IX. EVALUATION EXAMPLES
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PID. Fig. 12. Admissible area of nonlinearity diagram for “MMG-IV” controller.

Hatched area: for nonoverlapping case. Gray area: for overlapping case. C: point
the fuzzy consequent sets. This change leadsitheo be for approximation of a linear PID.
fully normalized, ormax(|%p|) = 1. Appendix B presents the
closed-form solution of this fuzzy inference. Figs. 9—12 shows the admissible areas/curves of nonlinearity
3) “MMG-III” Controller: Based on the design guidelinesddiagrams for four controllers, respectively. These diagrams pro-
in the previous work [30], we find the parametes, can be vide the valuable information to guide the design. Note that all
extended to a larger range but also satisfies the propeNgef  diagrams are based on a normalized sefagé)/ max |ip|, to
dtp/0é > 0. This modification is able to enlarge the NVI valuederived, andé, . This normalization will eliminate nonlinearity
of the “MMG-II” controller. A new controller, named “MMG- redundancy if thei, (&) is directly used for the nonlinearity di-
11", is designed in which the parametat,, is changed to a new agrams [31]. In addition, Point C, corresponding to the most
range ofzs € [—z1,1), while the others are kept the same aapproximately linear function, will always locatett= 6, =
the “MMG-II" controller. The closed-form solution af(é) of  7/4. Four regions are divided in the diagram which correspond
this controller is discussed in Appendix C. to the four types of curves in Fig. 6 accordingly. Table IlI lists
4) “MMG-IV" Controller: Using the improving strategy the comparisons of four fuzzy PID controllers using the MMG
of the enlargedr, on the “MMG-I" controller, we design the scheme. It is interesting to see that, while a minor change is
“MMG-IV” where the parametery,, is changed to a new rangemade to each controller, its associated NVI and LAl are changed
of z; € [—z1,1). The other parts of design are kept the samggnificantly. The best design is considered the “MMG-IV” con-
as the “MMG-1” controller. The closed-form solution &f,(¢) troller due to its largest NVI and LAl values. The admissible
is discussed in Appendix C. areas of other controllers are fully covered by the area of this
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TABLE Il
COMPARISONS OFFUZzzY PID CONTROLLERSUSING MAX-MIN-GRAVITY SCHEME

Inference and Max-Min-Gravity
defuzzification scheme
Controller name MMG-I MMG-II MMG-III MMG-IV
Parameter range | x;€ (0,1] x1€ (0,1] x1€ (0,1] x; € (0,1]
For x; xe [0,1) x, € [0,1) e [-x,1) | xel-x,1)
Range of MFs for -1, 1] [2+x3, 2-x2] | [-2+x3, 2-X5] [-1, 1]
Up
Max|dp| (2+x)/3 - 1.0 1.0 (2+x,)/3
NVI(1,2,2) 0.205 0.0908 0.144 0.755
LAl 0.963 0.959 0.959 0.974
Type of nonlinear LI 11 LIL IO I I, I LILIOLIV
curves
controller. Moreover, this controller is able to generate all four 40,/n
types of simple nonlinear curves. 05

A.(z=0) Region 1

B. Mizumoto’s “Product-Sum-Gravity (PSG)” Scheme

This scheme is proposed by Mizumoto [2] and has also been
accepted by many researchers due to its simpler inference re-
sults than Zadeh-Mamdani’s reasoning scheme. Two controllers
are designed using this scheme. They all use triangular member-
ship functions with three rules as (18). The main differences of
each controller are on the membership functions ofithe

1) “PSG-I” Controller: This controller applies the mem-

bership functions of.» in a range of.p € [-1, 1] (Fig. 7). The R ] TERTTT AR b K
controller does not have the normalized output. The closed-form A : : _
solution of@p(é) is given in Appendix D. 0 " Region IV | Region Il B(z _:°)

2) “PSG-II” Controller: This controller has the member- 0 0.1 0.2 03 0.4 05  6o/m

ship functions shown as Fig. 8. A normalized output is realized

by this change. The closed-form solution of the inference resutig. 13. Admissible line of nonlinearity diagram for “PSG-I” and “PSG-II”
is discussed in Appendix D controllers. Line A-B: admissible line. C: point of a linear PID, where=
. . . 1— 20, = 1.
We observe from Fig. 13 that both controllers receive th(e n)/2ws

identical admissible line for the NVI analysis. This is attributed . ., ) ) ) )
to that the inference engine is actually governed by a sing{lel) TSK-I" Controller:  This controller is designed using
independent parameter, = (1 — z)/2z1, even though the the following functions in (19):

controllers are designed with two tuning parameters. Both R R

controllers can realize a perfect linear function,lo¥I = 1 h=mé& fr=we (20)

(Table 1V). This means that the controllers are considered t0 Bgq cjosed-form solution of.p, (E-1, Appendix E), shows a

the GPP systems. . two-term second-order polynomial function. However, a single-
. . i independent-parametér = x5 /21) is deduced to the two an-
C. “Takagi-Sugeno-Kang (TSK)” Scheme gles. For this reason, an admissible curve is generated which

A fuzzy PID controller can be realized by using the TSKiso includes a perfect linear function on point C (Fig. 14).
model [11], [12] for the consequent parts. For this scheme, only2) “TSK-II” Controller: In order to preserve the feature of
two rules are used two-independent-parameter inference, we applies the following

functions to (19):
Rulel: If (|¢|is BG), then(ip = f1(é))
Rule2: If (|¢|is AZ), then(ip = fo(8))  (19) fi=(1—m1)

|<‘o>
|<‘o>

2

+(z1+a2)é -z —, fo=0. (21)

>

where “BG” stands for “big,” and; (&) and f»(é) are the given The closed-form solution of.», (F-1, Appendix F), shows a
functions. We apply the membership functions in the posititaree-term third-order polynomial function. The nonlinearity di-
domain of error in Fig. 7 fof¢|. The total number of two tuning agram is shown in Fig. 15. The admissible area of this controller
parameters is used for the functions. The “gravity” defuzzificdully covers the admissible curve produced by “TSK-I" con-
tion is used. Two controllers are designed below. troller. This example shows the significance of proper selections

>
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TABLE IV
COMPARISONS OFFUZzzY PID CONTROLLERSUSING OTHER SCHEMES (*R;—R.s ARE BOUNDARIES FOR;)
Inference and Product-Sum-Gravity T-S-K
defuzzification scheme scheme
Controlier name PSG-I PSG-II TSK-I TSK-II
Parameter range (1-x2)/2 x, (1-x2)/2 x; X2/%y ‘Ri-R,
for x; € [0, =) e [0, =) € [0,2]
Range of MFs [-1, 1] [-2+x;, 2-x;] | MFs.are | MFs. are
for #ip not used. | not used.
max|dip| (2+x,)/3 1.0 X1 1.0
NVI(1,2,2) Admissible | Admissible | Admissible 0.695
line line curve
LAI 1.0 1.0 1.0 1.0
Type of nonlinear LII I 1I L1I I 11,
curves 11, IV
4 e] /T[ & [, -
05
e Line D-E)
) 4T BT
| A v 2
o | X-—=4]
:| Fegion| Ll
"I ‘Regida I
£ HE
i (% =x=0)
s g = 1+x, |
[Line E-B) | - |
0 0.1 02 03 0.4 05 T oy/n ] e g 7 T
E(#=1, 2~=1)
Fig. 14. Admissible curve of nonlinearity diagram for “TSK-I”

controllei Curve _A'C'B: admissible curve. C: point of a linear PIDgig 15  admissible area of nonlinearity diagram for “TSK-II" controller.
wherez = s /a, = 1. Gray area: admissible area. C: point of a linear PID, where= =, = 0.

of the given functions in the TSK scheme. Table IV shows t

. . %e rocess-independent evaluation criteria are proposed for ex-
comparison results when using “PSG” and “TSK” schemes. b P brop

amining the functional behaviors of DA-type fuzzy PID con-
trollers from the viewpoints of simple operations of gain tuning.
These criteria include control-action composition, input cou-
Although fuzzy control lies to its strength to deal with highpling, gain dependency, gain-role change, and rule/parameter
level, task-orient problems, further development has shown tlgowth. Using the criteria, we find that the Mamdani’s two-input
another perspective of fuzzy control technique is for fuzzy Plfzzy PID controllers have lack of many preferred features that
controllers to evolve into general control elements [34], like thesually exist in linear PID controllers. A one-input fuzzy con-
conventional PID regulators applicable for various processésller which consists of a “one-to-three mapping” fuzzy infer-
In this work, we addressed a systematic study of fuzzy Pl&nhce to generate three independent (proportional, integral and
controllers by using a function-based evaluation approach. Taerivative) control actions, has shown to be the optimal struc-
basic issuesimplicityandnonlinearity, related to the selection ture with respect to the five criteria in comparison with two-
of fuzzy inference structures, reasoning schemes and memizard three-input fuzzy controllers.
ship functions, are investigated to demonstrate the applicabilityFor the second issue, we summarize three concepts in
of the function-based evaluation approach. For the first issumnlinear approximator evaluation, namely, function-estima-
we have discussed the basic difference between direct-actimm-based approximation; generalization-capability-based
type and gain-scheduling type of fuzzy PID controllers in dexpproximation; and nonlinearity-variation-based approxima-
sign of nonlinear functions. Due to the simpler features of notien. Comparing with the two former evaluation approaches,
linear properties of DA-type controllers, we suggest this typge consider the last approach is the most proper to evaluate
of controllers will be a better selection than GS type. Nextzzy inference schemes, defuzzifications and membership

X. SUMMARY AND DISCUSSIONS
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functions. An indepth, nonlinearity evaluation is made oHowever, much work remains in this regard. For example, a rig-
the one-input fuzzy controllers. The NVI and LAl are theorous analysis is heeded for an evaluation of nonlinearity vari-
basic measures for such evaluations. While the NVI aims ébions of fuzzy controllers with any inference structures.
assess a controller in regards to its nonlinearity freedom or

limitation, the LAI is used to examine the controller’s ability APPENDIX A

of realizing a perfect linear function which, we consider, is an  CLoseED-FORM SOLUTION OF “MMG-1” C ONTROLLER
important property for a controller to achieve a GPP system.
Eight controllers are studied when using different inference
§chemes or membership functiorls. From 'the given examplgs, it C yeeBra(2— ) + 1a(3 — )]

is found that the Zadeh-Mamdani’'s MMG is the best reasoning up = 3[201(1 — &2) + 1 (2] = &) (A-1)
scheme compared with Mizumoto’'s PSG and TSK schemes ! &

if the nonlinearity variation is a main concern. The advantage Case 2 (Overlapping):z; > 2

Case 1 (Nonoverlapping)z; < za

in using the NVI and LAl is well demonstrated from the Range A: 0 < |¢] < &y

evaluation examples of the controllers. Without requiring any - -

computer simulation or controller testing to a specific process, X é[3(1—a?) + 322 ¢ — 227

a designer is able to select or improve the design from the up = B[22 + 201 — 21)|e] — 182)] (A-2)

nonlinearity analysis of the controllers.
It has been a great concern of fuzzy control versus convenRange B: ¢, < [¢] <1 —éy

tional control within both control communities [35]-[37]. One [see (A-3) at the bottom of page].
of the arguments is related to the performance issuich RangeC: 1—-¢;< |6/ <1
control technique is bettéf The challenge posed from the con- [see (A-4) at the bottom of page].

ventional control community to the statement thtzzy con- jn which the intermediate variables are defined as
trol outperformances over the conventional coritabes make

a good, but critical, point. Control engineering practice seeks », =1 — 6], z=141¢, z=1-2¢,
the answers to these questiofs:the statement true for any
proces® If not, what is the condition of realizing the state-

men® Although the questions are performance related, a rigpe two specific angle#,, and, , are calculated by

orous proof using a performance-based approach will be dif['gee (A-5) and (A-6), at the bottom of the next page]
cult, if notimpossible. However, a function-based evaluation ap-

proach may provide an effective solution, since the functionality
gap between the two control techniques may explain the reasons
of the performance differences. While fuzzy control is success-
fully used as 4n addition to conventional contrbas stated by ~ Case 1 (Nonoverlapping)z; < x»
Zadeh [37], this technique is also necessarily to be enhanced

n=x1— %2, Ya=1—x2, éa=p/(1+u1).

APPENDIX B
CLOSED-FORM SOLUTION OF “MMG-II” C ONTROLLER

by augmenting the preferred functionality of conventional con- ap = 62(2 - |e|)y{ m— (B-1)
trol. In this perspective, much work needs to be addressed on r1(1 =)+ y2(2]¢] — e2)]
the integration of the functionality between the different control

Case 2 (Overlapping):z; > z2

techniques. . .
|.Range A: 0 < [e] < éq

Finally, we recognize that the present function-based eva
uation is not complete for a systematic study of fuzzy con-

. 2 2N alsl L 52 s
trollers. A final selection of the inference structure and reag, ,, — < (v3 —=7) (3-3le|+¢ )JAF3(1 + 2y2 ;U2|C|)
soning schemes should also be based on a performance-based 3 221 4 2(1 — 21 +y2)[é] — (21 4 2)é?
evaluation. For example, a two-input fuzzy controller may show (B-2)

a sliding-mode controller for robust control [38]. Sometimes,
a compromise between function and performance criteria mayRange B: é; < |é]| < 1 —é,

have to be considered for the final design. The main point raised [see (B-3) at the bottom of the next page]
by authors in this work is to stress the significance of the func-Range C: 1—¢é, < [é] <1
tion-based evaluation for a systematic study of fuzzy controllers. [see (B-4), at the bottom of the next page].

- e{y2e[6 — 3[¢| — y2(3 — 3[¢| + %)) — y1éa[3x1(1 — éa) — 2¢ay2 + 11]}

= ~ ~ — — — A-3
» Slel2en(1— &) 1 ya(218] - &) — e (A-3)

é {Zl [3 - x%(l +|é| + 62)] —yo23[3 —yo(1 — |é] + 62)]}
3lé| [21(2 + m122) — y223] .

(A-4)

U,p:
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The intermediate variables are the same as those in Appendix ARange A:

The two specific angle$, andfy, are calculated by

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 9, NO. 5, OCTOBER 2001

(.’L’l — .’L'Q) S 1 AND 0 S é S |éd] OR [(.’L’l —
z3) > 1AND 0 < |¢] < 0.5]

Dip Range B: [(z1 —x2) < 1AND &4 < 8| <1 — ¢4]
tan(fy) = —2£e=0 Range C: [(z; —z2) < 1AND 1 —¢4 < |¢] £ 1] OR
max(ip) [(z1 — 22) > 1AND 0.5 < |¢] < 1]
2(1 — .’L'Q)
—_— 1 £ @2
= Tl (B-5) APPENDIX D
2— 11— x2)(2 -
( 1 $22)( +21 - 22) T1 > To CLOSED-FORM SOLUTIONS OF “PSG-I” AND “PSG-II”
L1
and CONTROLLERS
a(,;j et The fuzzy proportional actions of “PSG-I” and “PSG-II” con-
tan(fy) = max(ip) trollers are
2.’1'1 -~ 2
am— 1 < T2 - WA c 2_-T1_-T2
1-— T PSG-I up = - = . (D-l)
(z1 + 22)(2 4 71 — 22) (B-6) 3(1 —2z1 — x2)|é] + 221
T1 > T2 and
2(1 N $2) (1 — .’172)6
CPSGHI" dp = 0221 — o)l £ 201 (D-2)
APPENDIX C w1 rle i
CLOSED-FORM SOLUTIONS OF“MMG-III”  AND “MMG-IV” Both controllers have the same equationsépandé; :
CONTROLLERS
The closed-form solutions of “MMG-III” and “MMG-IV” tan(fo) = | 1= (D-3)
controllers [see (C-1) and (C-2), at the bottom of page] are given maX(ﬁ ) 21y
respectively by where the extended ranges for using (B-2) and o4
B-4) and (A-2) to (A-4 i b 52 |e= 2
(B-4) and (A-2) to (A-4) are given by S |A L 2m (D-4)
max(@tp) 1— s
3 (1 — a2
Jip % 1 S To
tan(6, ae _Je le=0 __ 1 T2 A-5
’Lll( 0) Ina/X(T/:LP 3 (1 _ x%) . ( )
—— X X
2]}1(2 + .1‘2) ! 2
and
4.1‘1
65P|71 11—z s
tan(f;) = max(ip) Y (21 +22)(B3z — 22+ 4) o) >
(1 —22)(2+ 22) '
(A-6)
e [6ya(2]e] — &%) — yréal3x1 + y1 — Eq(3x1 + 2u2)]
up = = 3 = 3 = . (B-3)
3|é] 2x1(1 — €2) 4 2y2(2|¢] — &%) — 184
e (B e - 1eP) +3(1 - Je]) — Ba( — 48] + &) aa
T 1- &) — (1 —de[+é2) +2(1— |6 (B-4)
lé] z1(1 = &%) —y2(l — 4le] + &%) +2(1 — |ef)
“MMG-III" (B-1) to (B-6), subject to the extended ranges (C-1)
and
TMMG-IV"  (A-1) to (A-6), subject to the extended ranges (C-2)
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