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The Exact and Unigue Solution for Phase-Lead and
Phase-Lag Compensation

Fei-Yue Wang Senior Member, IEEE

Abstract—Phase-lead and -lag compensation is one of the mostprocedures for other frequency-based techniques, especially op-
commonly used techniques for designing control systems in the fre- timal designs. An extensive search of the relevant literature has

quency domain, especially when the Bode diagram orroot locus is not found similar results (see major control textbooks [3]-[9]).
used. In most cases, the graphic-based approximation or trial-and-

error approach has been utilized in the design process. This paper
presents the exact and unique solution to the design of phase-lead Il. THE SOLUTION

and phase-lag compensation when the desired gains in the magni- Assume that a single-stage compensator is expressed as [3]
tude and phase are known at a given frequency. It also gives the '

concise condition for determining the existence of single-stage lead 1+ ars
or lag compensation. Ge(s) = 1+ T rs 1)

methods, lag compensation, lead compensation, phase compensawherea < 1yields a phase-lag compensator, ang 1 yields
tion. a phase-lead compensator.
Let M (in dB) andp (in rad) be the desired gain in the mag-
nitude and phase, to be contributed®y, at a given crossover

. INTRODUCTION frequency (or any given frequenay). Then

N spite of the advances in modern control system design . L AM/20 _ N
techniques, such as state-based optimal and frequency-based (Gejwe)l = 10" = ¢, LGe(jwe) = p )
H* controls, much design, especially industrial design is stilfhich leads to
conducted using classical frequency-domain procedures. 9
Because of its simplicity and easy implementation, cascadd + (47we)” =c%  tan”! (arw.) —tan"! (rw.) = p. (3)
or series compensation is the most popular method in thel + (mc)2 7 '
frequenc;y-domaln design of feedback control systems. T early, —r/2 < p < /2 can be assumed here. Introducing
method is particularly valuable when the plant to be controlle .
) . : new variable and parameter
is unknown and only experimental data are available. Two
of the most commonly used series compensation strategies 0 =arw, ©6=tan(p). (4)
are PID (proportional-integral-derivative) control and phase
lead/lag compensation. Since cascade compensation was fifggn from (3) and
introduced, the determination of the lead or lag compensator

Index Terms—Bode diagram, control systems, frequency design

tan(z) — tan(y)

has been taught as a trial-and-error procedure based on graphic tan(z — y) =
_ ) i X 1+ tan(z) tan(y)
and approximated information. Usually, an appropriate com-
pensator comes only after trial and error. the following two equations are found in termof ando
In 1976, Wakeland [1] found an analytical solution to the de- 9

. . . . RS 140 o o—06
sign of single-stage phase-lead compensation. His solution is of — = 32, == . (5)
the quadratic form in terms of compensation gain. In the fol- 1+(2) a 1+b0

lowing year, Mitchell [2] improved Wakeland's solution an L : : -
pointed out that the improved solution can also be used to scc)g/he second equation in (5) is obtained by taking the tangent

the design problem of phase-lag compensation, Pooth sides of the second equation in (3). Eliminatingy

. . . . from the first equation using the second equation, one gets an
In this paper, we present a simple and unique solution

; : i i f th k iatdel
both phase lead/lag compensation problems. The solution h(ggatlon expressed in terms of the unknown vari y

been discovered independently of both Wakeland and Mitchell's (1 4 ¢?)(1 4 60)? = 2 L(1 +60)? + (0 — 5)2J .
work. Its procedure is much simpler and uniform for both lead _ o
and lag design. It should be useful for developing analytichhe above equation can be further simplified

(1+0%) [(1+60)* — (14 6%)] = 0. (6)
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The above equation presents two possible solutiong fé+  In both cases, the compensation solution is unique and given by
sign and— sign, respectively). Now one can prove that there (8).

only one possible solution, i.e., ordy sign is allowed in (7). Proof: Clearly, for anyc > 0 andé # 0, one has
From the definitions of phase-lag (< 1) or phase—leady( >
1) compensation and the first equation in (3), one can show that a (\/ 1462 — 1) c>0> (1 -Vi+ 52)
hase-lead or phase-lag compensator must satisfy the followin ) . .
phass P g P bt ar?d the first equation of (8) can be rewritten as
conditions.
/ 2 _
A. Phase-Lead Compensation a=c|l+ (c+ DVI+0 1)] .
./ 2
Since ¢ 1+
_ a® -1 5 T Then when (9) is true, one finds> 1, anda > ¢ > 1, and
1< =a"-———5 <a” 0<p<— . ; . . .
1+ (Tw,)? 2 a phase-lead compensation exists and is unique. It is easy to
therefore show from (8) that, if a phase-lead compensation exists, then
condition (9) must be true sinee> 1 anda must be positive.
a>c>1,6>0 Similarly, when (10) is true, one has< 1, anda < ¢ < 1
. from the two inequalities above, and a phase-lag compensation
for phase-lead compensation. exists and is unique. One can easily show from (8) that if a
B. Phase-Lag Compensation p_hase-lag compensation eX|st_s_then condition (10) must be true
. sincec < 1 anda must be positive.
Since , Thus, the proof is completed for the lead-lag compensation
-« 7r theorem.
1> =a’+———->a%,-=<p<0 . .
¢ ot 1+ (Twe)? “ 2 b Note that none of the major textbooks in control theory (see
therefore [3]-[10] for example), nor any of the literature on compensator
design known to the author, explicitly mentioned condition (9)
a<c<1,6<0 or (10) as the necessary and sufficient conditions for lead or lag

for oh | i solutions. However, Mitchell [2] did mention the two conditions
or phase-lag compensation. as the sufficient conditions.

Thus, only the positive sign is allowed for phase-lead com- Figs. 1 and 2 show the two conditions in normal and loga-

pensation in (7) (otherwise there would be a negative value fr?trhmic scales, respectively. The absolute value of the required

iC;)'(?”)] ;2;:1:23; [(3); sgﬁzeﬁ?)gv:\?er?p:?jgﬂg?’atwhaeiyr;iesgsgi\?\egS se contributionp]) is used in both figures. Note that phase
and (7) shows that the negative sign will lead to the following d and phase lag are symmetric in decibel.

conclusions [ll. RELATION TO WAKELAND SOLUTION
cV1+62+1 ]
o—6=-96 s +1| >0 In 1976, Wakeland [1] solved the compensation problem for
lead networks in the following form:
2 1 2 /1 2
a:c( + ) +evltd <0 1+7's

which is invalid sincer must be positive. Therefore, only the
positive sign is valid in (7) for both phase-lead and phase-lagFor achieving a gain (dB) and phase contributid) &t the
compensation. Hence, from the second equation of (5) and ttesired frequencyy = w.), Wakeland'’s solution is

first equation in definition (4), one has

a:c(cx/l—l-éz—l). 7_:c—\/l—l——62 )

(p/2 —d+ 1)()/2 + 2p1261al +p/2612 +2 =0 (11)

c—V1i+82 cdw, where

for both phase-lead and phase-lag compensators. . r_ (wT,’)

The equations in (8) present the only possible solutions to P =tan® = (M(f)z J
phase compensation; those solutions are unique, but may not be 1+
valid. However, based on (8), it is easy to show the following + (wr")?
theorem. dB =101 / 2] or

. 1+ (<)
The Lead-Lag Compensation Theorem: o o
a) A single-stage phase-lead compensation exists if and only ¢ =104B/10 = M
if (1 + (<) )
V1462 < candé > 0. 9) Wakeland did not go further with (11), but one can show that

. ) L it will lead to the results given in (8), although the derivation is
b) ﬁsmgle—stage phase-lag compensation exists if and oRfeent and simpler than Wakeland's. To show this fact, first,
! in terms of the notation defined in this paper

1
1+62<Eand6<0. (10) o =a, 7 =arp =6 =
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Therefore, the author has demonstrated that the only valid
y design of compensation from Wakeland’s equation is the unique
no lag compensator 4 solution given in (8). Wakeland’s solution is just one step away

Bos
go { fromthe author’s solution. However, the derivation here is more
g 04 unique lag compensator | straightforward and simple than Wakeland's.
=4
§ o2r ] V. NUMERICAL DESIGN EXAMPLES

Y ’ y y ’ y y . : . . - . .

o 10 20 30 ;:ase (Dgg) 60 70 80 % Fig. 3 shows a simplified position control system used in de-

sign examples for lag and lead compensation in a control text

Fig. 1. Admissible magnitude-phase relationship in decimal. book [10], whereG(s) = 100K/[s(s + 36)(s + 100)] is the

uncompensated system, afid(s) is the compensator to be de-

signed. (For details, see [10, Fig. 11.2 and pp. 687 to 701].)
For phase-lag compensation, a four-step iterative design pro-

cedure, based on the Bode diagram, is outlined in [10]. In [10,

] Example 11.2], K = 583.9 and the required phase margin

PM = 59.2° for a 9.5% overshoot. Starting withM = 69.2°

no lead compensator 1 (1(° is added to compensate for the phase angle contribution of
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g :
§ the lag compensator, guesswork) and= 9.8 rad/s, the itera-
E ° tive procedure leads to the following final solution:
-10f no lag compensator - 0.98 14 0.063 x 16.129
Gols) = 0,063 220 _ 1F X i
s+ 0.062 14 16.129s

201 unique lag compensator
whichresults in @M = 62° andw. = 11 rad/s and aresponse

of 10% overshoot and 0.25 s peak time in the time domain.
To use the results given in this paper, one first finds all

30}

“% 10 2 3 4 s e 70 80 9% possiblew. under a given PM for lag compensation using the
Phase (Gea) lead-lag compensation theorem in Section Il. As shown in
Fig. 2. Admissible magnitude-phase relationship in decibel. Fig. 4(a) ¢ versusw.) and Fig. 4(b) ¢V'1+ 62 vs. w.), we
must be less than 19.795 rad/s BA/ = 50° and less than
Equation (11) becomes 9.395 rad/s forPM = 70°. (In this example, Fig. 4(a) has to

) ) ) 5 o4 4 be used to determine the admissible)
(07 ="+ a”+26°Ca+ 67+ - =0 (12)  ForPM = 69.2° andw. = 9.8 rad/s, there is no lag com-
After some manipulations, its determinant can be found as Pensator sincg = 0.0253° > 0 in this case (therefore, strictly
speaking, the starting point in [10, Example 11.2] is incorrect;
A=48%ct—4(8 = +1) (6% ¢t —c?) = 4 (146%)(¢*~1)* |, must be less than 9.78 rad/s in this case). Foranwith

therefore, the two solutions of (12) are p<0 ?g)d?/ 1+62 <I L, ar:ag comp:egn;ator gan begfgun(;/easily
usin . For example, whePM = 59.2° andw. = 9.8 rad/s,
=62 £ eV1+6%|c? — 1| one%as P
12 =
24+1-c Goa(s) = 0 06188 +1.8412 14 0.0618 x 8.7826s
c1(S8) = U. =
and thus fore > 1 ! s +0.1139 1 + 8.78265
Q1o = o1+ 8%(c = 1) — %67 resulting in a 15% overshoot and 0.30 s peak time for the com-
’ 2+1-c ’ pensated system. Whéh/ = 62° andw,. = 11 rad/s, one has
One can show easily that the positive sign will lead to a negative s+ 0.9807 14 0.0711 x 14.3472s
a, thus invalid sincex must be positive, while the minus sign ~ Ge2(s) = 0.0711 =
! ' s+ 0.0697 1+ 14.3472s
leads to (8). L .
resulting in a 9.8% overshoot and 0.26 s peak time. Note that
Forc <1 . . . .
5 ) - G.(s) andG.»(s) should be identical. The difference is a result
0y g = tevl4+82(1—¢%) — %6 ) of the graphic approximation introduced in the iterative design
’ 2+1-c procedure based on the Bode diagram.

In this case, the positive sign leads to (8), while the minus signFor phase-lead compensation, a twelve-step iterative design
leads to a negative, hence, an invalid solution. procedure based on the Bode diagram is outlined in [10]. In
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Fig. 5. Admissible phase margin frequency for [10, Example 11.3].

[10, Example 11.3]K = 1440, and the required phase marginPM = 58.1° andw. = 29.7 rad/s, there is no lead com-
PM = 48.1° for a 20% overshoot. Starting witAM = 58.1°  pensator since/1 + 6%2/¢ = 1.0915 > 1 (w. must be larger
(1 is added to compensate for the phase angle contributiontioén 32.086 rad/s in this case). For any with p > 0 and
the lead compensator, guesswork again) @ne= 29.7 rad/s, 1+ 6%/c < 1, a lead compensator can be found easily using
the iterative procedure leads to the following final solution: (8). For example, whe®® M = 45.5° andw. = 39 rad/s, one

has
s+ 25.3 _ 1+ 2.38 x 0.0166s

G.(s) = 2.38 -
() s+ 60.2 1+ 0.0166s Ges(s) = 2.3799

5+25.2720 1+ 2.3799 x 0.01665
s+ 60.1458 1+ 0.0166s

which results in aPM = 45.5° andw. = 39 rad/s, and a resulting in a 22.6% overshoot and 0.072 s peak time for the
response of 21% overshoot and 0.075 s peak time in the tic@mpensated system. Note thGt(s) and G.3(s) should be

domain. identical. As for Example 11.2, the difference is the result of
As shown in Fig. 5(a)f versusv.) and Fig. 5(b) {/1 + 62/c¢ the graphic approximation in the iterative design procedure.
VS. w.), w. must be larger than 29.743 rad/s BV = 40° The advantage of using the current method is obvious, no

and larger than 30.557 rad/s f6xM = 50°. (In this example, guesswork is heeded; and all possible solutions can be obtained
Fig. 5(b) has to be used to determine the admissiblg¢ For analytically.



262 IEEE TRANSACTIONS ON EDUCATION, VOL. 46, NO. 2, MAY 2003

V. CONCLUSION [10] N. S. Nise,Control Systems Engineeringrd ed. New York: Wiley,
, _ , _ 2000, pp. 687-701.
This paper presents a one-step analytic and unique solution o1} F.-y Wang, “An Analytical Approach for Control Design Based on Bode

the design of phase-lead and phase-lag compensation when the Diagram,” Univ. of Arizona, Tucson, AZ, SIE Working Rep. No. 301,
desired gains in the magnitude and phase are known at a given

frequency. A simple condition for determining the existence and

uniqueness of single-stage lead or lag compensation has also
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